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IV E A P E R. 
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I N 1 ? » S E C ^,19 St ? , i»»«^ C<(Wf?/i 
by the K>imUdge rvhereof».fiicb V4fi 
pifioi/criet tnd Imprtvenuntf h'vt 
been Miflf, to^h i/t Aftroppoiy;, Ceop 
rnelry, Algebra, «>»/ NatiHal Pbilo- 
fophy.; mdmr Ukftmiu »ad Ltaratd- 

Author fading that moji of their nfefiil 

Froperiies and frobleiiis ptiglfl be deimnfiratedfio^i^'it^ 
enfter than in any fkhlickTrentije of them ^ us alfo thati 
there was-wnnJIiKg n gatejfaji^^nd eajywiy of dratving the 
Cooick Se^mnSy being, the Loci of Equationt of two 
pimenfiens^ mihtht mimper efconftruSing B^natioiit 
a/iflJiil'biftg.Cj^nfefr^jilfrflfie/ifsMy.lfi^^^ Loci, ,£d there- 
f^e}''''n'i,'<^^<^fif[(l^i«ij^r:eiaije.'fj! Cppicl^ S^Siflns', .«»<( 
.'' , " A. 1' ' theif' 
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. The PR £ FA£ E. 

Snikr Vff i» Geometry and Algebra ; but died ^ibota the 
Wftfft.iie igtetided to fublififity and left the Mottufaript 
hhmt 4 Frtftce ; he i^ynijjbvg, Ifufpefe^ that the Titie 

^fi ' ff^ff^ ^"'^ ^^ i^^. Chara&tr ik li^ngs tf 
f^atttre^ nMt^.mUelUl^gbfmpply■ihatViefcfen€y. 
v. Thi* Werk is dtvOuHnto Ten Booksy i»hereof thefrfi 
Three treat feparately of the Parabola, EHipHs, and Hy- 
perbola, bi thefe Books are laid down the fundamen' 
tal Properties and Problems of thofe Curves demonfirated 
algebraically, after a *vety Jhort and £afy manner , from 
their moji fimple and natural Defcriptions upon a Plane, 
they being particularly adapted to the Capacities of thofe 
who are acquainted with but a few of the Propofttions of 
the firft fix Books of Euclid, and withal have a (mall 
Knowledff in the Kudmfems of Algebra. 

And becaufe thofe Properties attending the EUfpfiSy do 
alfo in feme wife appertain to tlje Hyperbola^ and oppofite 
Set$iottSy 4nd even fometintes to the Far^^la ^ therefore 
ear Noble Author ^ in the Fourth Book oftheThree Conick 
Se^ons, lays down his Fropo fit ions more general than in 
the three former Books ; for the Fropofitkns bere^do con- 
taiu that Property of one y both^ or alt three of the Curves 
that was feparately fhewn in thofe Three Books, Here are 
alfo feveral other Properties and Problems net in the for' 
vter Three Books : All demonjhated after afbort and eafy 

way. 

The Fifth Bpok contains the Comparifon of the Co- 
nick Sedions, and their Segments with each other, in 
feveral Propofttions and Corollaries^ with a fhort Specimen 
of the Method of drawhtg Tatt^^s to Curves, demon' 
prated afier as fbort and eafy manner as the Nature of the 

thing 



The PREFACE, 

tVfBg will admit ^ from three or fonr fundamefrtal Lem* 
mata. 

Altho* it be harder ^ efpecially far one who has not read 
the 1 1 th Book of Euclid, to comprehend the Demonfrations 
of the fundamental Properties if the Conick SeStionsfrom 
the Cone J than from their Defcription upon a Plane by 
means of the noted Properties of the Foci, on account of 
the Conjtderatim of Planes ^ yet our Noble Author^ think* 
ing that fome People mmld rather like this Way^ as being 
eafter to thofe who are unacquainted with Algebra^ and 
that his Work would be imperfe^ without it^ has given 
us a TraB in his Sixth Book, Of the Conick Se^ions 
confider^d in the Solid. But herein has proceeded after 
a different Way fromvthw Authors: For. hceonfiders the 
EUipfis as the SeBion of • Cyhmdery and eaply demon- 
firates the Pr&pertks of its Diameters front the Cylinder ^ 
and afttrwardsj by fitpf*fiitg C&nes to bawe EUiftieA Bai^ 
Jes infiead of Circular ones^ he eaply proves the fame 
Properties of the Parabola and Hyperbola* 

The Seventh Book is of Geometrick Loct^ which are 
freatfd of more eajy and general th{tfi ^Ifewbere^ efpecially 
the hod:, which are Conick Sedions. 

The Eighth Book is of ludeterminate Problems^ 
and fbews the 'Ufe of the Seventh Book of Geometrick 
Loci iti refdlving thein. 

. The Ninth Book is of the Conftni^ion. of EquaticAis: > 
Wherein by the biterfe&ion <f two Loci , you are tan^jt 
h9w to tonJiruB any Equation of what Dintenfidn (o- 
ever, ' ' - 

^'^hi -^he Tenth Book of Determtnaie ProbletiM' ff 
4; farther 'Ufo- of the Loci in folving them. Herein are 

fome 



yj TJic;PR E F A C E; 

fame f leaf ani and new Theorem tmching the Jnfcriptioif 
of regular Polygons in a Circle, and a Demonjiration of 
■Sir Ifaac NewtonV Theorem for finding the Unciae. 
How becaufe we h/tt/e , nothing M.Engliili m thisSttljeSi 
]?ut what is lame and imperfeSiy and there are fe<veralPer- 
Jons wliQ .wonld be deJiroHS ' of reading this Treatife in 
Engliihj I therefore pre feat them with it ^,and here pall 
add to the fame the fojfowing Proppfitiony with . an eafy 
Vemon^ration^ wi^ch is of great 'Vfe in the DoBrine of 
Centripetal forces^ and confeqnently in Ajhonomy , and for 
what Reafon^ I know noty omitted by our lUnjirioHs Author. 

• t 

• *. ■," '••••' »•■ I • "'.ii'. I- 

J NT PardOtUgrdm (vide Plate ?l. JP^^B.^^ iefcribeH about an Et- 
^ Uffi, or between the C^njifg^ne HjterMct\ Jo that the four Points of. 
ContaS may be join d bj two Diameten GH, IF onh^ which therefore will 
beCmijimaa^ t%tqndt to the PAralklograk ' defcrib S, abovi the Umo Axes. 
Xtk^nbiWtM^^ MfaA ParMfb^asns are (qMtocne another. 

- TrW^ F, tlicTBxtfemifj' of one Diamet^; diaw thcXine FD pa- 

rallel to the other Diameter QH^ (coittihaM out in fhd oppofite ^P^- 

bola'^ meeting th|e ^jds (producea vi ^ Cllipfii) ;n the Pc^ot' 1; and 

frcpi Q the Eftremity. of the piameter QHox^vr the Line G JD pa- 

Alteito^Kfe Di^toetec tPiicAixkiDJfin D. AtidTioat the P^t F 

♦ Art. 56, let fall the Perpendicular J? ? to; thte AwA^ • Xbw Oft DF will ^. 

134. and touch ihe Q4i]^9 ,and the Hyperbola's bQ^aFiuG^ F the Extremi- 

^f M- tiesof tKe Gbnjugate Diameters, and Yo die Parallelogram CO D F 

^^ ^^ MFill.be.i of that deJRriKd about the JEUipfis, or between the'Coojih 

rate Hyperbola's, having the Condition ni^tim'4 in^ the Theorem^ 

Therefore, if Cif be drawn ^perpmdiqilar i^o^.tiP (proauced' ifk the 

GMjug^te Hyptrbdla's) we aft-td pf^^ that CO h^DF) n €'E is 

=C^^ )i»Ca 1^=" ^ of the Recbmgl6«iderthetwo Ax^ 

♦^.39, C3iUCa,/i Cb,ei wi}dCp, x.^ thesiC^\tt^AP 

*^79« in EUipfis, or xx — tr in Hyperbola): :Cb(c c):FP^ccr^^ 
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The P R E F A C E. vi; 

iaSn^ ocxx— ec+ ^ in Hjp. becmle FPCitt rq;lit->Dgl'd Tri- 
angle. Again, ♦CPW:C«(0:!C<i(t;:CT=^. AndPT =]^*,>'• 
*'«— 2««+ -, and ?r = jr*+M— Jtt+- — — in Ellin; or 

XX — M— 2 H+ — + ^in Hyp. becauTe FPT it a right-angl'd 

Xciai^k. NoirtheTrilngIa FPT, CBT an fimilar, becauPe the 
Aisles at £ and Fate right ones, and tbcAndefTC in the EUip. 
cominan (but in the Hyperbola the Angle £TC=:PTF; whence 

7f (xx + «-J«t + ^+~^:F?"(cc-^ot^-«)il 

CT (-^ :Cb'= . f'.'- ■ ■ ■' F«rther»,the Squate of theSemi.».Ai. 
nnjiipite, in. Ce(=S'+?J— Ci' in Ellip. or— sCJ' + C*'— 
sTio ^rp) iii = tt— x*-t-^inElIipL0cxx4-^— 1 1 in 

Hjrp.andC£'» D?'(=Fa'j » = ^',''^C'S!'-''' ' »>"<*!»*• «^ 

= C>>^ = 4lttce) ai it endently anpean by nnltipl^ng the 
Denominator tnr :):><<& And thetefoie CaaC^sCQ >G£, and 

fi>4C£.£e-.4C»»e* F.w.B. . > 



»• 





B KS Primed far}. S e n e x, in Ffeetftrect ; W. Tatlor, 
lr»'Pater'jJofter-Ro«r? Wvamtji Innys, iirS'f: PauTxfiferc^u 
Tard i And}, Q s B Q R N, i» Lombardr^reec. 

' p — - ■ > _ . • « 

■ I » . ■ ■ • ■ . . 

(i.) nr HB Coofl»iia&)ik asd p*in«i|«F mfor of IfMfcaiiittanI loftstiaatti^ 
Jl defcribiae noft ook tbe Saamue «jul CtairivMioe o£ the feverai I»» 
ftnim^nts ufed Ijx tne fib^erid Parts of tbe Mkrhemarfaks, but el£b Ae Mecfaod 
of timnagiiig aikf fcpplying cbeor fn tike Phidfce 4f choft Aiti; pArticnikrlf 
AftroDomy, Kavigamn, Surye)4B^ Ganng^ Ouimeiyt and Diidling: Tk» 
wliolft mflirtng bom an ampb Accoum of Mnilrtnudcat Ihlhiiifii^ts;a«d a^ eaiy» 
ufefiil Syftem of pra&ical Mathematicks* Written originally in t^tmb hr 
^ M«( B/tfir^ Engineer to tht Brmuh King, lifade E^HJBj with Addwou. Vy JS ft^iv.' 

-i (2.) The Elowients of Endld, nidr felfcft Th e ee anu otr of Awcbimedes. Bj 

the Loai^ed'.^iWd^s^lQMi^ ^ T» wfciril tt» addld^- PnStiaA C on / Kki i i i^ ftttiT' 

ine xhe Xlfes of'>«Miny ot the Propgfiy<^na. The whole abridgedK ajKl iMfhiMt40k 

EAtion p^intmoiiAJ^^M^V''^^^''^ M^'ATMf.^M^'^ >r£iy9f ^ 
the Mathenuitidtfiia»dielfmiyeil^ of CMmSridfiu 9v9» •-^. ^ 

(}.) Sir Ifaac TfH^Mfi' Matbcmaticiil Phuofbphy more eafily demonQrate3» 
with Dr^fl^'lfAfScmfect^ CmBcm l i Mnf m i . ^ JkingJkMi teOMBs sead ia- 

tht PubIi,;^3Kg^^ : 

(4.) Univerfal Arithmetick, or*WTr^it)i4 oTiA^MMi^ftri^CW^fo^ 
Refolucion : To which is added^ Dr. Hsliiy's Method of finding the Roots of 
JLquatioQS Arithmetically. Tranflated from the LMtin by the late Mr. RMpbf§n, 
and revis'd and corrcded by Mr. Ctinn, 8iw. 

(5.) Mathematical Elementsof Natural Philofophy confirmed by Experiments; 
or» An Introduftion to Sir Iflkic ifkgim^ Fhii^roj^^ Written in Latin by ff^/- 
Kant James GtawfanJh^ TMlSt^ of L4Wt MK^ f1liliitgi[4 Profeflbr of Mathema- 
tickf and Aftronomy m Lmitiff and Felk« aC4^ J^ral Society of Lofuloit. 
Tranflated into Effghfi ^J iF* T. DtfagkUm. V.t'»:|fe^Fcllow of the Royal So- 
rtcty, and Chaplain to hit Cfrace the Diike dP OmMs. The ^d Edition, care- 
fully revis'd and coi^efled by the TtM&tM A VoDiftStw^ 

(tf.) An Introdufiion to Ma«a|tJhiNi||ife*j*^*Phil<>fophical Lefhires read 
in the Unirerfity of 0xf9r£^ AaiiDiWfc'ty^^^i^which are added, the Demon- 
trattons of Monfieur Hujgmmu'i^plmn^cmKtTTiin^ the Centrifugal Force and 
Circular Motion. By John JCri/, Kb m Saviiian ProtefTor of Ailronomy. ER.S* 

(>> A new and complcat Treatifc of the Do£lrine of FraSions, Vulgar and 
Decimal : To which is added, An Epitome of Duodecimals, and an Idea of mea- 
fiirin^ By SammHCmnn* 

(8.) Geadajia^ or the Art of Sunreying and Meafuring of Land made eafy. By 
Jtbn Lcve. The 3d Edit, with Additions. 8v». 
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A NALYTICK TREATISE 

OF' 

C O N I C K SECTIONS, 

And their Ufe for folving of Equations in 
Determinate and Indeterminate P&oslems. 



BOOK I. 

Of the Varaboia. 
Definitions. 



|F the Role BC be placed npon a Plane, t(^her Fio. i. 
1 witii the Square QDO^ in fuch manner, that 
I D Gy one of its Sides, lies along the Edge, of 
l.tfaat Rule •, and if you take a Thread FMO 
I- equal in Length to D 0; the other Side of the 
I Square, and fix one End uiereof to the Extre- 
I mity of the Side D 0, and the other, in any 
I Point F taken in the Plane on the lame Side of 
the Rule as the Square : This beii^ done, if yon 
Hide DQyibc Side of the Sqinre, along the Rale £ C and at the 
Arae time keep the. Thread continually tight by means of the Pin M-, 
Vrith its Put MO dofe to the Side of the Sqmue DO : the Curve 




The ftitt Booti, 

'*AMJt, whidi tiie Pin ibfoibes fcj tiiis Modoo, k one Fart of « 
nurtbouU 

And if tbe SqdMe be tnni'd tbont, and moves oo tihe othtr 
llife of the ^*d A»iiil X tbe odmr Ftot >tfJfZ of the fiune Parabola 
ta^bkirfb^Vlt^ t» Iftte muKr }& that the Loe XjtfZ will 
K Ml MBdnfilift Oanr^ irhick li tard a IWvMk 

the Plane (and the Side DG of the Sgoare O D 0) is called the Di- 
reSrix. 

3. 
Tfafe fixM Point F, is taU'd the Forsi of the Paiibola. 

4- 
If the right Line FJB be dra\*n from the fix'd Point F perpendi- 

ddar to the Dire^ix jBQ and meeting the Parabola in the Point A j 

0ien the line A*F infinitely prMaeed toi«rds R is calkd the Ajis 

of the Parabola. 

The Line p being ^druple of AF^ is call*d the Parttmeter of the 
Axis. 

XTI X?%s, a>5 iftriP, ifthrvm fttmi-VioiMrs ^v^ AMrink fMpeodi- 
cular to the Axis, are called Ordinates to the Axis. 



•#• 
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All Lino, as iUO, diSWn fhon Points dF the Parabola, parallel t» 
the Axis, are called Diameters of the Parabola. 

2. 
A nghtjjthe oieetiiig -^ Parabola but in .one Point, andjidach 
<bdth wtf^ «ontirtned does net £dl -within ihe BoflbolB, is xali'd a 
lEiigewt iuthat Pbint. 

C o ft o 1. 4, A -t ar J. 

«. JT folkms fiom the Definition oif the' Tfttlibok, if a ligfat Line 

^ AlFhe drawn-from M, any JWnt therodf to the Foras F, Jnd 

•another -Line MD Mfpendicuhur to the DiaeEknx MC^^^ f^Xiaes 

MFy MD, will mnmys be ^qual Jtetweeo themfiJves. JPor if tl^ 

common Part O M b6'taken (mm Q2) the Sde of the •Sgaat^ vnd 

*i>i.u -fromtthe Tbmid^At^, ^Uch *:is ogDal tost } then it is 



-that 




Of the P A « -A Br o t a . ^ 

that the remaining. Parts MD^ MF, will always be equal to one 
another, 

C O R O L L A Jj: Y II. 

2. TTENCE, if any right Line KK be dr^vo Mrallel tp tlieDi: 

** redriz BC^ and if ficom any Vokit M pf ^e -Pfitrrfbiofla^ "tl^re * 
be flrawn alfe -W/C perpendioflar >o ifcat tiin?, and the right Line 
M¥<o tiie Focus; *hen the DHferenoe or Sum {KT)) of^the twp 
richt Lines MF^ MK^ will always be the fame : vi%. the Diflerence,' 
when the Point M falls below K lU ^^ ^ £kI0^« w^^ j(?JJs#l)or^* 

C O 9L O t % .A 9.^ M. 

J. f T is iwident, that FE is bifefted by ^tfip P^whola in the p.piiit 
J" A. Pot when l^ejPbint iltf fells on the Point Ay -th^ tine M F 
&lls on AFy and the Line MJ) oa Afiy which confequently will be 
equal to eadi other-, fince iWy is always equal ^<o AID, iet the Point * -^'''- 1- 
m be any Ivdw taken in the Partfbbb. 

Co ROL L^ARY IV. 

4, ITENCE you mayjjerceive, how a P^rabpla XAZ may be de- 
"• fcribed, by having the Axis AF^ (whofe Origin or V^ertcx is 
Af) and its Parameter ji given. For havii^iirft altumed the Parts 
AFn AE (pnthe Axis A^F) on Hwth Sides of the Origin ><, each 
eqinl to the Parameter p, and drawn the indefinite Line .J3C from the 
l^oint £ j^erpendicular to FE ^ then if the under Edge of a Rule be 
laid along the fiid Line JB C, (vHixdi is the Dire&rix) -^nd the Paiabo* 
la XAZ bedefcrib'd, (as is dire£led in Vef. i.) by -nieaBs of- the 
Square OD (3^ and a Thread FMO, equal in Length to the Side OD, 
( one of whoie Ends -is fized^o'the Foais Fj «nd the other to 0, the 
Extremity of the fame Side,) it is mapi&ft, that this Pajrabolji is that 




[t isaMbmanifeft, that the longer the Side {OD) of the Square, 
and the Thread OMF (which * muft be equal to it) is, the longer ♦ r^f. i. 
lik0W% wiil«thePortionx)f the Parabola deftribed be ^ 1^ that it ifi^ 
be augmented at pleafure, by augmenting equally the Side (OD) of 
the Square and the Thread iH i^. 

Corollary V. 

.V.ffF 4IP, «n Osdinate to the Axis, be drawn fiomany Point M \n 
'^vt]ieFai:abo^,.tpgetlier with the right j;j^ the Focus $ 

it ia manifeft, that the Line MFis = AP+AF, becaufe M f = 
MD=AP+AEy md'^AF = AE. *An.i. 

B 2 PRO. 



4r Ti>« F. i-R s .T B- o o k. . 

PROPOSITION!. 
TheoKm. 

Vicu^ nnjJE Square of M P, atij arJifiate to the Axis A P, is equal to the 

'^ IbSatigU under the Barameterj^*^ and tbe^ Part ( A P) of the Axis 
taken from A, the Origin thereof to r^ the Point of Cpncurnnce df the 
Ordinate. 

■ a 

Ve are tojfrove that MPcr p x A P. 

If the given Quaittity AF \>^ called m, and the indeterminate 

^ Arf.3. qnesAP^x'j PM^ji welhall have MJPr::^*! + x, andPjF=x — 

m orm — x, acccwding as the Point p happens below or above the Fo-^ 

cus F. Now the right angled Triangle MPFj in both Cafes, gives 

M,F (jm.m-^^mx + xx) =MP (jy) ^PF (mm — 2wx + xx)5 
from whence arifes ^mx=jy. Tien fince p =4ni (by Def. j.) we 
)havealfojj^=|?x- JT.JT.D. 

• • - 

The Fundamental Corollary I. 

7. T T is now manifeft, if the Parameter of the Aii$ (AP)hc called 
^ p I each of its Parts APjX^ and every of the correfooiident 
Ordinates PM^ jf ^ that we ftiall have always yy:zzpx. And fince this 
Property agrees to all Points of the Parabola^ and determines the Po- 
fition thereof with refped to its Axis ^ P5 it follows, that the Equa- 
tion yy=px ezprefles perfe£lly the Nature of the Parabola with re* 
g^rd to its Axis. 



Corollary II. 



3^1 c 



.2. 8. T F there be drawn MP, N^j any two Ordinates to (he Axis AP^ 
^ their Squares are to each other as the Parts AP^ A^o{ the 
Axis, taken from its Origin ^, to P an d ^ the Points of Concurrence 

^Jn;6, 7. of the fanie Ordinates. For ^ PA[' : S.N' ::p^AP:p*A3^^ 
AP:A^ ^ ^ r ^ 

Corollary III. 

^ T F the Line MV Mhe drawn thro' any Point P in the Axis 

^ nsurallel to its Ordinates •, that Line will meet the Parabola 

in onnr two Points My AT, eqi»lly diftant on both Sides from the 

l^oifit r s for ^ order that the Points iU and iU be in the Parabola, it 

16 



Ofjhe Pa |l a b 14^. 5 

is ncccflary ^ that the Squares of each P AT, taken on both Sides the * An. 7, 
Point P, be equal to the lame Refiangle p x. 

Corollary IV, 

10. TJ Ecaufe "^ jf jr is =r jp x, it follows that the greater AP(x)is, ^ jrt. 7.' 

^ the more likewiie will the Ordinates PM(jf) increafe on 
both Sides the Axis, A P, even to Infinity ; and crnitranwifibi the lefler 
-^ P ( X ) is, the lefler likewife will PM (y) he : So that when 
AP (x) is nothing, both the P^' (v.) taken on each Side the Axis 
A Pf will te nothing •, that is, wnen the Point P falls in A-, the 
two Points of Conourrence M and M will alfi) coincide in the Point 
A. From whence it is manifeft, 

i^. That if the Line L L be drawn rarallel to the Ordinates thro' 
A the Origin of the Axis, it will be a Tangent in A. 

2^. That the ParaboU infinitely extends itfelf more' and more on 1 

each Side the Axis A P, beginning from the Or%in A 5 and likewiie 
that every. Parallel to the Axis, as L Af, meets the Parabola but in one 
Point, M only, and falls within the fame ^ fince its Diftance . from the. 
Axis remains always the fame. 

C © R O L L A R Y V. 

Ji. JP the Line ML be drawn from any Point {M"\ of the 

^ Parabola, "parallel to the Axis A P, meeting the Parallel {AL) 

to itf Ordinates in L $ it is manifeft, if th£ Ordinate MP be drawn^ 

.ha. A L = VM O), ,nd >l L = A P ( .) ^ , bec.de <. ^ ,. 

f X = J y J whence the right Lines M tfl^ j^ M L T— J taken 

on both Sides the Axis APy are eoual to each other, when the PoinCif • 
i, L, are equalljr diftant from the Point A\ and therefore if any right 
Line M M terminatedT)y the Paraiola be bifefled by the Axis in P, 
it will be parallel to the Line L L, that is, it will be an Ordinate on 
'hc/th Sides to the Axis. For when the Parallels MLyML, are drawn to 
the Axis A P, it is manifeft that L L will be cut into two equal 
Parts in A, becaufe iW iH is fb cut in P. Therefore the right Lmes 
M Lj ML, will be equal between themfelves, as- we have proy'd 5 
Aid confequently the Line MM wiH be parallel to I L. 
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12. TTEnce it folld\fr8 that ail the PcrpeadlOulars (MPM) to 
Art. 0. the Axis, terminating on both Sides in the Parabola, t are 

blJea^ Vn^i m&ttiStt the Aii« dividtk tkt PaMbbh int^t^ «iii») 
VtHctB, ^isaiAtly ^iltoi^e m <«bdi Sitfe thCMijf. I^r "IfElheJtW-o Tarts 
df ifh6 >^aife oh fvftifth dift^BdfabiiU qsfltfeMftL bk m^^SHie «he Axis, 
be^i])^p2^ M''be^ld«d t^eth^, ^ ikiiM(KiftftiA«: thet i^ill txtiStlf 
4gl^, %irftU tt[)iAi 6ne ttttffter. 



Pll^ PO S ITi OK H. 

ThWrthi. 




Take A Q upon the Line A £, on either Side the Point A, equal 
to p the Parameter of the Axis, and 4i«w Q Fiparallel to the Axis, 
meeting the Line A M (produced if neceiHiiy ) in the Points More- 
over, take the Part A JL, Qpdn the Line A X (onntiie fame ^de x)f 
die >Ait]8 88 ^ jM is) equal to Q Fy ^end dmw X M parallel to the 
Axjft^ (then T&y the Point M wbereinX M meets AM^ will 'be in 
the Parabola M A M. 

Pbr dx*wng M P Jpataifcl to iridic fimilar Triangles FQ A^ 
^ Pill will gi^e this proportion, f G or-^Lor PM:G A :: AP: 

FJH i dnd iKeJfefdre flU' =GA{$)i^VA. An JTo theXine PM wiU 
Jff. 7. ^:^ an Qidinate tothe Axis ^R W. W. V. 

Corollary I. 

14.JJ Ence, if >tf JP the Axi^of la Parabola, as al(b its Pammeter, he, 
.1^ siven, and any right Line A Mht drawn, from A the 
Oofs^n of the Axis, in either of the AngksP AI^PAL, made by 
the Axis ^F and the LiseXX, which ispamllel to the Ordinate ^ 
the t^oiAt id whcrq^i the Line ^ jM meets the Paiabola iM jjf iM may. 
be found. 1 
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c » P t p A « V w. . 

I S. T T is imnifefi * that ((o nfh^ f.ine but L y^ X which is paral- * ■*"• "• 

■*■ Icl to the Ordinates to the Aiis yrf P, can be a Tangent to ** 
tieVftiixi^ MitM ia Atit Oiisa (^tU ^nit \ie<aD&the((is 
jv im te that ««b!, v^M immi'Viia tbia' tls Poiot ^, and 
tft^ «»X« nsMioqed; Mt ttb^t will HI within tW Ba«l»^. 

ff thro' any Ppint ill in a Parajjola, tjiere bp drawn a Ciiatiletfr ^* °' *• 
^ P, m Ordiiiate (M P) to the Aiis A P, ai{{J a right Line M T '' 
cutting the Axis prfidpced (bpyond^} inthePgintT; fo^hat ATl^e 
eynal fo^P: ThenaU right Lijjcs, as D/O^ rlrayn from pw Points 
■ iu the Parabola parallel to MT, and terminating in the Diameter 
JVC, are cail'd Or/Hmtii tothat Diajneter, 
lo. " 

liiK j k <aJ}'d the IV'Hfl"' 9f tpe.D^iijetcr JM Q- 

-Corollary 1 

1^. T F either -of the indeter miiia te Liiies^Por j^T, be called xj 
' * theniti raanifeft that M'T'^a », JrecanTe ^ JX») •■*' Ti : 
;iM-Xn«. 

■C-9:^.iP L.j, ji* X ;i^ 

-t7.<»}'Ennire M PTfaa' right anglM Triangle' thi-S^re^^Y}' «) 

■*^Ui=»t'<4»x) ii^Mif' '•(j>»)s whence, dividinB V^' i, * '<'<• 7- 
jwehaye^.=q4x tfp. ' '^ 

That IS, 94hei^rameter of any Diaoieler M 0, eicee^p, tlje 
•ifiacuiK^eviif Cbf ^'is V-^>'R^pW'tt)e'A«G'>< j>'(x;. 

€|0 » .p J. L^A.j y ;IJf. 

l8. 1 F the right Line JM F be drawn from the Point M to the 

■■■ Focos F, we fhall have * M F= A P + A F. But becaufe • M. j. 
<byD«/.;.) the ParaniMst of 4he Airs iap = 4 ^ P, the Parameter 
of thf Diameter iM ,0 wil) be t 5 = 4 ^1 J- + 4 .4 jr And (haefofe t ^'». r 7. 
••T'tjie iJ^npietCT of apr?35ain«ter itfO", wHibe'frtrr^titncs tjie LiSe 

«^-F,^ra«iifrQ9j i(f the-Originthereof tothe'Foctis'K 

''■ PROPO- 
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PR OPO S I T ION in. ^ 
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Thedrenni. 

iiQ.^.K:l6inrBESqMriojfiO^) any Ordinati to the Diameter U O, Uenii 

^ to the ReSanglevfider the Parameter q*^ and UO^ that Bart ef the 
Diameter taken from its Origin M to O^ the Point of Concnrrence of the 
Ordinate. 

are to prove that O N = 9 x M O. 



. r I : Draw N^ an Ofdinate, to the Axis A P9 meeting the Diameter 
MO in ^e Point R^ and draw OH parallel to ilfP^ then call the 
given Quantities APot AT9 x\ PM or R ^ f i and the indetermi- 
nate ones R or QH, a\ MO or PH^b \ ana then the limilar Tri- 
angles TP iW; Kif will give this Proportion, was. TP f 2 x) ; 

PM(y)..OR{a).RN=^^ This being laid down: 

3ecanfe (J^.4.) NS^^RQ^{j)'-Rn(!^), or RN (^) 
— ^^(7)1 and><^=^fffx + i)— fl'^(tf), when the Point 
N falls on the lame Side of the Axis, in reiped of the Diameter MO $ 
and contrariwife {Fig. 5.) N^=R^(y) + RiS^(^),and A^ 
szAHCx^b) +H^(tfj, when it (alls on the other Side: We 
'ihaUhave ^F =jj+ ^+^^ and ^^=x +i + a, viz. — in 
* ^. 8. the firft Cafe, and + in the fecond. But AP'^ (x ) .A ^(x + b %a) 
::PM' Oj)'.gN" = yj J^^±^' Whence by comparing the 
two .Values of Wn* together, we fiiall have this Egoation, ,vh.yy -^ 
^4.^^yj^ 'TLj^^m- andftrikingoutjj + ^» from each 

Side of the Equation, dividing, by jrjp, tqA multipl^g^by 4 xx, we 
(hall have O^* (^a a ) = 4 * x s but becaufc the yrianglc s MP T^ 
♦ Jbi. !(?. y Jg are funilar, therefore PT' {it%x)\OtC {\h %)r. AfT* ^ 
(gx):0iV' = tg = g)«3fp(*). r.r.P, 

^ General Corollary. L 



20. T T is manifeft (by the laft Prop.) that 
-■• ftrated in Prop. 1. with regard to the 



what has been demon* 

AxisAP, itsQrdinates 

iPM)i ajid Parameter p, is equally true of any Diameter M 0, its 

Ordi- 



A 



Of the P A R A B O L A. > 

Ordinates (0 N) and Parameter?. Now fince the 7th, 8th, 9% 
loth, nth, 1 2th, 15th, f4th and lyth Articles arifc from Prop. 1. 
anc' ire true, whether the Angles APM be right ones, or not ^ it 
foUowc that if the Line AVin thofe Articles be fuppofed any other 
Dial ter inftead of the Axis, whole Ordinates are the right Lines 
PiW, ^ iV; and Parameter the Line/?, thofe Articles according to 
this Suppofition, will be ftill true ^ for their Demonftration remains 
always tne lame, and there is nothing more neceflary for making this 
appear, but reading them over again, and ufiug the Word Diameter 
for Axis. 

Corollary II. 

^i.^pEcaufe the loth and i?th Articles are equally true, whether f i c. 4. 

-" the Line ^ P be the Axis, or any other Diameter, as iH •, & 5. 
tbereforethe Line M T parallel to OJVthe Ordinates to that Diameter, 
touches the Parabola in ilf, and no other Line can touch it in that 
Point. 

Whence there can be drawn but one right Line from a given Point 
in a Parabola, to touch the lame. 

Corollary m. 

22.TT ENCE it ismanifeft (according to Def. 9.) if (iMP) an 
-" Ordinate to the Axis >4 Pbe drawn from any Point iH of a 
Parabola, as alio another right Line M T cutting the Axis ( produced 
beyond A ) fo, that A T be equal to A P ; that this Line M Twill 
touch the Ptaibola in M. And contrariwile, if the Line M Ttouches 
the Parabola in M^ and iM Pan Ordinate to the Axis be drawn i then 
the Parts of the Axis AT^ A P will be equal to one another. 

Corollary IV. 

23. T F you luppofe in the 9th and loth Definitions, as alio in the 
-*• laft Propofition, the Line ^ Pto be any other Diameter inftead 
of the Axis, whole Ordinates are the right Lines FMj # A^s that^ ' ^« ^» 
Propofition will yet appear true •, becaufe it may be demonftrated in 
the fame Manner as before, as is evident by contemplating the 6th 
Figure, where the fimilar Triangles give the fame Proportions as in 
the Cafe of the Axis. 

UTience it follows, i. That the laft Corollary ought ftill to talce> 
pUce, when the Line ^ P is any other Diameter, as well as the 
Axis. 2. That according to that Suppofition, the Diameter M O 
inay be the Axis 5 and fo the Axis may be efteem'd fuch a Diameter 
that makes right Angles with the Ordinates thereof. 

C PROP. 
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Theorem. 




equal to the half of p, the Parameter thereof. 
We are to prove that ^ G is =1 p. 



prove 

For becaufe TPM, TMQ, are right Angles, therefore TP (2 x) : 
^Jri. 1.PM (>)::PiMr (7):PG=iii=: p, hf fubflatuliiig px^ the 

PROPOSITI ON V. 
Thcorcm> 



tie* 7« 



Jjf. jFthe right Line l/i F bedrafnifrynjhe^FofU»^ F to any Point M j« 
'^ tf Parabola'^ as alfo a Diameter M O, and a Tangent T M S ^ / 

faj the.j49igUs¥U T, OU S^ iWr. ijtfa? rtf«gwt-T M:S, wJW^&t, 
Xiirr M F im <meSiie^ avd. the. Diameter UIP o^ the otber^^^ofe eqnoL to 
each others 

Fot ifi thft Mt^iAi P be dm)u^ mc^iiift the Ts^gje^t T i|f tJ iq T, 

t.irf, 11. andiliPw.Qrdjoateto.thtt Aii»^ we IhftJiltalV? tir^fx-lT ^^F o?.TP! 

• Jrt.%.=^ A P+ y<, -For * ill.K Thcrpfore. TPili will bean ifofceUeg 

Triangle 5 and conlequently the Angle F T Mot O M 5 which is 

equal to i^ will be equal; to the. A^gle F MT. JK W D. 

C O E O L L A R Y. 

24. II E N C E itia evident that th« Tanjgqnt T Af S infinitrfy. pro- 
*^ duoed both ways fiocp My the Point of. G)Htaft, Ipavea the 
Parabola wholly next to itsFoqus F. And fincethia evia^y wherp 
happens in.whatlbevfr plare of the Parabola the. Pqintof Coi^ajft J^ 
be taken ^ it follows^ that the Parabola being eztCAded never {p much^ 
is Concave n«it to ks.Focus F. 

P R O P^ 
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> » 

t^roblem. 

27. J Diameter A P, together with the Tavgent L A L,pajffirg through ^» c- ^»9- 

-^ Arfe^ Origin thereof^ ir alfo'its Fdrameter beivg given 5 to jfii^tf a 
Diameter B (i, itj On^iw Bs ^'^^ Paz-^iwri^r, which Jl)all cowtiiiw (i« yi>>jfe 
^/>!vr way ipith its Oriimtes^ equal to a given Avgle lH. 

Draw the Tight line i4 iBthrpi^h *A the C^iain of theigiven Di- 
ameter, maJdiig the Angle P!/4i'with thi? Diameter equal to the 
given Angle J^ and iSh^ 'jM a Point * in the laid yi iJ (produced on ♦ Art. 14. 
fhc otlier Side oT A^ when it does not fall in either of the Angles *^' 
P ALj PALy) which may meet the Parabola. This being done, 
draw ^ D througli ^ the middle Point «frtl^ Line vi M, parallel to 
the Diameter A P, meeting the Tangent yi i in the Point D, and bi- 
feft ^D in B. I fay, the Line^B ^is the Diameter required, and the 
Origin thereof is the Point B, and its Parameter is a third proportio- 




12, 



^-into 
,^, lin^fe ♦ -4n. II. 

both ways to that Diameter 5 and fince the Lines B^i APj are paral- ao. 
lei to^ch othe^, th^ A4igk £ ^^A^ mAde by the Diafneter jB^, tnd 
its Ordinates ^ A^ will be eraal to the Angle f AMy equal to tht 
given Angle am its GomjMcfment to two right Angles. 2. Th^ 
Point JB tite middle of the Line ^ D will be t the Origin of Ihat t An. 
iDiameter. 3. The Paiameter of «e Diameter J5 ©is 11 ft third Pro- iJ?" 
portionalto5^, ^^. ^ " . »^''•'^• 

When rhe givra Angle K isHot a right Angle, il ik nianifeft that f i c. 8. 
two different Lines A E can be ditwn on each fide the Diameter A P, 
making Aisles with that Diameter equal to the given Angle K \ and fo 
we may always have two different Solutions ^but you mnft obfetve that 
when A E one of the two Lines ftlk in the Tangent, then the Dia- 
meter A P itfelf will fatiefy the Queftioii. But when the Angle K is 
«M^a right one, fince there can be drawn but one Line A £ only, at 
right Angles to the Diameter-, therefore in this Cafe the Problem will 
have but one Solution •, and the Diameter fought will be the Axis, 

It muft be obferv'd, that the two Diameters B ^, -B^, which F 1 c. 10. 
an{wer the Problem, when the Angle K is not a right one, are alike 
fituate on «ch iide the Axis A P, and their Parameters aire ^qual : 
This appears from the Conftru£tion itfelf, if the given Diameter AP 
be fuppofed the ,Axis, and two Lines A Ey A £, are drawn on each 

C 2 Side 



u Tbe Fi&sT Book. 

Si&thereoEForfaecniCbdie Right^lcd Tiisqslei^ £ ii; ALAS^ 
9BiAD^^ >< D^, lie cqial, i0i unilar ID cneaiMidicr, die I^^ 
AD, AlJ\DS.^D^itharhal& H J|, Bj^i sod tfaeOidina. 
tcs ^^, ^A vill be cqml Id ooe aoodier ^ and ooofeqacnilj ^ the 
• .^ir«. :>. Pacunetcxs aie (b too. 

sSuTjEKCE it isman^fi, i. Hot tiicfe is but gdc Diameter 
^^ oolj which is at i^ht Angles vitli its Qntioatcs ; and fo a 
Parabola has buit coe Axisl 2. That there maj be alwajs band two 
difocot IXameten^ makiDg Angles widi their Qi din j tes eonl toan 
Aosfe ^Ten» {nrided the Aii|;1e be not a r^ht ooe i andthat the 
fiiTtwD Diaraetess aiealike iitaBte on each fide the Axis» and have 
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PROPOSITION VIL 

ProblenL 

39. A IOmeter, the Pvmmeier Aeresf^ mai m Tugn^ 94°% thrtwgh 
y^ its Ongpi^ ioKggnxm^ f Jefcnit Ae ftjrf al a bj m cotdnmei 



^^^ ^^ If the Diameter given be the Axis» the Ruabola maj bedelcribed 
' by* Art. 4. but if it be not^ let 31 be the Diameter given, and 
T Jl 5 the Tangent dia wn through M die Orig^ thezecf 

Affime 3f D in die Diameter M O (oontnoed out berood Af, ) 
e^Bil to a fixnth Put of the Panuneter ^ven ^ and diaw Dfc^an 
jn^^n'rff^ Length perpendicular to 31 D. Again, draw 3f F, making 
the AjH^F3fTwidi the Tangent TAf^eqoal to the Angle O 315; 
and ailmxae 3f F eqoal to M D. This beii^ dooe» if a I^bola be 
defcrib^brDeCi. widi die Diiediix D £, and die FoossFs I ia j; 
this will be that reqoir'd. 

Fcr, I. BccanietheLine3f0ispeq)endiadartotheDiredriiD£; 
it wiU bepanUel to the Axis ^ and oonfcqnentlf will be a Diameter 
»«• =5. fcr Del- 7. 2. The LineT3f 5will be * a Tangent in 31. ?, The 
.f. Paruneter cf the Diameter 31 will be t qoadniple of MF. 



Avctbtr W^igj. 
^^^^ ^Lct . rfP be the girea Diaxcter, and LaL the Tjii^fct pafuig 
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Aflume AQ ^ the Diameter AP (continaM out beyond jf) 
equal to the given Parameter, and draw an indefinite right Lise 
JDQDt making with ^G the Angle ^GD equal to the AngjieG-^X 
taken on the fame Side ) then if an indefinite right Line D M moves 
along the Line DQ always parallel to ^G ^ and at the fame time the 
Extremity D thereof carries along with it the Side (^DA) of the 
Angle DA Mi equal to G ^ L, whofe Vertex is moveable about the 
fixed Point A : I (iy, the Point itf, the continual Interfection of the 
Line D M and the Side A M^ will by this Motion defcribe the Para- 
bola fought. 

For if MP be drawn parallel to AL^ the Lines MPyQD will be 
equal to one another •, fince the An^le Al^M or G AL being eaual to 
the Ancle AQD, they are equally mcUn'd between the Parallels GP, 
DM. X^ow the Triangles AQDj MP Ay are Umilar : for the Angle 
MP A or OAL is equal to the Angle AGD\ and the Angle PMA 
or MAL^ equal to the Angle GAD^ becaufe if the fame Angle DAL 
be taken from each of the equal Angles GAL, DAM^ the remain- 
ing Angles are equal. Therefore we Ihall have AG iQ Dt or PM : : 

P M : AP'y and fb QA x AP = PHl^ 5 whence it is manifeft "^^ that ♦ ^^, ,^ 
PiU is an Ordinate to the Diameter AP^ whofe Origin is the Point and ii. 
Ay the Line JL ^ L is a Tai^ent in that Point, and the Line ^G the 
Parameter to the fame. JST. W^. D. 

If the Diameter ^P be the Axis 5 then the Lines QDyAL will be f , c. 13^ 
parallel, and the Demonflration will become more eafy ^ for it is 
immediately perceived that G J) is equal to PM^ and that the Right- 
angled Triangles AQDy MP A are fimilar 5 whence ^G ; G P> ot 

PM .:PM:AP. And therefore ^G *AP = PM\ &c; 

PROPOSITION VIIL 

Problem. 

50. A Diameter A P, the Parameter thereof^ ani the Tavgevt A L paf- 
fin t'-^^^* A the Origin of that Diameter^ beivg given ^ to fivd artf 
Number of Points of the Parabola^ or {which is all one) to defcribe it 
thro^feverdl Points. 

Aflume AG in the Diameter AP (continued out beyond A ) equal p 1 c. r^^ 
to the given Parameter, whic h bifefl in the Point D, and draw an 
indefinite right Line y^ /''peqoenclicular XcyAGi then about the Point 
l\ taken every where ir^ DAj produced indefinitely towards A, as 
a G;ntre, with the Radius CGj defcribe PF an Arc of a Circle, cut- 
ring the Diameter AP, and its Pei^endicular Af\ in two Points P, K 

AikI 



And aww MfM flurongh the Point J?t*wllel to t!he tfcngWit AZ, 
and in this lAw talec »the ftitts PiM, ? jl^lidth tvay^ each *^ifilib 
^ F: tnd then the Points iU, JM M^l ^e tw6*6f thofe fought. Alid 
irtter the lame manner may any Ntmiber df ^ics 6f Points iW, 5» he 
foond ; throngh Which, if -a Citfrt Line *e dfSi^n, it will be the Pa- 
labote fought. 

Porall the Arcs (PF) fhat pafi flifough ^ihc fatnt Point <5, and- 
whofe Centres tire in the line <? ii, ( produced if it *be necefiaty; will 
hwe the Lines QP for their Diameters y and therrfone by the Proper- 
ty of the Circle we (hall always have AF^ =^GA^ AP. Stt every* 
'^ Ejf* PM is equal * to its Correfpondent AFi and ttioreover, parallel to 
the Tangent Aty palling through Af the (Origin of the Diameter AP*^ 
t An. 19, and confequently P M wfll bt t an Ordinate to that Diameter 5 there- 
•Md2u fore the Parabola required moft pafs through all the Points AT^ ilf, 
found as before dire^^ed. 

It is evident, that one may err in drawing the Parts of the Parabo- 
la, that join the Points fooiid : But this £rror will not be (enfible, 
when the Points are very near to each other. Thole who have occa- 
"fionto often dcfoibe the Conic SeSions, commonly prefer the Way of 
^dcfcribing them through man;^ Poiirts ^ becaufe the Inftrumenfts that 
Imvt *6wi intwted for <4efcribmg them by a continued Motion, being 
Compound ones, are often faulty, and not ^exad enough in Pra£tice. 

Another Way. 

F 1 c. 15. Draw the indefinite right Line L E through £, any Point in the 
Tangent AJL, parallel to the Diameter A P ^ and in this Line and 
the Diameter ^P (continued out beyond^) aflume at pleafiire the 
equal Parts L£, ££, EE, 8cc. AF, FF, FF, 9cc. and take the Point 
M in L Ey fo that L M be a third Proportional to the Parameter of 
the Diameter AP given, and AL the Part of the Tangent. Then if 
the Lines AEy AE, AEyScc. iHF, MF, AlF, &c. be drawn from 
the Points A and Al : I &y, the Points of Interfeftion Ny N, N, Sec. 
of every AEj and its Coirelpondcnt itf F, will be all in the Parabola 
required. 

.For if the Lines MP, A'^are drawn through the Points M and iV, 
parallel to the Tangent AjL, and you call APjX^ PM or AL^y^^ 
A^.ny ^iV, z\ the fimilar Triangles N^A, ALE and MPF'y 
JV^F will give thefe two Proportions, vh. ^N (z) : ^A (v^AL (y): 

LEovAF = ^- AailMPiy):PForPA'\^ AFix^"^) :: 

N^ (z)i^F or ^A + AFiv -V^^« And multiplying the 

A Means 
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3Ieuii and Extremes, we (hall&Mn-thisEquationirj+ ~ = xz+ 

««i aPd.ft^l^oQtuji &oml)oth Sides^of the St[intion,. eqd nuiltit^ 
Pvi9e.b)r-:^ w^ flwll; have 117 y =; x a »,. vJilch n»y bc> taducsd' to 

this Proportion ><P(x):jl^(jr):: /MP' {yj):]Sl^ (zz). Butby 
Conftruaion, the Square of >iL or PM is eqyal to tKe ReSangle un- 
der A 1\ the Part of the given Diameter, and the Parameter thereof. 
And therefore the Line PM will be * an Ordinate to the Diameter * ^^;^ ,^ 
AP\ and lb §N will be t anQt{ier. Confequeiitly the Point A^ will md s i. 
be one Point of the Parabola, that &II3 on one Side of the Diameter t '*'*■ *» . 
A P ■ And to find the Points on the other Side, you need only take ""^ "*- 
the equal Parts L E, EE, Sec. AF, FF, Sec. in the indefinite right 
Lines L £, A F, on the other Side of the Points L, A. 

If inftead of the Parameter of the Diameter A P, which is here 
fiim^'ditfl bp giVflB,. MrC:ha#re(^'QWi' of: thfrPointe ith th«. IWaboli^ 
w;nicti oftftQ: hq^pen^ : Thep.yoviBu{l.draiii the indefioits LinfrLif 
tiirc^. that- Fowt. pM^Dtl to the QiRn)«t» A P, wdt prooocd afterwarflss 
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\ Of the miipfts. 



\ 



Definitions. 



I. 



F I c. itf. T F F,/ be two Points, or Nails fii'd in a Plane, and a Thread FMf 
X be put about them, whole Length muft be more than the Diftance 
Ff\ and if then you put the Pin M to the Thread, fb as always 
to keep the fame ftram^d tight •, and move the Pin round thefe two 
Points, till it be come to the fame Place from whence it went ^ the 
faid Pin, by this Motion, iivill defcribe a Curve^ which is called an 

2. 

The Points F,/, are called the Foci of the Ellipfis. 

3. 
The Line Aa^ which pafles thro' the two Foci F, / terminating 
both ways in the EUiplis, is called the frfi or great Axis [ or trattj^ 
verfe Axis.'] 

4- 
The Point C, which divides the firft Axis ^ a in half, is called the 
Centre of the Ellipfis. 

y. 

The Line B b drawn through the Centre C, perpendicular to the firft 
Axis Aa^ and terminating both ways in the Ellipfis, is called the 
Jecond or f mall Axis [or G>n jugate Axis.] 

6. 
The two Axes Aa^ Bb^ are called together, Corjvgate Axes ; So 
that the firft Axis A a is (aid to be a Conjugate to the (econd Bb i 
and reciprocally the fecond jBi, a Conjugate to the firft A a. 



7. The 
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7. 

The Lines MP, ATK drawn from Points (M) of the ElKpft^ jM. 
lallel to one of the Axes, and terminated by the other, are call d Or* 
diilates to that other Axis: So MP is aa Ordinate to the AjkAil^ 
and ^ i to the Axis JJ 4. 

8. 

A third Proportional to the two Axes, is called the Parameter of 
that which is ^e fit A Term of the PropWtioil : Bo if it be made as; 
Ae firft Axis^tf to the fecond Bk^ibis the, ikond £ 4 to a thini Pro*: 
pactional ^) this Line^ will bcf the f ataUkter of ttio firft Aiis^ 

AH r^ Lmes pfliffiog^tKtoaghtheCeiitseC; and tenBaaated botjk 
nays, by the £Uipfi% are called Dmrnmru 

lO. 

A right Line meeting the EHipfis b«t in one Fbint^ anf bckig both^ 
ways continued does n6C &1I witbintiie iatie^ is eaUed ^Tmiffnl m 
liat Foinfe 

S 6 H 6 L f ti m; 

3^7. TF the Ptto Fbci J^^ and the Centre Cbe iuppdied to be iliited Bi o; 17} 

^ in one Pointy it is manifeft then, that the ElUpfis ndll be: 
changed into a Girde, having the right Line CM for the Radkn* 
shereo^ equal to one half of the Thread CMC, ptit abouT the Poinfc 
C, the Centre of the Circle. Hence a Circle may he confidei^d as a 
particular Species of an Ellipfis, wherein the Diftance of the Foci' is 
nothing : And therefore, whatever in the following Treatifc is demon* 
ftrated of Ellipfes, be theif focal Diftance what it will, rtiXf b« idfe 
applgp'd to a Circle,, by fGppo£ng. that Diftance to become nothings 

€ or R a t E A> R Y K- 

5^. TT fellows from the firft Definition, that if the right LiiiC8ill]^,P2.^^il^ 

J- Mf be drawn from any Point M of the ElHpfisr^, their Sum^ 
will be always the fa me. . 

e a R O L t A. R Y IK. 

55. T T is manifeft, that when the Point M falls in A, tlie tine MK 
-*■ will become AF, and Mf the Line j^/: It is moreover evi* 
dent^ that when the. Point M tdXXs in ^ the Line. MB will: become^ 



1$ The Second Bo ok. 

aFj and MfvriW become the Line af. And therefore we fliall havx. 
^F+ Afj or 2 AF'\'Ff=aF'\' af, or 2 afJcfFi and confe- 
quently AF=af. Whence it follows ; 

. I. That the Sum of the two right Lines M F, iW/, is always 
cgual tothegreat AxisAa, fmce-M/+ MF=^Af'^ A F=:Af'^fa. 
2. That tne focal DiftanccF/ is divided into two equal Parts by 
the Centre C, becaufe CA-^AF, or CF^Ca—af, or Cf. 



•1 



Corollary IIL 



34. TF the right Lines Bj; J5f be drawn from B, the Extremity of 

^ the fecond Axis J?i to the two Foci F/j it is then manifeft, 

that the right-angled Triangles B CFf B Cf arc equal to each other ; 

and (b B F the Hypothenufe of the one, equal to Bf the Hypothenufe 

♦ ^^j^^ of the others therefore BF, orJJ/=Cy<, orCa, becaufe * £F + 

' Bf=^Aa. And after the fame manner we prove, that Fb, 01 fb: 

is = CA or Ca. Whence it apj^rs : 

1. The lecond Axis Bbhs divided into two equal Parts by the Cen- 
tre C\ ibr the rieht-angled Triangles FCB;FCb are equal ; becaufe 
their H^^pothenuiea FB, Fb are equal, jaqd the Side FC is common. 

2. Tne fecond Axis £^ is always lefi than the firft one Aa-^ becauft 
BC, the half thereof being one of the Sides of the right-angled 
Triangle BCF^ will be 1^ than tiie Hypothenufe JBF, which is equal 
to CA, the half of the firft Axis Aa. 

V ' ■ ' 5.* If a Circle be deforibed about JB, one of the Exti'emes of the fe- 
cond Axis Bb, with thie Radius JB F, equal to CAj the half of the 
firft or great Axis A^ $ then that Circle will cut the great Axis in the . 
tWD Points F,/, which will be the two Foci of the Elliplis. 

Corollary IV. 

35.TpHE fame Things being premifed, if CA or J5Fbe called t ^ 
4 and CF^ m-y then the nght-angled Triangle BCF, will give 

£C*=:tt — mm. But y4F = t — m, andF<i = t+»i, and there- 
fore AF uFazzztt-^mm. Whence it is manifeft, that the Square 
of CB, half of the little Axis B A, is equal to the Redangle under 
^ AFf and Fa, &e two Parts of the great Axis between A, a, the Ends 

thereof, and the Focus F. 

Corollary V. 



36. TLlEnce it will be eafy to defcribe an Ellipfis, whofetwo 
"^ Aa, 5 A, are given: For if the two Foci F,/ be found i; 



Axes 

in the 
Axis, and you put the Thread FMf, whole length is equal to 

the 
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the great Axis, about them ^ and then defcribe an Ellipfi^ accorfins 
to the Diredions of Bef. i. it is evident, that the Ellipfis delcrib'd 
will be that required. 

PROPOSITION t 
Theorem. 

57. IF the Ordirate MV be Jravn to thefrfi or great Axis A a, and »Je F i o. i^ 

^ Part AD he taken upon that Axis equal to MF i I faj^ C A : CV : : 
CP:CD. 

Call ( as before ) the given Quantities CA, CF^t and m i and the 
Indeterminate ones CP^PM, x and j ^ and CD the unknown one x: 
Now there may happen two Cafes. 

Cafe I. When the Point P fells above the Centre C Becaufe PFis 
always lefi than P/-, therefore MF or AD will be left rfian Mf or 
aDi mdfoAD or MF=t'—%y aDoriW/=t + z, jFP=w— « 
pr X — m (according as the Point P falls below or above the Focus JP^, 
and Pf=:x + m. But the right-angled Triangles MPF^ MPf^ give 
ft — ltz + z%=:jrjp+ WW — 2wx + xx, and tt + 2 t z-^zz: 
= J jr -Ymm-Y 2wx + ;cx. And by fiibftradling the former Equa- 
tion from the latter,, we ihall have 4 1 x = 4 w x ^ and confequently 



m jr 



CD (%)=:- 

Cafe 7. When the Point P falls below the Centre C, becaufe PFh 
always greater than Pf it is manifeft, that MF ot AD will be 
greats than Mf or aD: therefore AD ox MF=^t + z, tf D or Mf 
c=t — %y PF = x + w, Pf=:x — w, or m — x (according as the 
Point P falls below or above the Focus/) but the right-aiigjed Triau- 
gles AfPJs MPf give tt+ 2rz4-xz=7j^+ w»i+ 2 wx-t xx> 
and tt — 2tx + xx:=j}jf-\-OT»i — 2«ix4-xx. And by fub^ 
ftra6ling this lafl Equation from the former, we fiiall have 4 1 x =^4 



mx 



m X, and confc^jently CD ( x) = — . Whence in both Cafes we havJC: 
C^(0:CP(w):.:CP(x):CZ)(x). W.W.D. 

C Q R O 1^ I^ A i^ Y^ 

38.TTENCE it is manifefl, if the given Quantities CAoi Ca be 
*^ called t 'yCF or Cf m\ and the indeterminate one CP^ x : 

we fhall always have MF = t — — ^ and Mf = t + — ^ when the 

D z Point 



m X 
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jPbDtfi P &Ui ftVbyjB Che -Centre C : And op tlie contrary;, when the Pouit 
P ialls below it, we fliall have MF^zt^- ^, and Mfzrzt — — ' 

^ J 

3? R O P O S I T I O N IL 

Theorem. 

t9'T^tfS Square tf MP, mnjOriinal^ to ibe Axis A a, Is to th$ 
.4 ReSa^^e under A P ani r a, the Farts of that Axis, as the Square 
of its Conjugate Axis B b, to the Sqvare of the Axis A a. 

We are fofrave^ that ]PiH : AP k Pa : rWV : Aa . 
• The lame being fupposM, as in the foregoing Article , if 

(z=:%) be put for a; iij the Equation /t+:2t« + zz =jf jf + w w 

>, jy. +• J m X 4- 4f X, which was fotmd * by means of the right-angled Tri- 
angle AfPF^ we ihall always form this, vi%, 1 1 jf ]f = t*-— 1 1 x x — m m 
it + m w X X, which being reduced to a Proportion, gives TaC {jj)i 
\ATt.z$.AP*f^itt'^xx) iiBC'iitt — mm):^^ (tt) ::'bJ\ak 

w. jr. jx 

Corollary I. 

40, T F any Ordinate ^X be drawn to the other Axis Bb, virhich I 
-■- call icjjitis. maflifeft that MK = CP (x), and CK=PM 

♦^.39.0). But* PM (yy):AP^Pa (tt'^xx)::Tb (^cc):Aa 
l^tt). And t hcfef ofc 4cc=xx= ^cc 1 1^ — ^^^yjh and lb we have 

this proportion AT JC ^xx):BX«j:* {cc^yy)'r^a (^t):'Bi 

That is, the Square of MK any Ordinate to the Aqcis Bb^ is to 
the Redangle under JJ JC and JC*, the Parts of that Axis, as the Square 
i)f its .Qwjugate Axis Aa^ is to the Square of the Axis Bb. 

The Fufidamentat Corollary I. 

« 

F 1 6. x8, 4*- T F one of the Axes, as ^ii, be caird tt^ its Conjugate Bb,2c^^ 

mid 19. ^ the Parameter thereof ^^ every of the Ordinates PM^y ^ and 

each of its Parts (CP) contained between the Centre and the 

Points of Concurrence of the Ordinates, x •, we Ihall always have * 

'^^'PM\yy) .APnPa (tt—'Xx)::Bb(^cc)2Aa\^tt)::p:Aa 

(20 

2 
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{7t). Bccanic by the Definition of a Parameter, Aa(2t):Sb 

(ic) : : JB * (2r) 4 p^ therefore f = ^. Whence if the 

Means and Extremes of the proportion ;|f 7 : 1 1 — xx ::^<c:^t t^ are 
firft multiply 'd into one another, and afterwards thofe of this jyitt 

— X X : :;? : 2 r. Weihall have jy z=lc>c ^ , and y jz=:\pt — 

^—. Now fince this Property equally agrees to all the Points of the 

Ellipfis, and determines the Pofition theseof with refped to the two 
Conjdgate Axes A a, Bb^Tt follows that the Equation jf jf =: c r — 

'-^^5-L^ Qy ^^ _ . p^^ ?iL?^ eipreffes the Nature of the EUipfis with 
r^ard to the Axes thereoC 

COEOLLARY HL 

42.TF there Redrawn MP, N^ any two Ordinates to the Axis 

-*• Aa I their Squares will be to one another as (AP « Pa. A^ 

« i^A) , the Refiangles under the Parts of the J^ made by^tiie 

PdiRU of Cpnc orrence of the faid Ordinates ; for^ BbjAs^: iPjf* ?^ AH.%fi 

AP^Pai.^if'.A^^^a. And therefore PiW*:^-ar ::^PicPj: 
A^n^a. 

Corollary IV. 

43. T F M M ho drawn from any Point Fin one of the Conjugate 
-^ ^ Axes A a^ parallel to the other Axis Bbi^ that Line will meet 
Ae Ellipfis in only two Points M^ M^ equally^ diftaut on each fide 
of the Ptdnt P, andf not more. For that the Points MyM^ be in the 
Ellipfisy it is * neceflary that the Squares of PM{y) taken on both ♦^^i^^^ 
-Sides of the Axis Aay be each equal tothe fame Quantity, x;ix«<c^ 

€CXX 

Corollary V^ 

^•BEcaufe^^jis=cc— ii^, itfbllowa, that the more CP(x;* ^,4,, 

taken both ways from C the Centre, increafes, the more does both the 
Ordinates PM (y) taken on both Sides cf either of the Axes^«, dimi- 
niflij fb that when C P (x) is equal to C u4, or Ctf (t), both the Or- 
dinates PM (y) wUl dien become nothing : And contrarindfe, the 
more CP(x) diminiihes, the more will both the Ordinates PAI(y^ 
taken on each fide of the Axis^^ increafe} fb that when CP(x) 

becomes 
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becomes nothing, both the Ordinatcs P M(j)^ each of whick then 
isCB or Ch (c) will be the greateft of the Ordiiiates. Whence 
is is manifeft, 

' I. That if right Lines be drawn through 5, h, the Ends of one of 
the Conjugate Axes parallel to the other ^ thofe Lines will touch the 
JiUipfis in them Points. 

2. That the Ellipfis recedes moreand more from ^ the Extremity of 
either of its Axes A d, until it meets the Conjugate Axis B b 5 after 
which it continually accedes to the lame Axis ^ a, until it meets the 
finie in a^ the other End thereof. 

/ Corollary VL 

•^4i-45r.3Ecaure^jj=cc— '-^, it follows, that if the Points P^ ?■ 

be taken equally diftant both ways from the Centre C\ the Ordinate^ 
TMy PM^ will be equal. And therefore, if any right Line 
MM terminating in tm EUtpfjs^ be cut into two equal Parts, by^ 
me of the Conjugate Axes JB ^, in the Point Jt, not being the Centre,, 
that right Line will be parallel to the other Axis A a: For draw iHJ^ 
.. V :MP^ parallel to the Axis Bb, and then PP will be bifeaed in C, be- 
caofe ^^isfb divided in JC^ therefore the Ordinates Fi)f, PM wilt 
be equal : And & the right Line MM will be parallel to the Axis Aoi^ 

Corollary VII. 

46. T F the two Parts of the Plane whereon the Ellipfis is drawn^ on 
-'' each fide of either of the Axis, as fi ^» be fuppofed to be folded, 
together ) it is manifefl that the twa Semi-EUipfes BAb^ Baby will 
exadly fell on each other, f or Cmncide ] viz. the Points A^ M, 8cc^ 
f ^i, 4%. on ay, M^ ftc becauie ^ all the Perpendicmars Aa^ MMj See. to that 
Axk, are bife£led in the Points C, K^ *c. Whence it appears that the 
Ellipfis is cut br the two Axes into four equal and uniform Parts, not 
It ait differing Dot in Situation.. 

PROPOSITION m. 
Theorem. 

Vi e» so. 47; JF mtf figU line AM h$ irami tbro" A one of th$ Extremities of 

A one of the Axes^ A a, in one of the Anales a A L, a A L, made by 
that Apfh^ and tba Line LAL fordid to Bb its Conjugate Axis ^ I 
Jh^f^lMe9iameettb$mpjisinfmtotberPmntU. 
;- Take 
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Talce A C?, on cither fide the Point A^ in the Line AL, equal to 
p the Parameter of the Axis A a, and^ draw G F parallel to the Axis, 
meeting the Lin6 AM( produced, if neceflary ) in the Point F : 
Moreover, ailume AL in the Line AL^ (on the fame Side as the 
Line A M falls with refped to the Axis^ a ) equal to Q F, and draw 
the right Line a L through a the other Extremity of the Axis Aa\ I 
&y t}^ Point M wherein this Line cuts the Line ^ iH , is in the £1- 
lipfis MAM. 

For draw M V parallel to A X, and call the known Xines Aa^ AQ^ 
2t, p\ andO For AL, a^ and the unknown ones CP, x \ PM, y^ 
thai the fimilar Triangles AQF^ MP A and LA a, MPa^ give tms 

proportion, AG (p): QjF(a) : : MP(y) :AP(t -l-x) =^. And^L 

"^ t 

(0):Aa (2t) ::PM(y):MP(t4:x)^—* And confequently We 

• • - - 

have always A Put Pa (ft— xx) =*-^ , let iht Point P fall either 

t 

above c» below the Caitre Cj and therefore jiji = \p t— ^. Whence 

the Line PM will be ^ an Ordinate to the Axis Aa $ and fo tbc^j^ .« 
PnintilfwiUbeintheEUipfisiH^iJl U^.IT.D. * 

Cokollak.yL 

48. TJ E K C E if >4 a one Axis of an EUipfis MA My bs alfo p the 
•"• Parameter thereof be given, and any right Line AM he drawn 

through A one of the Extremities, of that Axis, in either of the Angles 
aAL^aAL made by that Axis, and the Line LAL which is paral* 
lei to the Conjugate Axis Bb : Then it appears how the Point M 
wherein the Line ^ilf nieets the EUipfis ill ^ 41 inay be fe 

f f 

Corollary n. 

49. TT E N C E it is evident that there is but one Line LAL paral- 
*-* lei to the Axis JB t, that can touch the Ellipfis ilf ^ itf m the 

Point Af one of the Ends of A a the Conjugate Axis thereto $ becaufe 
no Line but tHit only, which palTmg through the Point yL and being 
continued both ways^ but what will fall within the EUipiu, and meet 
it in another Point. 



•» 



PRO- 
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FRQp-OSrTIOH ly. 

Theoreim 

5?Q. yfL L Diameters^ as MCnt are tut intor two eqvaC Parts. By ffir 
-^ Qntre C, and. meet the Ellipjis but in tao BntitsM^ m. 

Dravr the Otd'mstte Af P, and ^ume- Cp eijual to-CJPi and cm- the 
Foint praife the perpendicular pm terminating ia. the right Line* 
MCm^ then it is manifeft that tne Triangles CPm^ Cp m are fimilar 
and equal, and 9i CAf'istqmL taCnk, and PA! to pm;. .Aaid tbofe* 
CMinates that are equally^ diftant from- the Centre Con. both Sides. 

^ JH^JtSf th^eof, are ^ eaual to one anoHier. But PAf is an Ordinate ^ there- 
fore p m will alio be an Oodinate^ and coniequently the Point m wilK 
lie in the EUipfis. 

Moreover, if a. right Liiie parallel to the Axis B A, be iuppo&d to> 
move from Cto wards Ay it is manifeft that ^e Part of t}»t LineuK- 
eluded within the Angle ACM, will coniinnally increafe s^CP does*. 
And eontrariwife the Part of that Parallel included between the Quat- 
drant of the EUipfis yrf JW*^, and the Axis CA\ that is, the (>dinafte" 

»i» fti ti P^y will "^ continually decreafe 5 and fo the right Line CM, palling^ 
through the Centre, Rleets the El%fis in oHe Ft^int M only, on the- 
iame Side the Axis y and the fame is to be underftood of the Point nk 
Iftkcn on the oAcr fide. Whence, &c^ 

D E E I N r T 1 O. N Sv. 

« 

rr. 
1 1 0- ia>. If through any Point Mofan Ellipfis, be drawn^ Diameter JfTCm 
an Ordinate yW P to either of the Axes^ as Aa, and aright Line, iw 
fuch manner that CTbea third proportronal to C P and C >4 5 the- 
Diameter SCs. wliich is parallel to MT, is caird the Corjugate Dia^^ 
fnetci' to the Diameter Mm. And contrariwift, the Diameter M m h\ 
&iSL to be a Conjugate to the Diameter Ss.: So that both di theim 
together are calFd CovJMgaie Diameters.. 

IT: 

All right Lines drawn from Points of the Ellipfis parallcVto'oneofi 
the {aid two Diameters, and terminating in the other, are call d (jrdi* 
wrfs tothat other Diameter. So NO which is parallel tothe Dia* 
jneter Ss^, is an Ordinate to Mm theConjugat 3 Diameter thereto. 

i^i AthicdJ 
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■ • ■ 

A third Proportional tQ tvea Gonjug^t^ Diametersi^ i^ c^ird the 
Parameter of the firft Term of the Proportion: So a third Proportion 
nal to M m^ Ssy is call'd the Farametcr of t\}t^ Di^jqeter Mpu 

C O H O 1. L A R V. 

ji.tF the given LJneC-^ bf c^lkd 1 5 aad tjie Indeterminate ones 
A Cl\PT,x,si itismanifeft (byJD^ij.) thatCT(x + i = 

tit and fo « ;c =: 1 1— A x^A P ^Pa. 

PROPOSITION r. 
Theorem. 

S2.TFtVoOrdiftaHs^ MPjSK, totheAj^is Aa, leJramLthro'M^S, 
-l the Efidfi of the Covjygate tfiamteri M* m, Ss 5 Ifopfy C K, the Part' 
vf the Axis hejjpe^ft th^ Cevtre^ and the Pbint tf Coia^rrenu ^f dm uf the' 
Or^^e^ S K, h a ww Proportiorji between APjVa^ the t»$ Parii ^^ 
we AxU ntade hj, th^ Cpttftirrevcfi of the other Qriiftate M P. 

V^e are topr<n>e, that C K* = AP ,c P a, 

C^U the known Lines CA, 1 5 CP, x 5 PT, 5 5 and the unknown 
oneCiC^ J ^hen we feall haw ^fFx^j :f:;;>.t-^xx':s=^ix, and ♦iirf.jx* 
AK^Kaz=itt — mm=^sx'{' x x — 1» w, by putting x x + «x for 
1 1, whic h it is equal to. Now, by the Property oS the Ellipfis, \ AP\Aft. 4x# 

nPa{sx): AK y^ Ka (sx '\' X x^ mm) iiPM :'KS : CTE ($ s) : 

ICKirn tf}. By the Sinplariiy of the Triangles TPM, CK $ i whence 
by multiplying the Means apd Extremes, and orderiy tra^ifpo^ng, 

there arife8C^V»»»i) = '^^ = ix=^PKPa. JT.V^.IX 

COI^OLLARY. 



ir? . "D Ecaufe CK s=,t t — xx, ^ it follows, ^ that CA — ^, or AfC 

uKa^xx. B^*C^tt):'CB\c(y:..AKf'Ka(xx)'.*Art.Au 
,SlC= '-^ AiidOVt •• ^V<^ f> : : wl ^ K Pa (t r — * ^ ; : ¥m 

ft ' a . , i ' 

^■ff-^—- Mereoypr, .bfRq^^tjj^-Xr^i^es CPM, CKS are • 

. E -right- 



• \ ...... 
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right-angled, we have the Square CM orCP + PM = x x + c c — 
liif, and the Square CT* or CX* + JT^* = t t — x x -^ — "^ 

ft ^ it 

Therefore CiH + CS = ^ ^+ ^ ^• 

That is, the Sum of the Squares of any two Conjugate Diameters 
Mm^Ss^ is equal to the Sum of the Squares of the two Axes Aa^ Bb. 

P R O P O S I T I O N VI. 

Theorem. 

S^'T^HE Sqvare of ON, any Ordiftate to the Diameter M m, is to thg 
•* Reffaftgle MO, O m, under the Tarts of that Diameter^ as the 
Sqvare of S s, the Covjvpite Diameter to ity to the Sqvare of the faid 
Diameter M m. 

Ve are toprove^ that ON : M O » O m : : S s : Mm. 

Draw N^) OH parallel to the Axis Bb, and K parallel to Aa^ 
the Conjn^te thereto, meeting the Ordinate N^ ^produced, if ne- 
ceilary ) m the Point R ^ then call the given Lines CP^x^^ PM^j ^ 
CA^ty PTjS'j and the Indeterminate ones H^^ or U, a j C H, * 5. 
add the limilar Triangles CPM, CHO, and MPT, NR 0, will give 
thefe two Proportions CP (xj :PM (y) ::CH (b) :H0 oc R ^= 

*i. AndTP(i):PiH0)::01?(tf):l{iV=^. 
r:' And becaufe (Fig. 21.) N^is always the Difference of R^ C~^ 

RN Qjy and C^the Sum of CH(b), H^(a), when the Point 

jy falls between the Points M, &, or », 1 5 and on the contrary,. 
(Fig. 22 J iV^ always the Sum of U ^, R Ny and C^, the Diffe- 
rence 01 CB, H^ when the Point N falls otherwife, we have 

^^ ■ XX — sx ■ i s ^^ 

i^, and 4- 2 a i in the firft Cafe, and +*-^, and — 2 « * in 

t* sx 

*Jrt.ni. the ftcond. But* ^Px Pa (tt^x x)-. A^% ^«, or C^*— 
C~^ (t t — aa±2ab — hh) iiTm (j y) -."^N =. 
f^4gor4-Mt)y-% j^^ ^^ comparing the two Valocs of j^' 

together, this Equation will be had *-^ + —Jl ^ ""JH 3= 
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Side of the Equation, and the Term A ^ from the other Side 

( theft two Terms being equal, fince, by j4rt. yr. ix = tt — x x) 

mod dividing bv 1 1, there will bahad 1 = — . 

And multiplying by x x, and tranfpofing bb, we fhall have 

sdxx Mtx'^ uxx-^^aaxx^hhtt % . i^* 1 • ^% ^ n %^ 

— , or — = 5 and agam multiplying the firft Mem- 

ff ' isxx n-^xx r J ^ 

ber by i J X X, and the fecond by the Square of 1 1— x x, the Value of 
IX ^ which is done in only multiplying the Numerator by tt — xx) we 
(hall have a^x^ =: t^ xx — aatixx-^bt^— ttx^+ tf«x* + bbttxx j an4 
ftriking out aax^ from both Sides, tranfpodhg of Mffxx, and dividing 

by UxXf there will be had H ^ or 0^ (aa) =r:tt — xx + ii — 

x#* 

Now if the Semidiameter CM or Cm be called xy by the Similarity 
of the Triangles CPMj CHO^ we 0iaU have the following Propor- 
tion CP (x):CiM (x) ::CH(*): CO =*A Therefore MOnOm 

=:zz— ^^. But the fmiilar Triangles ORNj CKS give this 



X* 



Proportion OiV^:C 5:: OR (t t — x x + *> — -^^ -CA "^ * Art. ft. 

( 1 1 --XX J ::M0 nOm (f!^^— ) : CM" (xx.) . Since the feme 
Produft ari(es by multiplying the Means and the Extremes. And 
therefore O^NiWOxOwrCS^C^*^::'^*:^* JT.'JT.D. *^.s^ 

A Qeneral Corollary. I. 

'5J. TJENCE itismanifeft, that what has been demonftrated in 
-" Prop. 2. with relpcdl to the two Axes Aa^Bb/n equally true 
of any two Conjugate Diameters Mm, Ss. And fince the 40th, \i^ 
42d, 45d, 44th, 45th, 47th, 48th and 49th Articles, arifing from Prof. 2. 
are true, whether the Angle ^ CS be right or not 5 it follows, that 
if the Lines Aa^ Bby are luppos'd in thofe Articles, iqftead of the 
two Axes, any two Conjugate Diameters, thojfe Articles will ftill be 

i true according to this Suppofition : For their Demonftration will al- 
ways remain the feme 5 and there is nothing more required to make 

- thi^ appear, but reading them over again, and every where ufing t^ic 
word Diameter for Axis. : t r 
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f6\ "pEdttile' (Kc 44 A and 4.9th Aitides are equally true, whetficr* 

-P the Lines A a, Bk^ *ft any two Conjiigate Diameters, as Mm^. 

TSsj 'as "^tll ^s thfe Ares^, thfetrforc tTie Line MT dt^^Jiwn trowi the^ 

Point M;' onfc Bmlof My Dkmetcsr ikf ;», jpafrtllel tb Ss the CoifrJH^ 

fate Diameter t'hereto, touches the EUipfis ia Af-, and no other Liiie. 
, Ut th&t caatouchThfe Enii>(fe ift tfiat Point. 

* Whence ft appcafrs, ^t ifhSflre can htit oiie Liiie be dtftwa fiom sk 
WVeh i^o^tt ih aft Ellinfis. TO. tttiKh thfe feme in "Hm R&it, 
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an Ordinate Af P;. 



517. LT E N C E it is evident, hy Def. 1 1. that i£ 

^ be drawn from ^ny Point M of an Ellipfis, to either of the? 
Abfts Jf'd^ and yoitt^Ste C^. toivbrds-the J^dint P, k^iti PMpcrtio- 
'tia'l to'CP, CA, anddra^.t'hfe right Litie JWf t; this Ufl^ i« T \wtt 

taudi the TiHiplis in ^H And contrai-iwife, if the Line M T touches 
the Ellipfis in Af, and the 'Ordinate iWP be drawn to the bther Axis 
irfttj <he Parts df that AxIsCP^tTACI^ will be in acsxkinual Geo^ 
aaetrick Prpportioa 

• ...*.■ ' • . ■ 

GoRrOIXtARY IT. 

58. tN the Mth, 1 2th, and I jth Definitions and in the two laft Pro* 
-■" pofti6m, If yoB-fui^lg'that the Lines^ A i, M, inftfed df the. 
Axes, hre aiiy two coii;^gfttfc "Diameters, thofe Proportions will ftill 
be true, becaufe they may be deraonftrated as before : as is evident by" 
contemplating.]fiie.?3d FiCTres whcrei»the fimilar Triangles give the- 
lame Proportions as in theGaTe of the Axes. 

^ Whftii* it follows, I-. That the teft Corolkcy oiight^ ftai to take* 
'^lacfej Wh^n tiie Lifte Aa is any Diameter, As well as the Axis. . 
e il. Thatthe Gonjug^te Diamet-ers itf w, Ss^ tnaf be the two Axes ac- 
t<)tdiig to that Su^pofition \ and (b the two Axes may be efteemcd as-. 
"fttto GWiJHglate Dadmeters, being at ri^t Angles with eadi other^ 

\ B R O P O S I T I O N VI£ 

Theorem. 

zo.2/^. $9. JT froiH any Poht of m Bttipfs^ t^ofe^ CetttreisC, there heirMn- 
^ the Ordivate MP to Aa one of the A^e^^ and MG prfe'ndknUtr 
tu theiTanpnt ML T {ajfing tbrof^b tie Point My I fay CP will always. 

hasue: 
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have tbt fame Vroportion to VG, as the Mis Aa has to its Parame- 
ter. " * • 

■ For ir tR6 Sdrta-ibtt! C > ttr ' C a be ^M' r 5 atftd tife intltHirmr- 

F.^n :z: '-^^ Bwt the <&ddit«a»^^ filler Tuillogl^r 

give this proportion, TP(j^^y:PM(y)\iPM(y)-.FGK^')^ 

Hence we may ggf this Kdl>ottitoiC^ (^)^'*^CiS"») = •^^'' ^* 

(t f - X x) : PAf ( )> >). Eecaiiie fey niultipling the Means and Ex- 
ftesmes) the-£iai« Frodud ff>y wiU>ar^, «it.tiie -Redlsnglo AP*P» 

fe ♦'to'flie Sbufcte Flf^ as the A«s jtf <r to its fJaradriiter. "W^ere- ♦ Jm. /»,. 









PROPOSITION vnr. 

TiiedietiK 

6@. JP a 'TaitMtitT M S fe ir<mn thrcvj^ atij Pmni'M^gf mt 'Wf^\f as 

i.alfo the rigWthtesm. F, iMtf, Ydibe Wo ^Poa f', t: tfif^ Jitij^s 

FMT, £N1^ maieh&^iKiys^ tbeJntiro'iLmsyii/kb ^f&iightt'XJ^. 

itre egvai to otte'Onotber^ 



■ • ' « • 



*•••". »>• I*. * 



For -draw FD^fi, pdrpendjcnlar to th« Taogeqt v alib^raw.^ 
fiifft Aiis >rf<r meeting it in T, land the Ordinate ATFto thiat Ads, 
and adl CA or Ga; t^ CF or C/, »^i . and CJ^ jf-, thenrwre.pi^llhayc 

T/or CT(^-\ + C/ (wr) Becaulfe in inuhiplying tie lifettis 'aiia 

€Ktremes, the fame Produdi arifes. But- the ihnilar Tfiiangle»TF£(, 
T/i, giv« this Proportion, TF :Tf: : FD :J>d. And Id 'M'-F^thb 
Hypothenofe of the right-angled Triangle MDF will be to Mfy ^ 
Hypothennfe of the right^gled Triaiigl^'MH/, i» tii« Side D f is to 
tile Side if: and eonfequcntly thefe two Triangles will beAmilar: 
wherefore the Angles FMD, JMi, ©r FMTJMS, which ate op. 
polite to the Homologous Sidea X) F, df will be e9ual to one another.. 

> . . I . , .. I. 



q9 ^ TJje S £ C O N D B O K. 

• ■ • 

m 

COKOLLAKY* 

*i c. 2^..6i. IJENGE it is manifeft, that the Tangent TMS being both 

-"• ways infinitely produced from the Point of Contad Af, leaves 

«r . ,s v^ . fhe EUipfis entirely next to its two Foci F,/« And fince this is al- 
ways (b, let the Point M be where it will in the EUipfis, it follows, 
fbat the EUipfis will be Concave quite round about the two Foci 
thereof, and confequently aUb about its Centre. 

PROPOSITION a. 

Theorem. 

F I c. i6. 62. JF DAE be drtnm thro^A^ otte End of atty Diamettr A a, paraU 

^ lei to hh^ the Qwjugate Diameter thereto^ meeting avy two cither 
Cofijvgate Diameters Mm, Ss, in the Poitits D, E •, I fay, the Re3attgle jm- 
der D A, AE, is equal to the Square of CB, the one half of the Diameter 
Bb. ^ 

JTe are to pro^e, that D A k A E = CB . 

Through Mj Sj the Ends of the Conjugate Diameters Mm.Ss^ draw 
the Ordinates MP, SK to the Diameter A a, and call CA, t^CB^cy 

^ JH.ii.ju4 CP^x i P M^ y ^ihm 

♦ Aft. J4. Jmd confequently AK*Kay or TrA—^CK=xx. But *"5C* (c c) : 
CA (tt):iArP\yy):APKPa, orCK—^^^1^. And CA" 



cc 

C€X X 



^tt):CB (cc)\:AK*KaCxx):KS = . And by ex- 

trading the iguare Root, we get C JC = % and JC5 = ^. But the 
Umilu Triangles CPM, CAD, and CKS, CAB, give thefe Proportions 
CP(x)'.PM(y)i'.CA(t):AD = *J.. And C K i*-^) : KS (j ) 

:'.CA(t):AE = —, Therefore DA « ^£ = cc =Ic'. jriT. 

D. 

PROPOSITION X. 

Problem. 

Vf.ij.'Si.nrWO CowjugateDiametertAa, Bb, of an ElUpJis behg given, as 

* alfo a right Live MCai,i» ttffciig thro the Centre C,to fnd the Poitas 
Mtm intifat Ltne^ wherein it meets the JSUipfs. Draw 



'i 



v^ 



\ 
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Draw the indefinite Line A D thro^ A^ one End of the Diameter 
A a^ parallel to JB ^ the Conjugate Diameter, meeting the Line CM 
given in Pofition in the Point D 5 moreover, draw the Line A thro* 
the Point A^ perpendicular to A D, and equal to CJB, and the Line 
OD thro' the Points 0, D. This being done, about the Centre 0, 
with the Radius A, defcribe a Circle A^ cutting the Line O D 
in the two Points JV, n 5 and then ii NM^nm be drawn from thefe 
Points parallel to the Line C, which joins the Centres of the Circle 
and Ellipfe •, I fey the Points M, w , wherein they meet tiie Line CD, 
will be in the Elhpfis, and conftquently will determine the Extremi- 
ties of the Diameter MCm given in Pofition. 

For draw the Lines M?y N^ parallel to AD meeting the Line 
CAyOAin the Points P, ^^ then the fimilar Triangles CDO^ 
MDN, and CD A, CMP, and ODA, 0N9 will givethefe 
Proportions CA : CP::CD: CM r.OD .ON\.OA.O$. That is, 
CA'.CPv.OA'.O^ And therefore if the right Line ? ^ be 



drawn, it will be parallel to OC; and confequently alfo to ^iV 
is fuppofed parallel to OC. So the Parallels M P, N^ will be equal 
to cacli ether. This being (uppofed, if we call the given Lines CA, 
r 5 C-B or ^ or iV^, r 5 and the undeterminate ones CPy x\ PM 
or N^, j*y we fhall have this Proportion CA (t) :CP(x) ::OA(c): 

$J==^* And bccaufe the Triangle ^iV^ is Right-angrd at ^, 

the Square'^'or iiTp (jj) zi^N^cc) — 'a^(^^'^. Whence 

the Line M P will be * an Ordinate to the Diameter A a, and confe- ♦ jirt.41; 

quently the Point M will be in the EUipfis, whofe Conjugate Diame- amlff, 

ters ^te AOf B b. But becairfe the Lines NM, OC, iiw, are paralleL 

the Line Mm is bileSed by the Centre C; fmce ( by the Property ot 

the Circle ) JV w is bifeftcd in 0» TJ^erefore the Point m will be "^ ♦ An. j^ 

likewife in the feme Ellipfis. 

If the tMTo Conjugate Diameters Act, B b, fhould happen to l)e the 
Axes, then the Parallels CO, P^, would Coincide wxth the Lines 
CA, A 0, all four of which wouW make but one ftreight Line. And 
by this Means the Conftrudion and Demonftration would have bcea 
ibmething eafier. 

PROPOSITION XL 

Problem* 

<4. T^JTO ConjygMtt DUmeters A a, B b, ^f an ElUpfs, ieing jjfwt |P 1 oi %j^ 

^ t ini the Ax$s{yim^ Ss) thereof i Ani dennnfftrata that an 
Elliffis can have but two Axeu Dravr 
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4^r8W thd^^Zin^ l^^thscogjaiA omi ?pd of the pUmeter >< ji, wjrtl- 
Ipl. tp .iS it th^ CoiijQg^t^ Diajzi0;er, aiid tU Lioe A pes^diciuar to 
If E^ a^d equal to C B. Then join C, and draw the Line F G thro' 
J(rdbq iQiddle Point thereof perpend iculajc to the lame, and meeting 
4^f U^fit X> ig in Che Foiat G, on both fides of which Point talee thp 
«wal Parrs <J D^ <3 jg, in the Lijiq DjK, ^ch equal to QO or GC 
Iw • b«ag dwe, if thf right Lines CD.CE be drawn : I fey the 
tyro A^e^ ^iiHt iSh ane ntwte m the(e Linies. 

^Arf. 58. F^rfipcotl^two Axep may be efteem'd t as Q)njiiMtc Diame- 
' ton^ ci^ng. one another at right Angl^ they wiU meet t^ 
in 'the Points D, E, fuch, that a Circle dsfcrib'd on that Line as a Di- 
wncterK.Witt j?a6 tlinougb tbe Pointy Q O^ becaufe the Rcftangjle 

♦ Art. 6i.1}A\^AS being eqi»l * to ^e Square of AO^ the Angle D iS will 
hfi 9f fight one, as weH a3 the Angle i) C £. But it is manifeR, that 
this is entirely what thefoiieg^ng Conftrvidtion has efiPefted -, fince the 
li^nes Q 0, QCj GE^ G P, being all equal to one another, are (o 
inany Radii <^ t^e fame Circle. But fince there axe no other Points 
in tfcp IMp D £; but Z>,, jp, whiqh at the fame time can fetisfy thefe 
two Cwtetpow, vi*. th»t jtH^ Angjfis JJ-C E^DOE be each wght An- 
^iiji( therefore the two Cc^jw^te Diameters Mm^ Ssy which arei^t 
rii^ Avgk^ to each other, will be the Az^s, and tjbere ^re only two 
cf.th^ra^ 

Uow to determine the Lengths of the Axes, you need only draw 
the right Lines A G-E, meeting the Circle whofe Radius is O A^ in 
tfiE Pbints N, R, and then the Parallels NM, R S. For it is evident,- 

\*f4MK<»3'^**h»*'-**i^'theP€»nta wherein thefe Parallels meet the right Lines 
' .. XTJGt iC'tV appertain to the EUipfis, whpfc Conji\gate Diameters are 
the LiMS Aa^ Bb ^ and fo the Points iVJ, S^ will be Extremities of 
theisifpA^c^ 

•^ ■•--* Corollary. 



d^/xF it h^ been required tq find two Conjqgate Diameters- 
. K &s, that might cut each other in the Angle Jld CS, equal 



< 



M w, 
to a 
given An^le-, two other Conjugate Diameters A a, Bb, being given ; 
It-k pdain tifiat the Problem might have, been reduced to this, vi%. to 
find two Points D, £, in the Lnie D E given in pofition fvich 5 th^t if 
the right Lines D0,0 £, CD, CE, arc drawn to the two Points 0, C, 
given without the Lijie jQ£, thp Angle HOE may be a right Anglc,and 
the Angle D C Ej equal to a given Angle. But fince the Solution of 
this Problem is pretty difficult, I refer it to the icth Book, and here 
follow another Manner, which is more flmple -, and that is, to find 
' . • I 'ifirft 'tliR twa Ases, ami ,than by meaub* of them, the two Conjug^td 
Dia*ete»*fwi^, as-we aiQ going, to fl^ew.iu iht foUawing PcoWcm. 
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PROPOSITION XII. 

Problem. 



r 



6$^^BE tvfo Axtf A a^ B b e>/ nif EUipfis teivg ihiif, f» fri *»t> Fi «• <t, 

* Covjvgatc Diameters Mm, Ss, mtivg one an$th^ in tb$ AngU^^^^ 
M C jS, eqtiai to an AngU given. 

Let us (iippo{e tlie Diameters M m, Ssj to be thofc required, and that 
thty m^tt the indefinite right Line D E (drawn thro* ^4, the End of 
the- little Axis //a, parallel to the great Axis Bh) in the Points /> 
and a. Now draw the Line CF from C, the Centre of the Ellipfi3, 
making the Angle CFHj at the Point F, with the Line D £, equal to 
the given Angle MCS^ and call the given Lines C,/^, t j C5, c^AF^a^ 

and the unknown one AE^ a-, then will "^ AD^=:—9 and C E zz::*^^^^' 

yTT+T^, becaufe C^^jB is a right^ngled Triangle. This being 
ftppos'd, 

The Triangles FEQ CED will be fimilar -, becaufe the Angle at 
the Point E is common, and the Angle CFE was made equal to the 

Angle iHC5 •, therefore FE (z—tf) : £C ( v" tt + xz) : ; £C (v/^-+zz) 



: 1? D (z + — . Whence by multiplying the Means and Extremes, 

thisEguation will be formed %x — az -^-cc !^=:tt-t-zz, and ftri* 

):ing out zz from both Sides, multiplying by z, and dividing by 



cc , 1 1 

€C tt 



«, there will come outzz z+ — z+ cc=o. And (for Bre 

# if 



vity's Sake) putting =2^5 the laft Equation will become 

this, xz — 2 3 z + cc =0, or z z— 24z + AA = i i— c c. And by : 
eztrading the (quare Roots of both Sides there comes out z^— ^, or h-^% * 

= ^ bb — cc J and confequently the unknown Quantity AE (z) =^ 4^ 

^ bb — cc, which laft Equation gives the following G)nftruftion. 

Produce the fmall Axis ^ a to the Point 0, fo that -rfO be equal tq 
Ci, the half of the great Axis, and draw CF, making* the Angle * 
CFi?, with the Line Z)£ drawn through >*, parallel to B b, equal to the 
given Angle*, join O F, and draw the right Lines OH^ CG, perpen- 
dicalar to OFy CF^ meeting the Line D £ in the Points H, G (th6^ 
Points H, Q, in the 28th and 29th Figures, are not dtiiried in,(he'.' 
LineZ)£', becaufe doing that would have enlarged the Figurcif too*'^ 

F much, 
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mach, and fince it is ealy to imagine them ) This being done, about 
the Centre O, with the Radius OK^ equal to the half of QH, (that 
Part o{ AD produced, which is comprehended between GyHjJ ^^' 
fcribe an Arc of a Circle cutting DE in the Points Il,Kj then if JC A 
KEy be taken in D£, each equal to KO, and the right lines D C, 
EC, are drawn through C the Centre of the ElUpfe', I fey, the I>i»- 
- meter; fought Mvi, Ss^ are lituate in DQ EC 

For becaufe FAQ FCQy and FAO, FOH^ ate right Angles, w» 

fhall have ^Q = 11, ^^=^5 a«d therefore O H = ^^ = a*. 

Whence the Radius JC, which is equal toiGH^ will be equal to 
b. And becaufe O -4 K ifl « right-angled Triangle , we have ^ J:r3 
^Tb^c^ and yi£ or iC £^T AK^b^L ^bb—ccy and ^D or KD 

-4- ^ X = t + y/bb^Q^ Now this being fiippos'd, if the Value 
oF il£ be multiplied by that of ^Z), there will arife AB nAD = 

*Jrt.6i. cc=iC^ ^ and therefore ^ Mm, 8$ are CoDjugate Diameters. But 
the Re^ngle under ^£+ A DotD E{2b)2CQl^AM--AF ot^f 

(b'^^bb^cc — a)is=7bbX2b^bb—cc + 2ab= 2b b±^2 b ^hb^^-^ 

+tr — cc by putt ingcc-^tt: for 2ab theValqe therepf 5 and becaufe the Tri- 

aagle C>i ^ is right-angled, the Square C£ = J4I + CA = 2^+3* 

^bb^cc 4- tt^^e = DE ^EF^ and fo F E: E C :: E C : ED. 
Therefore thcTriau^sJ^fC, CED will be fimilajr^ becauft th« 
Angle at the Point h is common, and the Sides about that Angle are 
proportional Whence the Angle iW CiS will be equa^ tq the given 
Angle CFE. Which is what was to be demonftr^ted. 

Wow to determine the Lengths of C Af, CiS, the two Semi-Diameters 
fought, you need only dr^w the Lines ODyO £, and thep the Luws . 
NMyRS, parallel to C, thro' the Points N, R, wherein OD, OEy 
♦ jrt. 63. n^et the Circle, whofe Ra4ivB i»QA* For it is manifcft, * that the 
Points M, S, wherein NM, M S meet the Lines CD, C£, will be in 
the EUipfe, and confequently do determine the Extremities of the Dia- 
meters. 

COV^OLLARY I. 

i7.IT follows from the foregoing Conftru^Stioji, i. Hiat wheij the • 

Fi?o)^m is polhbk, K (^f-^* J muft exceed or be eqijal to 

AQ (c) 5 for othePwife tbp Circle defciib'd with the Radius OK, will 
not m^ct tii(^ line JpE^ 9Xii Ip the Problem will in thia Caft he imr • 
po^iblc. 

2% When 
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2; Whfen Jt ttceeda OA, vr^ can always find two different Pair 
of Conjugate Diameters Mm^ Stj by inebM c£ the Pbints Jf, Jf, that 
will anlwer the Queftion: But then the Diameter Si, of Fig. 29. is 
equal to the Diametirr Mm of fig. 28. and alike pbfited on the other 
Side of the Axis Aa\ becaufe AE of Fig. 29. is equal to AD of 
Fig. 28. and moreover, the Diameter Mm of Fig. 29. is egual to the 
Diameter iS 5 of J^Tg. 28. and alike fituate on the other Side of the 
Ati^Au •, becatife AD of J^«. 29. is eqi«l to ^fi of Fig. 28. that 
is, the two different Pair df Conjugate Diameters M m, St^ which 
equally an{wer the Problem, are alike fftuate on each Side of the Axis 
Ak^ and theit Magnkudes will teiAaitt the ftme in thoft two difie- 
rent Pofitions. 

3. Whett K=OAj the two Points c£ Interifeaion K, K Vrtll co- Fi o^ |& 
iticid^e in the Pmnt of Contad A ; ^nd then ycni need but uikeAMy 
AD^ each equal to CU^ the half of the gircat Axis. Whence it ap- 
fMfs, that in this Cafe the PtoUerti is ca)^ble but of onb Solution ; 
and the two Conjugate Diattietbfs ilfti, S 5, which folve it, are e^l 
between themfehres. 

C R o L L A X V II. 

68. I T is manifeft alfo, that the greater >< J'* («) i^ tbe gitater is the ^ » «• *^» 
^ given obtufe Angle CFE, and contrariwife the left will the ^9^^^i^' 

line OK (^^^ ^ : So that when AlF is the greateft pdfible, the 

obtofe Angle CFE will bfe alio the gnebteft pbfliMe } and dontrari- 
wife, the Line K will be the leaft pdTible, t^. «qtial to AO. Btijt f 1 c 30. 
then, if the right Lines Bu^ ab, are dtawn, the right-angl^ Tri- 
angla mCB^ CAD^ a Cby CAE will be all e^l to one another ) be^ 
cauiie the Lmes AE^AD are each equal to CjB or C&, the Halfii of 
the Axis J3 h, zxACA is equal to Ca. And therefore the Angle ACM will 
be equal to the Angle Ca % and A 8C=Ca h\ therefore the given Angle 
iWCj or CjPJ? will be equal alio to the Angle fifli. tiehce it follows, 

U tf the Lities 4:B5 ^b ktb drai^rii iiotd a, M« TS>Ad6f the lkt>le Fi c. 18, 
Axis A a to B J b, the £Ads of the great Me 5 1^ ^\v4a obtoib Ailgle -9^^^ 30. 
CFE miift be equal ot lefs than the AAgle Bab^ that fo"^ the PrtbJem ♦ Art. 61. 
jnay be pofiible. 

2. ^^ffhtti the giv«n obttift AWgle CFi b ±2 B»h, * in Fig. . Id'. - 
tiien there 0M onfy two Crnijiitgtfte Diailkettf ^ ^iii, iS i) «UlAv«ring iht 
Problem •, and mtf ark e^^ifti tb otie*aflb<Mr. 

3. And when the AflgleCiFJE islefi^Oiati 9*h, a«» Snthe ^»th and 
29th Figures •, then there will be always two different l^it <lf <Jdn j«w 
gate Diameters anfwering the Problem, being fituate fimilarly on both 

^ F 2 Sides 
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SHes the little Axis^ the feid Angle C Fit between them rcmaujiDg; 
tiYa fanie^ and their Magnitude will be equal. 

PROPOSITION XIII. 

Problem. 

S^.n^V^O Covjugate Diameten A a, Bb, of an EWpJis, being given % 
^ ra defcribt the fame by a continued Motion. 

♦ An. 6^ Firfl: find * the two Axes, and then defcribe the EUipfis by the Di- 

redlions in Art. 36. 
F* c* 31, But this may be done another way, which is thus. Draw the right 
3a. Line AH through A one End of the given Diameter >4 a, perpendi- 

cular to the other Diameter B by and take A^in the faid Line, on 
cither fide the Point A, equal to C J5, and draw the Line C ^5 then 
if the Line GF, equal to H^ be mov'd fo, that the Ends thereof 
be always in the Lines B b^ C^ ( produced both ways from the Ccxh 
tre C, as is neceflary) till it has mov'd fuccelliyely through the K)ur 
Angles made by the two Lines^ and is come again to the fame Situa- 
tion from which it went 5 I fay, if G iW be taken equal to A^ the 
Point M by this Motion will defcribe the Elliplis fbt^ht. 

For draw QP parallel to ^yi, meeting the Diameter A a in P, 
and the Diameter B b in 5 then the limilar Triangles CH^> COGj 
^ndCASij ^^^7 ^^^1 g^ve this proix)rtion, C^:CG::A^j or 
GM.QF;: H^, or OF: G 0. And fo the Line PiU will be paral^ 
let to the Diameter B b. 1 his being fuppofed. 

Call the given Lines CAy t^ A ^, or CJB, c •, aftd the unknown 
oiie&CJ^ X 5 Pitf, j^ 5 then we fliall have CA(t):CP (x)::A^(c): 






€X 



GP=-. And the right-angl'd Triangle GPiW will give Z^ilf — 

♦ Art. 41, GlVi — 7?!% that is jy = cc — '-^. Whence PM will be ^ an Or- 

*'* dinate to the Diameter Aa in the EUipfis, whofe Conjugate Diame- 

meters are the Lines Aa^ Bb. Therefore, &c. 

If the two 0)njugate Diameters^ tf, B by were the Axes-, then it 
is manifeil that the Lines A^ C^, would fall in the Diameter Aa^ 
which would be oneol tlic Axes,and the Point H would fall in the Cen- 
^** J5- tre C Whence it appears,, that in this Cafe, G F muft have been then 
taken equal to C^y the Sum or Difference of the two Semi- Axes CA, 
LB I and the Ends thereof mov'd along the Axes A a, Bb produced^ 
^ is Deccilary. 

Becaufe 



t 



I 



V. •• ■ 
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'• SecStuie the ri^bt Lines Aa, Bb^ cut one another at right Angkd 
ill the Point C, it is manifcft, that in whatfoever fituation the right 
Line C? P is found, during the Motion of its Ends along thefe Lines, 
the Cirde that (hould have that Line for a Diameter, would always 
pafs throiigh the Point C: And fo the Line CD paflhig through D the 
middle ox the Line ¥ Q, will be always equal to D jP, becaufe the 
Lines C A I> Fj DO, will always be Radii of that Circle, Whence 
arifes the following De{cription. 

Let theri^ht Lines CD, DFy be each equal to the half of C^ 
the Sum or Difference of the two Semi- Axes C B, CA, and faften them 
£) together at their common End D, that they may move about the 
lame» like the two Legs of a pair of Compefles about the Head. 
This being done, feften Cthe Extremity of the Line CD in the Cen- 
tre of the Ellip/is, and move F the End of the other Line F J5, along 
the Axis Bb, io that it caufes the Side CD fo move about the fixtd 
Point C Tlien it is evident that the Point M taken in FD( produ. 
red, if neceflary ) fo that FMht equal to CA^ will by this Motioii 
defcribe the Elliplis ibught. 

PROPOSITION XIV, 

Theorem, 

70. nrjTO Co7rju^te Diameters ( A a, B b, ) of an ElVjpJts beivg gtvcjt^ 
-* to defcribe^ the fame tbrongb fever al VtinU. 

Draw the indefinite right Line DAD^ through A one End of the Fr c. 54. 
[iven Diameter Aa, parallel to Bb the Conjugate Diameter, and 
Iraw AO peri)endicular to A D^ and equal to (CJJ) half the Dia- . 
meter Bb, and join OQ and about the Centre with the Radius OA, 
delcribe a Circle. This being done on both Sides of CA, draw at 
pleafure any Number of Lines CD, CD, See. from the Centre C, and 
then draw the Lines D^ ODj &c. from the Centre to the Points 
JD, D, &c. cutting the Arc of the Circle in the Points N, N, &c. and 
draw the right Lines NM, NM, &c. parallel to CO, and meeting the 
correfpondent rights Lines CDjCD, &c. in the Points M, M, &c, 
then if the Points w, pt. Sec. are markM in the right I-ines CiW, CM, 
Sec. continued, equallyt diflant fromCv it is: manifeft, "^ that the*Jn.4^p, 
Curve Line palling through all the Points M M, &c. m, m, Sec. thus 
found, will have the right Uincs^A a,' Bb, tor two Conjugate Dia. 
meters. 

This may be done otherwife thus ^ divide CBy one of theSemidia- 
«eters into as many equal Parts, CEr irJS, Sec. aspofilble, and draw 

;■"' ; :i the 
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th6 PferpM£cu1an £ A £ A ^c. meeting the Arc of a Ciicle cteT- 
aib'd about the Centre C, with the Radius C£, in the Points Z>, £», 
&c Join A B, and draw the Line E P through £, one of the afixe* 
fiid Points ( that is nigheft to the Centre C, ) parallel to A B, meet- 
ing C^in P. Then if in the Diameter A a, be taken the equal Parts 
PP, PPy fcc. on both Sidei of the Centre C, each equal to CP, and 
through the Points P, P, &c. be drawn the Lines PM, PM, tec. pa- 
rallel to the Diameter Bh^ (on both Sides of ^) each equal to its 
Cortefpondent ED : I iky the Curve Line pafling through all tiie 
Points M, M^ fcc. will tie in the ElUplis fought. 

For call the given Qjuntities CA, tyCBcx CD^ c % and the inde- 
terminate one CP, X i PM, j \ then becade the Triangles CAB^ 
CPEt aiefimilar, we have this proportion, C-<Ct) :CB(c) ::CP(*) 

: CE =^. And becaufe the Triangle CED is Right angl'd at fi, the. 

SqmM'EDotTM(yj)^CD\cc)'^CE(~y Thereforethe 

~* Art. 41 , Line P M will ^ be an Ordinate to the Diameter A a -, and fidoe 

S S- this Demonftration extends to all the right Lines P M 5 becaufe every 

CPis to its Concftondent C£, in the Ratio of CA toCBj there- 

lore the Curve pafling through all the Points M, M, &c found as 

above, will be the Elhpfts fought. 

T/jff "End of the Second Book. 
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BOOK III. 

Of the HjperboU. 

Definitions. 

I* 

JrFewEndoFaloiig&ule/ilObeMenMinthcI^int/.tak^ 
[ a Plane, in (ach a manner, that it majr turn fiieely about that fix'd 
oint/, as a Centre $ and if one End of the Thread FMO^ (being 
in Length lefi tJvin th$ laid &i?le ) be fizpd ta 0> the olhtr &)4 ot 
the Rule, and ^ odner 1^ Qf th* Thread be fix'd Ui the Powt W 
taken on the Pifoe! Thi^ if the Riik /il^O be tum'd about the fiz'^ 
Point /^ and at the ftme time tqu keep the Thread OMF always ia 
an equal Tenfion, and its Pbrt MO dole to the Side of the Rule, \rjr 
means of the Pin M\ The Curve I4ne ^Xdelcrib'd \>j the Motion of 
the Pin Af, is one pai^ of an ffyperboUf. 

Ani if the Ruie be tom'd abopt, and move on the other Sidb of t^ 
fizedi Point J^, the otfter Part ^ ^ of the fiin;e HTperbola may be de*^ 
fmVA after tfie &me manner. 

But if the End of the Rule be feflenM in F, and that of tiie Thread 
in f^ ( the Rule and Thread keeping the fame Lengths ) you may de* 
Icribe another Cmve Line k^jl ^fter the laid mamier, whi<^ will be 
oopofke Itf ^T y4f A 9^ ^ ^Ued like\yife an hyperbola V dnd both* 
thefe tw^ Oirres together are called oppofte HjperboU\ [^ or ^nofjte 
Sedions.] 

2. 

The two fixed Points F,f, are called the PifeL 

■ * ■ * 

3. 
The t^ijip 4a, wfeich ^p^fiki i^P' ^h© IWQ Vm FrU ^ tennint*. 
tipgbpth W378 vfi x\^ opp^t? SiypwiwJa'fc ifi wUtd th* fffi Am- 

4- 

TIieBointC, <fividing the firft Aii» ^ ft in 'the middle, is c&Ue* 
the GiHtfet 4 

5. i£ 



The Thihd Boos. 

IF the indefinite tigbt Line /? /i^ be dravm through the Ccutic Q 
])erpeodicuTar to the ftrft Axi* ^^ a 5 and if about the Point ^, 8s a 
Geitfie, with the Diftancc CK an Arc of t Circle be deferib'd cut- 
ting B by in the Points 5, h : Then the Part Bhoi that perpendicu- 
hr, is called thtSeconi AxU^ [or the Corjit^cttc Axh, ] 

6. 

The two Axes A a, Bh^ arc together caird Covjirgate Axes 5 fo that 
the firft Axis ^4 a is (aid to be a Conjugate to the Second Bbi and con- 
trariwile the Second Bbj ^ Conjugate to the firft A a. 

r 

The Lines Ml\ AIKj drawn from Points (M) of the oppofite 
Hyperbola's parallel to one of the Conjugate Axes, and terminating 
in the otiier, are called Ordivates to that Axis : So iw Pis an Ordinate 
tp the firft Axis A a^ and M K one to the fecond B b. 

/ 8. . ■ 

A third ProportioDal to the two Axes, is caU'd the Parametir of 
that which is the firft Term of the Proportioa So if you make as the 
mfk Axis A a is to the fedond B b, fo the fecond 5 i to a third Pro- 
portiooalp j then the Linep will be the Parameter of the firft Axis 

All Lines palling.throagh the Centre C, are called Diameters : Thoic 
which meet the oppofite Hyperbola's, being Firfi Diametersy [or 
principal Diameters J and thole which being infinitely produced, da . 
not meet them, Secottd Diameters^ [or Cavjwgate Diameters. 3 

10. 

A right Line which meets an Hyperbola but in one Point, and being 
both ways continued^ falls without the Hyperbola, is called a Tan- 
fint to it in that Point. 

Scholium. 

•I c. 57. 7'* T^ ^ ^ rcafon why we have faid in the firft Definition, that 

-"^ the Lengtli of the Thread FM muft be le6 or greater than 
the Length of the Rule fM 0, is, becaufe if the Thread was equal to 
it, the Pin M by its motion, would dcfcribc a Line, having all the 
Points (M) thereof equally diftant firom the two Points f, /•, becaofe 
if ^0, the common Part of the Thread, were taken from the Thread 
and Ride, the Parts MFj MJ, remaining, would always be equal 

between 
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between themfelvet. Whence it is manifeft, that tlie Line€e<crib*d 
by the Pin ilf would, inthatOiie, be the indefinite right LineB^, 
^ wn tiuoqgh C tiie Middle of Fft perpendicnlar to Ff. 

CotOLLARY C 

72. tT follows fitmi the firft Definition^ that if the right Lines MF^ P<<:« 3^* 
^ Mf^ be diawn from any Point (iMJ ^ 

perbola's to the two Foci F,/; their Difterence AfF— Af/will be 
always the fiune : for it wiU be always eqoal to the Difmence be- 
tween the Lengths of the Rnle and Tuead 

CokollakyIL 

73. lir HEN the Point M falls in ^, it is evident; that MF wiU 

^ become Afi and further, when the Point M ftlls in «, in 
defbribing the oppofite Hvperbola xax t it is numifeflL that M F will 
become a F^ and ilf / will become af. wheiice becanfe the Difference 
(MP^Mf) of ilf Fand Mf, is always the fame, we ihaU havo 
Af-^AF, (xFf---2AF=iaF'^af, oiFf^t^fi and there. 
SaieAF=af. Whence it follows, 

I. That the fixal Diftance Ff is divided into two equal Parts by 
the Centre C: becaule CA-^AF^ or CF=Ca + a/or Cf. 

1. That the Difference of the two ri^t Lines Aff;itf/, isalway* 

eqoal to the firft Axis ^a^ becaule^ in the Hyperbola XAZ^ we 
lmveBiyniysMf-^MF=:Af-—AF^ oxAf-^af^ and in the op- 



(xaF^AF. 



likewile 



GOKOLLARY lit 



74. TT follows from the fifth Definition, 

^ I. That the fecond Axis Sb is divided into two e^l Parts 
by the Centre C$ for the right-angled Triangles ^C J), ACb, will 
be eqoal $ becaufe the Hypothenoles AB^ At are eqoal, and the Side 
yf Cis common, 

2. If C£be taken in the fecond Axis Bby eqoal to CA the half of 
the firft Axis, and the Hypothenufe AEhe drawn \ then the feoond 
Axis B b will be greater, eqoal to, or lefs than the firft Aa\ according 
as the right Line CF is greater, eqoal to, or lefithan the Hypothraiue 
AE\ becaofe the Hypothenofe Ab being taken eqoal to CF, will 
then be fooni likewife greater, eqoal to, or leis than the Hjrpothenole 
AE. 

o 3. If 



\ - 
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: t ). ISKF* Ch ^ taken intbe JSrft Axis Aa, ( oA lioth' ^des t^ 
ffimtrc O -mA tmA to AB^ the HypotJieoiifd of the right-ai^led 
Triangle CAS, lofitoed by the twa SeiOl-Rfts C^, CD : theik the 
Points F,f, will be the two Foci. 

Corollary IV. 

7y/^T^HE fame Things being premifed, if you call' die ^iven 
^ Qpantities CF or AB, m 5 CAot Ca, 1 5 then the righ^Bll- 

gtedTriangle ACBj wi\\giveTC=ntm^tt. Bra AF^m^t, 
and F<i = wi 4- 1^ znd therekreAF^ Fa =:nim--^tt. Whchceitis 
manifeft, that the Square of C JB, the half of the fecond Axis B i, is 
equal to the Reftangle under ^,F,'aild Fa^ the Parts of the firft Axis 
Aa^ comprehended between one of the Foci .F, and A^a, tb^.twa 
Slids of tnat Axis. . - ^ 

• a ' 

C O R L L A It Y V. 

1 

■ . - * * 

J9iX^ will not hi *fScalt now tadefaribe the oppofite Hjf j«rTiDJaV, 
* * having #he two Axes Atf.Bh given, foppol^ it to be JBSoWh 

♦ Art. 74.th»t A 9 is the firft Axij^ For if the two Foci Fjfi be * fouted ill 

ft* ft* AjhAai and one End of a Thread ^'AfO be fired in the 
Point /^ J and if then* yen fix 0, the other ind of thatThfrtd^ to tlie 

♦ Jtt. 71. Ei^'df « k»g Ku\e Q Mf^ (vAioTc Length muft * be lefs or greater 

fli«n»thfe Lefflgfh of the Thread OMF. by the Length of the Line 
Aa.) AWcl itthe btfc^rJEnd of that Rule be laften'd m the Poc«/^ 
ft a^Tb iiiove abt3Ut the feme : Then may you defcribe the two oppo-* 
fite Hyperbolas XAZ, xaz^ as is direfted in Def. i. and it Is -evi- 
dent, that the Line Aa will be their firft Axis, and the Line B h the 
feconc). ' ' -: ' 

NoU\ The longer the Rule OMf is, the greater will the Parts of 
the oppofite Hyperbola's defcrib'fl, by means thereof, be •, fc that thep 

S' ay be augmented at pleafiire, by equally augmenting the Length o£ 
e Rule and Thread. 

PROPOSITION!. 

' .;/; ThccJrem. 

77. 'J Fan Or Urate MV be drawn tot tie frfi Axis A a, and AD be ta- 

*» ken in that Anis (produced ) equal to M F, from A towardi tH 

J^th-Py pbeii'the Pcrt:t M is in the HyierboJaX AZ, and iorrards the 

Focus f, when that Point docs fall in the oppofite Hyperbola i a z. Jfaj^ at 

Call 
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-^€all (^ before) the given Quantities CA or C^ r-, <f^^t^ €f^ I .; . .;,r. ♦ 
and moieover, the indeterminate Qtuuntities CP^ k %ll^Mty\ an4 1^^; 
unknown Quantity CD^ z 5 in the firft Gife, we fliall have A jD or. 
ME=z — t, aDot Mf=:%^t, FP=:x — w, or m—x (apcortf-" 
ing as the Point P fells bdow or above the Fogw F)^ f/=:x -f.ti::. i . .^^'^^ ♦ 
And in the fecond Cafe, A Dot MF=^% + f, a D or Mf = z — t, 
FP=x + m, Pfz=:x—m or ii-^, accoidiag>as the Point P falls 
above or below the Fccus/. 

Now the right-angled Triangle -MPF will givex*4:2hi+w=)y4-' 
xxA^2mx-\-mm i viz. — in the firft, and + in the (econd Ca(e ; and 
the other right-angled TrianRle MPF wUl give zxt±^2i%'^t:=:^^xK^ 
^Tmx^mwi \ mt. -^ in thefirft, and -~ in Ihe fecond C^, 

Then if eadi Member of the firfE Equation, in the firfl: Cafe, 
ooderly taken from thofe of the IHond £Miation \ uii^ contrariw 
Cin the fecond Cafe) each Member of the (econd Egodtion from thofe 
of the firft, there will be had 4te=4»ix: Whence CD (zj will be = 



y. Therefore CA (t) : CF (m) : : CP (x) : CD (%)^ r;^. J). ;. . 

C O It O L L A a Y. 

78..jjrENCE if you call the given Quantities Cy^ or Ctf, t\CPy 
r^ or C/, m \ and the indeterminate Quantity CP^x-^ it ia evi- 
dent; we (hall have always MF=^^^^ t, and itf/~ — + «, when 
the Poidt M happens in the Hyperbola XAZ^ whofe Focos is the 

Point F: and contrariwife, MF=^~'^tj and Mfz^ — — /, when 

t . t 

the Point M falls in the oppofite Hyperbola xox, whofe Focos is the 
Point/. 

P R P O S I T I O N IL 

« 

Theorem, 

79/Tr^fljB Square of mj Or Urate (P M ) tp the frjl Axis Aa^ is to the 
-* ReSangle midsr A P, P a, the. Parts of the Axis produced^ as the 
Square of the Conjugate Axis B b, to tljc Square o^ the. fir Ji Axis A a. 

y^'e are to prove, that PM ;AP»Pa::Bb:Aa. 



I r 



.fwr 



The fame Things being premifed as in the laft^ Pkopofitioni 

yBt for its Value », in the Equation %zT2te+tf=>:y+;rrX4l2i»x+w»z, 

G 2 found 
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"^ Art. ipioHni hy tmtuiB ^ of the right-angled Triangle MP. 
^ EqntioQ always fiurmed, viz. ttjf=:mmxx'~mmtt'' 

Wng reduced to a Proportion, and then TM(jy ) : . 

CoitOLLAaY I. 

80. 

And therefore 4^cxx=4cctt+4tt3!y } from whence we get this Proper* 

! That is the Square of any Ordinate {MK) to the fecond Axis B K 
is to the Square of CX plai the Square of CiS; the half of the i)b- 
cond Axis, as the Square of the Conjugate Axis Aa^ to the Square f£ 
the lecbnd Axis £ h. 

A Fnndamcfital Corollary. I. 



Fig. 38, 8l» TF ^h^ ^^ ^^^ ^ tf be called 2 1 •, the fecond Axis Sby7ct 
Mwdi9. •'^ Parameter p 5 each of the Ordinates PM^y % and each of 



the 
the 
cbrrefpondent Parts (CP)^ contained between the Cb'ntre, and the 
♦ jirt. 79, Poitits of Concurrence of the Ordinates, x 5 we (hall have ♦ always 

^ *''• Fm\ij) .FP^Ai'CACxy^'^t) : xTb(^cc) iZTaUtt) : 2 p \Aa (7t). 
Becauu:, by the Definition of a Parameter, A a \2t) iBb (2c) ::Bb 

C2c):fz=z^. Where yeu muft obferve, that it is xx—tt, when 

A a is the firft Axis, and then the Re£langle AP^Pa may be 

fubftituted for CT— C^^ and on the contrary, it is xx+tt, when 
A a is the fecond Axis. Hence multiplying the Extremes, and 
Means of the firft Proportion^ jj : x x 4I f t : 4 c c : 4 r r. And then 
thofe of the other j^jf : x x 4* r t :p : 2 f. there will arife jf y = 



f.XJf 



4. ^ c, and y y =,— 4- -rp t. And (ince this Property agrees equal- 
ly to all the Points of the oppofite Hyperbola's, and dfetcrmines their 
Pofition with regard to the Axes 5 therefore the Equation j^y =r 

— 4: c c, or jy=: — tf^p f, entirely expreifcs the Nature of the Hy- 
perbola with regard to the Axes. 

Cor 01- 
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' C Y O L L A X Y III, 

«2. TF any two Or^iiMitei (MT, A^gJ be drawn to the Kxi&Aa, it is 

jnanifcft that^' •?^*i!£^*±,^J^*-*- ^* ^^ 
P^*: CP + C3< ..ThCIax : ^NiC^-^ CA. Whence, &c. 
It is neceflaiy here to take notice, that the ReQan^les Af^Fa^ 

A^n Sa maj be flibftitnted ftxCP'-^-CAl and C^-^CA, as be- 
ing eqwito them 5 whidi I would have hereafter always oblerved. 

C o R o t L ▲ R Y ly. 

8b. TF any right Line MPM be drawn tfatoish any Point (PJ of 
^ either Axis, as ^ a (produc'dif it be the nrft Axis ) paralld to 
B h the Conjugate Ajcis to j^f a ^ then that Line will meet one or both 
the oppofite Hyperboto> in only two Points AT, iU, equally diftsint 
from the Point P. For in order that the Points M, Af, be in one or 
both ^e Hyperbola's, it is necefiary ^ that the S^res of bodi <ihtfJf§.\ 
PM* (.j) oQ each Side the Axis jtftf, be each equal to the fame Qpan- 



tity — 4.CC 



Corollary Y. 



**• Hence it follows, thatfincejy is = ^4-cc, the more CP^^^^ ^^^ 

(x) (taken on either Side the Centre C) increafts, the more will the^^*'?^ 
correlpondent Ordinates (P Af =jf), on each Side of the Axis (Aa) 
likewife increafe, even infinitely : And contrari wife, the more C P 
(x) dimiflies, the more will VM(j) likewife diminifh^ fo that 
(Fif. 38.) CT(x) being equal to CA or Ca (t) when Aa is the firft 
Axis I PM(y) will then be equal to nothing , and (Fii. 39.) CP(x) 
being c^l to nothing, when ^^ is the fecond Axis, both the PAf^^ 
(f ) which then will become CB or Ck (c), are lefi than any of the 
Ordinates (PM = jf ) taken on both Sides die Centre. Whence it is 
manifeft ; 

1. If Parallels be drawn (/^ijj. 39.> to the fecond Alis Aa^ thro^ 
B,b, the Ends of the firft Axis B b ^ then thefc Parallels will touch 
the oppoUte Hyperbola's in the Points B, b. 

2. The oppofite Hyperbola's recede more aild more from their 
Conjugate Axes, even infinitely, beginning from the Extremes ofthe 
firft Axis \ but yet with this Difference, that the firft Axis meets eacli 
of the oppofite Hyperbola's hi one Point, and l>e:ng continued, will 

be 



\ 
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he ever after within them \ whereas the fecond Axis falls quite with- 
out the Hyperbola^s, ^id being infiniteljr produced, will never meet 
either of them. 

G g R O L t A E Y VI, : !• 

^^- It follows, b^ctufe yyh^ — 4: ee, Ahai if the Points P, P, be 

taken <jn both Sidcsthfe >C^il^ (Qcqudly drftaht froip the fame 5 
tfen the Drdiiiates VM^fHH, will be ejtwl \Vhence it is manifeft, 
thtC if a right Ltte JAM^ tetminHtin^ ifa one Hjrpcrbola; (^ in tlife 
oppoHt^ooei^ be cut into two equal Rurt^ byan Axis.^^, in the 
Pomt K not being the Centre, that Line will be parallel to the Conju- 
gate Diameter A a. Foi^if Jlf P, M g bf ^r%wa . psirallel to the Axis 
B b, then the Line FP^ will be bifeSed in C, btcaufe M M is fo in 
R \ laibd thetefcirtf ^ iitp GAiimtei P Jtf; PSU; will; be e^na), and . the 
ri^t Line iHJU paralldlto the Axis j^ir. 



. .1 



Coi^ai/LA«Y VII. 



•;S A\^ €^^ Tp.the twaPavCs oF*tfae Phne^l^rimreoa the oppofite H]rperboIa'« » 

-:.4*:JiiB*'drawn, eneach Side df the Axis ><tf, be conceived to be 

F 1 c. 39. folded together, it is manifeft, that when ^ a is the fecond Axis, the , 

two oppofite Hyperbola's will exadlly agree, or coincide, vhu the 

Points JB, ikr, &c. with^he PointB b\ Mj Sec: bccaufe all the Perpen- 

♦ Aft. 8;. diculars Bb^ MM^ &c. drawn to that Axis, are "^ bifeded in the Points 



C^^P% 8tc. , .. > . ^ - - * . . . ^ 
•' 'And for the faitie Reatbn*(P/^. 38.) when 
Axis, the Parts of fhe oppbfke Hyperbola's oft eacl 



A a IS the firft 

each side the Axis will 

pcrfeftly agree or coincide. 

\ A D V E R T 1 S E JVr E N T. 



» • • 



We have hitherto, iu this Book, kept to the' fame Method, as in. 
thfe Ellipfis, and might have continued it on to *he End •, but l^ecaufe 
the other Ptoperties of the H3rperbola may be eafier demonftrated 
fnom certain particular Lines ajiipertaining to the fame, which muft 
neceflarily be (pokeii of ^ therefore I here deviate from that Method, • 
aiid ikft lay xi6Wn fhd fdlov/ihg Definitions; of thele Lines, and af- 
terwards demonibate tbt remaining Proj^rties by means of them. 

.1 

Definitions. 

- . . II. 

F I o. 40. If fron* the Centre C the indefinite right Lines CG.Cg^ be drawn 
parallel to the Lines yi /^, A B, drawn Ixom the End A of the firft ^ 

Axis 



1 

• ■ 



w 



f 








■ F 







Axis A a. to the two Ends B, b, of the fecond 3 then the laid, right 
Lines CG, Cg, ^falMi^i AfyhfioUa tif vth<>: Hyperbola MAMi 
and being infinitely produced on the other Side of the Centre, they 
are called the Afymptotes of th« oppdit4 Hyperbola MaM. 

The SrtittV bT C-C7 <* Ci," thit ^rt df- stt iM>jn^<He- i&tAitm 6e* * • 
IWetrt t?re Ceh«eC/%na-Aef*diht<rebftetifi*ritriS bffhi JJrffe ^B, 
*r ^ fr« tiraWtt ftdin jf, tlife'iEfta of thi fifft AiS, tQ::8: o*^, the*i- 

ikr^iW, oriWailf. 



' /■ 



• • • _ ■ » 
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Corollary I. 

\ ' ■• r '■='■".'*•■»■ ■■ 

gy^tJf-NCEat keviaent 

-^ forirfd(tiy^tbp AJ^rniptrt^ |riywrtlioI»,if ielltf|6qualtt)^ 

of greater thda a right Aii^le 1 according as tne fecond Axis M k is lelS^ 
cqtial tc>, drgreatcr thaft the'fifft v*rf. For Wheii'thefirft Atis y^a^^i 
^ceds th^ feconli B b \ then (^CA) thq half thereof^ will exceed C5, the 
half of thefiebiia Altts tlaWd <:ohft^ntlf H^A 4 the Ailgk of Ihd 
right-angled Tfiaogle CA.S,. is 4efs than half a right Aflgle 5, there- 

fDi«- the tM^d equal An^C'>*iJ'/C^^^ ' ' ' 

Angle BAbf will be lels than a right Angle. And after the lame 
manner may the twopthj^ G^Qa? be jemonlbrafkd. 

: C tp R <? I*. I? 1 ft if* It- ' » I ; 

88. "nEcaufe the Triangles. jB^^, BQC^ are fimilar, it is j^lain ffaa^ 
* P the ti&fe ^5 is divided b J' the Af/fttpfote C(5 intd two equal 
Par^ in the<^ifit O^ and al£> CO ir eqnaLtbh&lf of ^^ ^ ^ecdulfe 
£ C is the half of £Z^. After the fame Hfiuintfiwe ptdvef,' thtxt^At H 
divided by the Afymptote Cg^ in two equal Parts in the Point g^ and 
Cg is the half oi AB. . Therefore all the Liiiis CG, G ^, G J5, Cg, 
gA.gb^ are equal to each other : Becaufe every of them is equal to 
the half of AB, or A by which by Def. 5. are eqWl to otic another. 

C O R O L L A R V, IH. 

£^i np H B Powtr of an Hypeifbola* is eqttfl tb <m^ fcirtth Part of 
-*• tJie jBum of the fcquaresj of the fwt) Semi^iites. ' Fdr if yt^ 
caliCy^,t5 CB,c'^ CGytny we fliall have^£^ = a«r. And \>€^*jrt.t». 

caufe ^C5 is a right-argled Triangle, the Square A^ (^mm) will 
bc=:f/4-cr. Andccnfcquently c7i (ww) =~^-. 

> "^ PRO- 



I 
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PROPOSITION il% 



Theorem. 



» 

i 



F 1 0. 40. ^> jFfroM OM PuiA M m nthtr of tbe m^Su.&fpt/Mat^ be irmnt m 

^trigbt DneKtptrfciuUaibr to no prfi Ajat Aa, {muih^ Oo 
Jam in P,) and ten m m n ig in tb0 A/mpteiet in K miti If^, tie 
JUSangle wier RM»Mr, is fjaol to the Sinare ef BC, tUyf «f tft* 
Jtcrnii Aid* B b. 

We treut grove, t}mKllLnyLt^=Wc\ 

Call the known Qpantitks CA^ \ CB^ e y and the indeterminate 
ones, CF, x % PM,j \ then becadc the Triangles ACP, CPr, and 
A Cb, CPRf ave luniUur } theie&ie CA (t) .CBaCb (c) : : CP (») : 

Pr, orPR = -. WheactRM Qt PRA-PMz::— A- ji and 

MrtO[pr-^PM=j+.y, J^ coa&tpaAly R M n M r =z^ 

*JfU%i.—yj^ 5p(«c) in fubftituting jijr fiv its Vahie * '^—cc, rjrj>. 

Co»OLLA»T» I. 

9^- It is manifeft, that ¥m^(^^c c) is alvrays kfi than Fr or 

Pr r — J. And confeqoently all the Points of the oppofite Hjrper- 

bola's bll in the Angles fonned by their AQrmptotes^ ib that none of 
then can fall in the adjoining Angles. 

Corollary II. 

92. tF from any two Points M^ N^ in one Hyperbola, or in the op- 
^ poiite Hjrperbola's, there be drawn two right Lines R r, X*, 
perpendicular to the firft Axis^ and terminating in the Afymptotes : 
then it is manifeft, that the ReOangles RM n Mr^ KNn NL will be 
always equal to one another ^ became each of them is e^l to the 
Square of BQ the half of the lecond Axis Bb. Whence it appean^ 
tbsARMiKNiiNk :Mr. 

PRa 
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PROPOSITION IV. 

Theorem. 

99. iFthe right Lives Hh, LI ^ dratpn from any two Points (M, N) 
*- of an Hyperbola J or the oppofte Hyperbola's^ parallel to one another ^ 
and terminating in the Afymptotes: I fay^ the ReSangles ^M ^'hlihj 
L N X N I, wiU be eqnal between themf elves. 

We are to prove^ that H M x Mh =L N kN I. 

The right Lines Rr^Kk^ being drawn perpendicular to the firft 
Axis Aa\ it is then manifeft, that the Triangles MRH.NKL, and 
iMri&, iV^J^ 2 will be iimilar; becaule they are formed by Parallels: 
And therefore we have RM :KN:: HM : L N. And Nk :Mr :: 
Nl:Mh. But"^ RM:KN:iNk:Mr. Therefore HM : LN::* Art.9u 
NliMb. MicoTSe(pent\yHMnMb:=LNnNl V.W.D. 

COEOLLAET I. 

94* tF the Line NLy p^rall^ to ilf H, be fiipposM to pafi through 

^ the Centre C 5 or, which is all one, be mppos'd to become the 

Line CE : Then it is evident, that the two Points L, Z, will coincide 

in the Centre C5 and fb the Re&angle LN^Nl^ will become the 

Square £C. From whence it appears, that if the right Line CjB be 
drawn from any Point £ of one of the opppfite Hynerbpla's to the 
Centre C, and then lilcewiie another Line MHb be drawn thro* any 
Point M of either of thofe Hyperbola's, parallel to CE^ and meeting 
the Afymptotes in Hand b ; the Square en CE will be equal to the 
R^dangle under H M and M h. 

CoXOLLARY n. 

95. TF thro' any Point (iV) of one of the oppofite Hyperbola's be 
^ drawn a right Line L/, terminating in the Alymptotes, and 
meeting either of thofe H3rperbola^s in fbme other Point n •, then 
the Parts LN^ In^ d£ that rieht Line taken between the Points of the 
Hyperbola, and thePoint of Concurrence of the Afymptotes will be 
equal to one another. For if L JV, be called a \ Nn, b \ nl^ c -, yre 
Ihall have LNkNI {ab'^ac)=:HM^ Mb z=iL nnnl ( bcl^ac ) and 
fowegetLiV(a) =.ln{c). 

H C E L* 
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CotOLLARY DL 

96. TE it be fuppos'd in the laft Corolkiy, that the Line Nn^ termi- 
^ nating in the oppofite Hyperbola's, pafles thro' the Goitre Cj 
that is, if it be fuppos'd to become the firft Diameter ED s tbeii it it 
manifeft, that the two Points L, 7, will coincide in the Geotie Cj and 
fb NLj will become EC^ and nl, CD. From whence it appean^ 
that every firft Diameter D £, is divided into two equal Ptob by the 
Centre C 

CotOLLARY IV. 



meet an 
» Hm, NL 



\tiny Nn^ being paiallel to one ancyther, 
H3rperi)ola, or the oppofite Hyperfaoh'si 1 

Reaangl 
or if mi 



Lines be produced ( if neceiiary) until they meet one of the AQrm. 

E totes in the Points b, I ; thai the Parts MH^ mi, and NL^ n 2, will 
^^, B "^ equal to one another : And therefore, fince HM k Mbz=zLNm 

PROPOSITION V. 

Theorem. 

1 6. 41. 98. TF thrQ^ anj two hiints M, N, of an Htperhola^ or the ogpofte Hy 

^ perbola\ be drawn two right Lines M H, K L, parallel to each 

other, and terminating in one Afymptote ; as lihewife two other right Lines 

Mh, ^i^ parallel to one another^ and terminating in the other Afjmptote ^ 

Ifay^ the ReSavgles H M x M h, N L x N I, are eqval to one another. 

This Propofition is proved in the lame manner as the laft, the De- 
monftration being the very lame. 

Corollary I. 



I c. 42. 99. TF the right Lines MH, Mb, and NL, Al, be parallel to t 
-■• two Afymptotes 5 then it is manifeft, that the rarallelograi 



the 
ims 
MHCh, NLCll as likewife the Triangles CHM, CLK, beiirg the 
Halves of them, are equal to one another 5 becaufe the Sides of the 
faid Parallelograms about the equal Angles HMh^ L Nlj are recipro- 
cally proportional. 

C o R o L- 



^^ 
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CoKOLLARY IL 

loo. npH E iaine Things being premiied as in the foiegoing Corol- 
^ lary, it is manifeft, that CH^HM — CL^LN 5 becaufe 
in this Suppofiti(Hi Mh=CHy and Nl=:CL: that is, if two right 
Lines illH, NL^ he drawn tlu-o'any two Points Af, Ki in one, or the 
oppofite Hyperbola's, parallel to one of the Afymptotes, and termi- 
nating in the other 5 then the Reftangles CH^HM^ CLy^LN^ will 
be always equal to one another -, aiid 10 CH :CL ::LN :MH. 

COROLLAtYlIL 

loi. TlEcaufe the End (A) of the firft Axis, i^ one Point of the Hy- 
^ perbola; and the Line AB^ which cuts one of the Afym- 
ptotes CQ in Q, is parallel to the other Alymptote Cg 5 therefore ^ *^ri. ico. 
the ReOangle CH k HM will always be eqifitl to the &me Re£langle 

CG K QA,w to the Sauare"* CG , that is, (according to Def. i ?.) equal ♦ Art. ss. 
to the Power of the Hyperbola. Then if you call the given Quanti- 
ty CG, «5 and the in^erminate ones, CH, xiHMyjiwe flhall have 

always CH^ HM (xy) = CG*(ww> But becaufe this Property 
equally extends to all Points of the opppfite Hjrperbola^ and deter* 
mines their Pofitioh with regard to tht A^mptotes*, it is evident, 
that: this E^tion xy =: mm entirely «zpreu^ the Nature of the hy- 
perbola with regard to the Aiymptotes. 

^^^- BEcauTe ffilf (y) is=^, it follows, that the more CB(x) in- 

creafes, the more doth HM(j) diminifli 5 fo that when CH(x) be- 
comes infinitely great, H M (y) will then be infinitely fmall 5 that is, 
equal to nothing. From whence it appears, that the H3rperbola A itf, 
and its Afymptote CH (being both produced ) will accede nearer 
and nearer to one another i €0 that at laft their Diftance will become 
lels than any given Quantity 5 and yet they will never meet, unlefs 
it be at an infinite Diftance, to which they can never be produced. 
The fame is to be underftood of the other Afymptote Cg. 

Corollary V. 

m 

103. A Mong all the Lines that pafs through the Centre C, (1.) Thofe, 

'^ (sisAa) that fell in thofe Angles of the Afymptotes next 

to the Hyperbola's, meet each of the oppofite Hyperbola's in only 

H 2 one 
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one Point Aj or tf 5 and being produced, will ever after be within the 
Hywrbola's : for becaufe of the Angles Q C A, gC A, and thofe ver- 
tical to them, it is manifeft, that the Line A ay recedes more and 
more from both the Afymptotes 5 whereas the oppofite Hyperbola^B 
♦^^jQj^ approach nearer * and nearer to them. (2.) Thofe Lines (as£^} 
' which fall in the adjoining Angles, alfo formed by the feid Afymp. 
totes, will never meet the oppofite Hyperbola's altho' infinitely pro^ 

♦ ^rf.91. ducedj becaufe none of the Points of the Hyperbola's can fall ^ in 

thefe latter Angles. 

♦ Def. 9. Whence it appears, ^ that all firft Diameters fall in the Angle, 

formed by the Afymptotes, next to the Curve, and the fecond Diame- 
ters ill the Angles adjoining to them. 

Corollary VI. 

Fi c. 43. 104. JF the Line HM be drawn through any Point H, in one of the 

^ Afymptotes Cif, parallel to the other AlymptoteC^, then 

that Line HM will meet the Hyperbola in the Point M only •, and 

being continued, will be ever after within the fame: for the Diftance 

. from HM to Ce^ remains every where the feme 5 but the Hyperbo- 

♦-4rf.io2. la continually comes ^ nearer and nearer to Ce. 



Corollary. VII. 



drawn 
mp- 



105. T7ENCE if two indefinite right Lines MH, Mh, be dr 

-" thro' any Point M of an Hyperbola, i)arallel to the Afy 
totes C e, CE, 

J. All the Points of the oppofite Hyperbola will fall in the Angle 
* Art. 91. HM h 5 becaufe they all fall ^ in the Angle formed by the Afymptotes, 
' which is included in the Angle HMh, 

2. The two Parts of the Hyperbola M A' will fall in the Angles, on 
each Side HMb : fo that no Point thereof will fall in the Angle verti- 
cal to HMfe. 

5. All Lines, as MFj which fall in the Angle HMh, and being 
continued towards f, do meet the oppofite Hj^'perbola in one Point i\", 
and fall within the Curve: becaufe they recede more and more from 
. the right Lines MH, Mby and confeqnently from the Afymptotes 
which are parallel to them : But being produced on the other Side of 
the Point /W, they will fall within the Hyperbola palling thro' that 
Point M, and will never after meet the lame. 

4. All Lines, as £^, which fall in the Angles adjoining to HiWi, 
do meet the two Afymptotes of the Hyperbola palhng thro' the Point 
M\ fo when thofe Lines fall within one Part of the Hyperbola, they 
oiuft needs meet the fame in fome Point (N), fince they go on to 
the Afymptote falling without that PaH; po^'fxJ-r Co- 
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COROLLAIY VIII. 

io6. i.TF a right Line JF/, be drawn through any Point M of an 
-*• Hyperbola, meeting one of its Afymptotes in the Point 
F, and one of the Afymptotes of the oppofite Hyperbola in the Point 
/ 5 and if the faid I^ne be prolonged to iV, fo that fN be equal to 
FM:l fay, the Point N will be in the oppofite Hyperbola. For the 
Line Ff, falls in the Angle HM A, and confequently meets the oppo- 
iite Hyperbola in fome Point N^ as we have demonftrated in the kift 
Corollary. Whence^, &c. ♦^^^^ pj, 

2. If from any Point M of an Hyperbola, there be drawn a right 
Line E e, terminating in the Afymptotes, and if you take in it the 
Part e A' equal to EM: I fay, tne Point JV" will yet be in that Hyper- 
bola. For drawing MH parallel to one Afymptote C^, and termi- 
nated by the other in Hj then if CL be taken in that Afymptote, 
equal to H£, and the Line LNhe drawn parallel to HM 5 we have 
demonftrated in Art. 104. that the Line L iV will meet the Hyperbo- 
la in one Point N^ and in Art. 100. that that Point will be fuch that 
CL or HE :HM ::CH or EL :LN. From whence it appears, 
that the Line L N^ meets the Hyperbola in the feme Point as it meets 
the right Line Ee. But becaufe HMj L N, are parallel, it is manifell 
that e N—EMy fmceCL=HE. Therefore, &c. 

PROPOSITION VI. 

Problem. 

107. Tp'RO M a given Foint M, in an Hyperbola^ whoje Afymptotes CE, f i c. 43. 

-^ C e, are given, to draw the Tangent D M d 5 and demonjlrate^ 
that there can be drawn but one only to that Point. 

Draw the right Line MH from the given Point M parallel to one 
of the Afymptotes Ce, and terminating in the other (CE) in the Point 
H-, afTume the Line HD in C£ equal to HC, and draw the right 
Line D M through the given Point M, meeting the Afymptote Cein 
the Point d. I fay in the firft place, that the Line D Aid, will touch 
the Hyperbola in the Point M. 

For becaufe the Triangles CD i,HiWD are fimilar, the Line Di, 
terminated by the Afymptotes, is divided by the Point M into two 
equal Parts, like as CD is in H. And if it were pollible for DMd to 
meet the Hyperbola in fome other Point O, then it is manifeft, 
that d would be "^ equal to M D, and confequently to M d, that is, ♦ j^t. ^ j, 
the Part equal to the whole ^ which is impoflible ; therefore the Line 

DMd 
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DMd caimot meet the Hyperbola in any other Point but M. More* 
over, if the faid Line Ihould fell within the Hyperbola, as the Line 
Ecj it is evident, that it would meet the Curve m fome other Point 

♦ Art. 91. iV^- becaufe it would meet ^ the Afymptote felling without the Curve, 

ia the Point e. Therefore it is plain, that the Line D J, meets the 
Hyperbola only in the Point Af, and doth not fall within the finne^ 
that is, the faid Line touches the Hyperbola in the Point M. 

2. I fey, there is no Line but D Md only can touch the Hyperbola 
in the Pomt M\ For if HjB be taken in one of the Afymptotcs CB^ 
•either greater or lefs than HD^ and if the fight Line £31 be dbrawn 
fiom the Point M, meeting the other Afymptote Ce in Che Poiiit e : 
Then becaufe MH, Ce are parallel, it is manneft, that ME wiU be 
greater or lels than Me*^ fmce HE was ajQiim'd greater or lefi than 
HD or HC Now this being premised, if the Point JV^ hp taken in 
the greater Part ikf ^, fc that JVe be equal to ^ £ ^ then it is evidbU; 

* Aft. 106. thsA the feid Point ^will be"^ in the Curve, and fo the Line Ee will 

not touch the feme in the Point M. Which was the lecood Thing to 
be demonfbated. 

SCHOLIITM. 

jo8.TT has been demonftrated in Art. 102. that the more CB in* 
^ creafes, the more doth HM diminiih ^ fb that when CH be* 
comes infinitely great, HM will become infinitely fmall, or nothine. 
But when CHis infinitely great, then HD (being equal thereto) will 
be fo likewife^ and conlequently the Lines iWD,//D, meeting one 
another at an infinite Diftance, oeing taken as Parallels, will fall in 
each other 5 becaufe the Points M and H will then coincide : that is, 
the Afymptote CE being infinitely produced, (as alfo the Hyperbola) 
may be taken for a Tangent to the Hyperbola, in the Extremity 
thereof. The fame may be faid of the other Afymptote Ce, which 
may be efl:eem*d}as touching the fame Hyperbola in the other Extre- 
mity thereof. 

Hence it appears, that the two Afymptotes may be taken as infi- 
nite Tangents touching the oppofite Hyperbola's in the Extremities 
thereof. 

Corollary L 

109. ClNCE there is but one Line DMd^ only which terminating 

'^ in the Afymptotes, is divided into two equal Parts in the 

Point M 5 it follows, if any right Line DMd^ terminating in the 

Afymptotes of an Hyperbola, meets the feme in the Point My divi- 

.4 ding 
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ding that right Line into two equal Part8 5 then that Line BMij will 
touch the Hyperbola in the Point M. And contrariwife, if a right 
Line DMdy terminating in the Alymptotes of an Hyperbola, touchca 
tiie fame in At 3 then will that Line be bife&ed in the Point M^ 

Corollary. IL 

no, TF any firft Diameter ^Cw be drawn thro' M the Point of P» c* 44« 

-*• Contaft of any Tangent DiMii, terminathig in theAfymp- 
totes CL, CL of an Hyperbola 5 and if £ e be drawn thro' the Point 
my wherein mCm meets the oppofite Hyperbola, parallel to the Tan- 
gent D dy and terminating in the Afymptotes in the Points £, e 5 then 
wiU the Line £ ^ be a Tangent to the H]n?erbola in the Point m. 
For the Triangles CMD^ CmE^ will be fimilar and equal, becaufe "^ ♦ Art. ^6. 
C-M is equal to Ci» : therefore the Line m E will be equal to MD. 
We prove after the feme manner (becaufe the Triangles CMd, Cme 
ate umilar and equal ) that m ^ is equal to Md : therefore the Line 
Ee is divided in the roint m into two equal Parts 5 becaufe Dd isio 
divided in the Point M 5 and confequently the Line £ e^ touches "^ the ^'drt.iQ^, 
Curve in the Point m. 

Hence St appears, that the Tangents Dd^Ee^ pafling thro' the Ex- 
tremities of any firft Diameter M m, are parallel to one another $ and 
alfb equals when thej are terminated by the Afymptotes. 

Definitions. 

13. 

If there are two Diameters Mm, Ssy whereof one, as Ss^ is paral- F i c*. 44 
lel to the Tangents pafling through the Extremities of the other Mm ^ 
and terminated belides in S, x, by the right Lines MS, Ms, drawn 
through the Point M, one End of the Diameter ikfw, parallel to the 
Afymptotes •, the laid two Diameters Mm, Ss are^ call'd together 
Conjvgate Diameters. 

Right Lines drawn from Points of the oppofite Hyperbola's paral- 
lel to one of the Conjugate Diameters, and terminating in the other, 
are called Ordhtates to that Diameter, So JV^O is an Ordinate to the 
Diameter iH«r. 

I?. 
If a third Proportional be taken to the two Conjugate Diameters, 
then the fame will be the Rtmmeter of that Diameter, which is the 
firft Term of the Proportion. 

Co- 
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Corollary. I. 

III. '-p HE thirteenth I)^/w//iow hath Relation to the two Axes- 
-■" becaufe, according to An. 84. the fecond Axis is parallel 
to the Tangents palling thro the Ends of the firft 3 and moreover ( by 
Def. 1 1, j is terminated by two right Lines drawn from one End of the 
firft Axis parallel to the Afymptotes: Whence it appears, that the. 
two Axes may be taken as two Conjugate Diameters, being at right 
Angles with one another. 

Corollary II. 

112. TjEcaufe the Diameter SCs^ is parallel to the Tangent D'Mi* 
^ paifmg through iH, one End of the Diameter MCm-^ ana 

ftice that Tangent meets the two Afymptotes (C D, Cd) of the Hy- 
perbola, paffing through the Point M: therefore the Diameter SCs 
falls in the Angles adjacent to the Angle DCd^ form'd by the Afymp- 
totes of the Hyperbola -, and fo it will be a fecond Diameter. 

Hence it appears, that among any two Conjugate Diameters^ as 
MCm^ SCsj there is always a firft: Diameter Mm^ and a fecond 
Diameter Ss. 

Corollary. III. 

113. np HE fecond Diameter SCs, is divided into two equal Parts 

-■• by fJie Centre C, and is alfo equal to the Tangent DMd^ 
which pafTmg thro' M, one End of the firft Diameter iHw, being, a 
Conjugate to S Cs, does terminate in the Afymptotes. For fince MS^ 
Cd, and Ms, CD, are parallel 5 it is manifeft, that C5 is eaual to 

^jirt TOO ^ ^1 ^"^ ^^ ^° ^^' ^^^ D Md, is divided "^ into two equal Parts 
in M the Point of Contaft. Therefore, &c. 

Corollary IV. 

1 14. tF two Conjugate Diameters Mm, Ss be given, and it is known 
-■■ which of them is the firft Diameter ^ then you may have the 

Afymptotes C D,Cd, in drawing right Lines parallel to the two ri^t 
Lines MS, Msj (drawn from Mthe Extremity of the firft Diameter 
Mm, to S, s, the two Ends of the fecond.) 

And contrariwife, if the two Afymptotes CD, Cd, of an Hj^per- 
hola be given, together with fome Point M thereof-, you may find 
the two Conjugate Diameters MCm, SCs, by drawing the Line MH 
parallel to one of the Afymptotes (C dj, meeting the other Afymptote 

CD 
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CD in Hj and producing the fame to S, fo that HS he equal to tiMi 
and then drawing the right Lines CM^ CS^ fovif MD he drawn pa- 
rallel to CS, it IS evident, ffince the Triangles CHS. MHD, art 
fimilar,) that HD is equal to HC, becaufe MHi^ equal to HSi and 
Co MD touches * the Curve in M: Therefore, by Def. 13. the Linel ♦^^.,0^, 
Cilf, C5, are two Semi-Con ju^te Diamtters. 

Hence, if two Con^p^te Diameters ilf m, Ss be piVeii'^Ai Pdfiiion 
and Magnitude, and if it be known which of them is the firft Diaine^ 
ter, then the two A^nmlotes CD, Cij together with the Point M^ 
one Point of the oppofite Hyperbola's, is had. 

And contrariwire, the Arrmptotes CD, Cil oi' an-Hjrperbola being 
given, together with one Point M of the feme 5 we have the two 
Conjugate Diameters Afai, 5i thereof -given both in Pofition and 
Magnitude^ as likewiie we Icnow which of them is tlje £rfi: Diame- 
ter, being that paffing thro' the given Point M. 

CoaoiLi^RY lY: . "^ 

115. A NY feoxid Diameter SCs^ being given in Pofition, if the 
'^ Magnitude thereof be requir'd, as alio the firft Diameter 

Mm^ die Conjugate toSCs^ yaa mv& draw the right Line L/, my 
where in the A^gle fbrm'd by the Afymptotes, iMtraUd to the lecond 
Diameter, and terminated by the Afymptotes in the Points X,2 ^ and 
then through the middle of L/, you imift draw the firft Diameter 
COj meeting the Hyperbola in one Point M. Thii being dooe^ if 
die n^t Lines Af £, Af 1, be dravm frmn the Fbint M paraUel to the 
Afymptotes: It is xnanifeft, by Def. 19. that the Points 5,y, whereio 
thoie Parallels meet the fecond Diameter SCs given is Polition, do 
determine the Magnitude thereof; as alio that the firft Diameter . . ^ 
MCm is the Conjurate thereto. For if the Line D il be drawn thio' 
the Point JH, i>araUel to L 2, and terminating in the AQrmptotef § 
then the feid Line will be bife^ed in the Point iUT, becaufe X 2 is fo 
in the Point $ and therefore jL7 will touch ^ the Curve in the Point 

M. 

Hence it is evident, that any fecond Diameter SCs being given in 
Cofition, the Magnitude thereof is Vo detormin'd, as that it cannot 
vary ^ as likewife the Magnitude and Pofition of the firft l)iameter ^ 
lit My which is a Conjugate thereto. 

C O R O L L A a Y y. 

1 16. ANY fecond Diameter 5 C 5, being given in Pofition and Magn 
-^ nitude, together with the Parameter, and the Pofition of 

the Qrdinates to it i then it will not be difficult to find the Pofition 

I and 
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pyi Magnitude of the fit ft Diameter M Cw^ being the CovjaffLte to 
SCs^ as alio its Parameter. For through the Centre C draw an inde^ 
finite right Line parallel to the Ordinates to the Diameter 5x, and 
denote two Points M^ m in this Line equally diftant each way from 
the Centre C) (b that ^m be a mean Proportional between the fe^cxod 
Diameter 5j, and tbe Parameter thereof. Then if a third Propor^ 
tional to ibe two Lines iil as, Ss be found, it is manifeft, by Def. 14, 
and I ;. that Mm will be tfa« firft Diameter, being the Conjugate to 
jS I, and the Parameter thereof will be that third Proportional 

P R O P O S I T I O N VIL 

• . . . ■ 

Theoreou 

Fi c. 44. x^7- T^HjB Square of atty OrHtiate (O N) to the frfi Diameter Mm^ 

^ is to the Re3avgle wider MO, O m, the Parts of that Diameter 
frodnced \ as the Sqnoi-e ej its Onf jugate Diameter S s, to the Square rfthm 
frft Diameter l/Lnu 

ITe are to pr&ve^ tbatOKilAO )iOm :: STiMm. 

If the right Line Di, be drawn throi^ one End (ilf; of the firft 
Diameter M ai, parallel to the iecond Diameter S 1, and terminating 
in the Afjrmptotes^ then, (by Def. 13.) that Fkiallel will toodi tho 

*Jft. 109. Curre in the Point ^ and to will be ^ bifeaed by that Point : there- 
fiDre if the Ordinate O N (which by Def. 1?. is parallel to tiie Dia- 
meter 5 1) be produced both ways from the Diameter M m, the iame 
will meet the Afyrnptotes in two Points L, f, each way equally di« 
ftant from the Point 0. This being premised, call the given (^ian« 

^An. iij. titicsCiH, or Cai, 1 5 CS, or Ci, or * MDy or Md, e ^ and tte inde- 
teriTiiilate Quantities CO^ x^ ON^y^ then becaufe the Triangiet 
CAf D, CO X, are limilar, we have this Proportion, CM (t) tAl D (c) 



-.CO Qny.OL or 01 = —. Whence L N ot LO ±0N=— ±j^ 
and JVi or 1 4I N0= — 4lj»s and therefore LN* Nl = jy 

*Art.fo. ^* DM nMi=cc. Vhence it fellows, that ON*(jj} :MO»Om 

(xx — tt) : : Ss (^cc) : Al m (/^). ^^caufe by multtplyine the Means 
and Extremes, we have 4njjf=4ccxx — ^cctt j that is ( by dividing by 

4 n, and tranfpofing} the ft loe Eqoation — —jy = cc, as at firft. 
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j4 General Corollary. ,/: 

J 1 8. TJ £ N C E it is manifeft, that what has been demonfirated ^ in # ,^, ;^ 

^T^P* ?• ^i^l^ regard to the two Axes A tf, B A, extends it fclf^ 
l)y means of this Propoirtion, to any two G)n jugate Diameters iU m,^ 
Ss. And becaufe the 8oth, Siil, 82d, 83d, 84th and S^h Articles 
ariie from the fecond Proportion, and are of eqifll Force, whether 
the Angle ACB be a right oiie or not; therefore it follows, that if 
the Lines Aa, B b^ inftead of the two Axes, be fuiupoTcd in thele Ar- 
ticles to be any two Conjugate Diameters 1 the lain Articles will ytt 
be true according to this Suppofition, for their Demonftration remains 
alvrays the fame \ and there is nothii^ monf rtauir'^d to make this 
appear, but reading them oyer again, aind ufi^ tne Word Diameter 
for Axis. 

PROPOSIT I OJT VIII. 

Theorem. 

119. JFDE, VGieMytwo Tm^ewti to tU HjferboU MA, termliuh T 1 c. 4;. 

^ tivg in the Ajjmptotesj md 0itthrg eve another in the Point O ^ / 
fay^ the Sdes of the Triangles CX):E, CFG, afoat the common Angle 
C, are reciprocal prt^rtioval. ' 
We aretoprovcj that CUiCV ::CG :CE. 

Draw the Lines MH, AL through the Points of Contad My At 
parallel to the Afymptote CO\ then it is mani&ft, (becaofethe 
Triangles CDE, HDM^w limilar) that CD is the Double of CH, 
and C£the Doable of H^; itnce D £ is "^ the Double of D iM. And^^r#.xo9« 
becaufe the Triaimles CFG, LFAnt fimilar, CFis the Double of 
CU and CQ the Double of L A, becaufe FG is the Double of FA. 
But ^ CH :CL ::LA: HM. And therefore, if the Double of each Mr#.xob. 
Term be taken, welhallhave 2CHorCD : 2CL orCF: : 2LA 
o[CG:2HM or CE. W.W.D. 

Corollary. 

1 2a JT follows from this Propofition, that the right Lines D G, FE^ 
^ arejparallel to one auotMr : Whence it is manifeft, 
I. The TmBgJa CD £, CFu, aie eoual : For the Triangles FDE, 
FG Ej having ^e (ame Bale jp£ aftd4)eing between the lame Paral- 
lels DG, FE[ are equal \ and fterefore, if the lame Triangle CFE 
be added to both the Triangles CDE^ CFG, there will be formed 
the Triangles CD 2s, CFGj w)iich ftiatt^ equal to one another. 

I 2 2, The 
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2. The Line D JB is divided in the fame Proportion in the Points 
Mj 0, as the Line FG is in the Points A and 0. For if the right 
Line M A be drawn thro' the Points of G)ntaa, then it is manifeft, 
' tla^ this Line will be parallel to the two right Lines BG^ FE ^ be- 
caufeit bifefts the right Lines D JK, FG, included between thofe Pa- 
rallels. 
'' • ^ PROPOSITION IX. 

Theorem. 

F I c. 46, J^^* Ifthfovgh any Fmnt M in an Hyperbola^ be dramn an Ordinati 

^nd 47. * -^ (M P) to tfwy (me of its ^Diameters A a, ani if the Tangent M T 

Ik alfajravm meeting that Ordinate in T^^ I fay, CP :CA::CA:CT. 

Objerving that the foints Vi^'TfaU on the fame Side the Centre C, wbantbe 

iLtne Aa is a firft Diamet& 5 and on hotb Sides j vhen it is a feeond Di0- 

meter. 

46. ^^fi ^' Wheri the Line ^^ is a firft Diameter, produce the Tan- 

' gent MTy meeting the Afymptotes CD, C G, in the Points D, E 5 and 

produce the Ordinate P My m^etii^ the Afymptote CD in the Point Ni 

alfo draw the Line A K through the Point A parallel to DEy meeting 

? ^ ' ^ ^e Afymp^te CQ in the Point K \ and likewife draw the Tanaent 

» Dff. 14. FQj terminating in the Afymptotes (which will be ^ parallel to 

'"PM) and meeting the other Tangent D J? in the Point 0. 

This being laid down, ^P is to AC, or FN to FC, in a Ratio 

*Jrt. 110. compounded of J^ JVto F.E),'or of 31: to A or -^ of Q^ to OG, 

^Art. 120. or of EK to £G, and of FD to FC, or * of EG to is C But 

H'T ih to TC, or iC£ to £C, in the Ratio compounded of £X 

to£0,andof EGtoEC: ihextfoxe APiAC :: ATiTC. Becaufe 

the' Ratio's compounded of thc^ two Ratio's are the iame ; and con- 

' fe^entlv^P+^C,<MrCP^^ micb 

wasintiefrjfplacetohe'demonjtrdtedi 

r V Cafe 2. When the Line A a is a fecond Diameter, draw the (ine 

- CK through the Centre C parallel to the Ordinate PM, meeting the 

'Hyperbola in the Point B, and the Tangent M T, in the Point JR, 

and draw the Line M K through the Point of Contadl M paraUd to 

A a ;, then it is manifeft, that CB will be a firft Semi-Diameter, the 

Conjugate to the Second Aa-j andfoiMiC will be an Ordinate to that 

Piameter. 

This \>dHg jrbiAilkdy if the given Quantities CA^ or Ca be called 
t i CB, f 5 tfnd the indeterminate Quantities CP or MK^x \ PM ot 
CKi y s then fr6m wl^t has been demonftrated in Cafei. we have C£= 

- •, ia4 tHeiefor'e R K or CK — C-R = ^'. But the fimilar Tri- 

/ ■ ■ y. 

^ ^^i^^M%(^AZ give this Proportion KJ^^^^j) '^RC('^) 

::A1K 
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i.:MKix):CTz= —■=: 1^, (by fubftituring'^ for iteYalae //—<« 

CCXX - 

(bccaufe j;j=*— + cc.) That is, CPiCA : : C^ : CT jr.lT.r. ♦ -4r/. 80, 

PROPOSITION X. 

Theorem. 

122, IF throng any Point M in an Hyperbola, vhofc Centre is C, there Fig- 481. 

-^ ^^ ir^ww aw Ordinate M P ro o>ie o/rie jixers A a, ai a//i tie P(fr- *^ ^ 
pendicular MG to theTa7tgent MT paSng through Mil fay, CP iw7Z 
^f^Mj^s ^^ to P G, in the given BMio of tbt Axis A z to the FaramMr 
thereof. 

For call the Semi- Axis CA or Ca^ti and the indeterminate Quai^- 

fities CPy X I PM^y s then we (hall have ^ CT =— 5 and therdTore *jirt.iii^ 

PT = y according as ytf ^, is the firft or fecond Axis. But the 

right-angled iimilar Triai^kaf TP itf, MPQ, give this Proportion* 
TP Q~^^ : PM(y) : : PM (y) : PG — -^. Whence we get 



this Proportion, vh. CF<*) : PC? (^^ : : CP iC^ (^ « +r ? ) t . 

P iM (jf jr). Since by multiplying the Means and Extremes, the £uiie 

Produft xjy arifes. But CP 4- CA i3 to PAl , as "^ the Axis >jf ^ to « ^,^^ ^^ 
the Parameter thereof Therefore CP is to PG likewife in the iame 
Ratio. ir.JT.D. 

* • ■ 

PROPOSITION XI ' • ' "* 

Theorem. 

•m •! 

a ■ • 

12 J. tF the right lines MF, Mf, be drmn from afl^r loint M, or i«i p ^ c. jm. 

•i^ HyperboUj to the two Foci ¥y ft I fay, the Tangent MT, fafing 
Arwghttmt Point M, does^ divide the Atigle^ F M f into.twa oqmU iWtiL 

For dcaw the Lines FDjfd^ perpendicular to the Tangent MTj. ^ 
likewife draw the firft Axis ^ j; paifing throu^ the two Foci F^f^ 
and meeting theTangent in Tj as likewife the Ordinate MP to ihzt 
Axis : Then call the given Quantities C^ or Gi, 1 5 CFbr Cf,'m^ md 
the indetarminate Qmntity CP^x. This being done, we hav* itf F* *^Att. 78;^ 

(^^-t) : M/ (y + t) : :TForCP(«i)---CT*(i^) /T/or Cf^JUuin^ 
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(w) -\- CT(^— ). fincc by multiplying the Means and Extrcmef, 

the fame Produft ariles. But the right-ancled (Imilar Triangles TFZ), 
T/i, give this Proportion, TFiTTuFD :fd y therefore the Hypo- 
themife (MF) of the right-angled Triangle M D Fj will be to the 
Hypothenufe Af/, of the right angled Triangle M d/, as the Side DF 
is to the Side df-j and conlequently the(e two Triangles will be /!• 
milar. Thereiore the Angles FM D^fM i, which are oppofite to the 
Homologous Sides D Fj df^ will be equal to one another. V. IT. D. 

Corollary. 

Y24. TTE N C E it is manifeft, that $bc Tangent iUT being infinite* 
^^ \y produced both ways from {M) the Point of Cooitad^ 
leaves the Hyperbola A M entirely next to its Focus F. And becaofe 
this every where happens, let the Point M be taken where it will in 
the Curve : Therefore it is manifeft, that the Hjrperbola being extend* 
td never Co much, is Concave next to its Focus F. 

PROPOSITION XIL 

Theorem. 

Pic. 51. l2$.n^HE Lifermce of the Squares of any two Gmjngate Diawteten 

-^ M m, S s, is equal to toe Difference of the Squares of the two 
Axes A a, B b. 



We are to pravey tW CS — CM = CB — CA, or CM— CS = 

CA — CB*. 

^ ^ If the right Lines MS^AB^re drawn, they will be * parallel to 

^J^' "'one of the Afymptotes Cgi as alfo cut into equal Parts by the 

* Def? lit other Afymptote CG in the Points H, G ; becaufe * the Lines Ms^ 
•ndi^. Abj are parallel to the Afymptote CG^ and the fecond Diameters 
*Aft.\ii.Ss^ Bby are * divided by the Centre C into two equal Parts •, thweforc, 
.0^ .D X 5 if the right Lines AFj BE^ MLySK^ be drawn perpendicudar to 

' .• the Afymptote CQ, the Triangles O yi i^, G £ £, and HM L, H5JC, 
will be formed, which (hall be fimilar and equal. This being premis^d^ 

♦ ^^.8j,i»ll the given Quantities CG or *G^,Jii-, GE ox GF.a^ AF at 

SBjhi and Che indeterminate Quantities C ff, x ^ HMjj\ then we 

haveC/s=« + tf, CF=m^as CE\Yb\ or CB^=:mm^2 
.V .. > am-^aaj^bb^ CF+ -f^^i or C3i = ww— 2tfiw+tftf + W ; And there* 

I -1 .til • ^^ ^'^*— ^ = 4^*»- ^"^ *^ ^™^' Triangles GAF, HML^ 

• • ' \ give 
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give this Proportion, G A {m):AF(b)::HM {j):MLoT KS^ 
tl. And GA (m) :GF(a):: HM (y) : HL or HK = 'X Therefore 

^ 4- 5^. cI>Tm or Oil' =*x-!f3 + f^ + ^. And 

Iff 



therefore, CS — CM = — = 4 tf «, by putting ^ ww for xjr. And ♦ Art.ioi. 



confequentlyCS — CM =CA — C^. JK.W.D. 

If the Ai^lc Q, fcrmcd l>y the Afymptotes, (honld be acute \ 
whereas in this Figure, and the Reafoninj^ appronriated thereto, it i» 
obtufe} then CF would be greater than CE ^ ana it would be proved 

after the feme manner, that cH — CS = (Ta— 'CB\ But if the 
Angle GCg^ form'd by the Afymptotes, was a right Angle 5 then it 
is manifefty that the Lines AB^MSy would be perpendicular to th^ 
Afymptote CQ \ and fo the two Semi-Conjugate Diameters CiM, CS^ 
woidd be equal to one another, like as the two Semi-Axes C A^ CB. 
But becaufe the Difference c^ the two Conju^te Diameters Mm^ Ss^ 
is nothing ^ as likewife the Difference of the two Axes Aa^ Bbi 
therefore it follows, tha^ this Prcq^tion is true in all its Cafes. 

CoKOtLAKY. 

ft 

] 26. TJ E N CE it is inanifeft, that any firfl Diameter Mm^ is lefi^ 
^ greater than, or e^ual to the fecond Diameter Si, being the 
Goiijug^te thereto; accordmg as the Angle QCi^ formed by the 
Afymptotes, is obtule, acute or right,. 

D £ F X V I T X O £U. 

x6.. 

Two oppofif e Hyperbolas are called EqvUateralj when any two of 
dieir Conjimte Diameters are equal to one another \ or eHe wbea 
Ae Angle tormM by their Afymptotes is a right Angle; 

COKOLLAKY. 

127. tF from any Point iM in an equilateral Hyperbola^ there be Fic. ^t.^ 
^ drawn any Ordinate (MP) to either of the Diameters, as Aa^ 

then we.fliall.have * 217 = CP^I CA \ vh. — , when -/rfa is a firft ♦ ^rf. gi. 
Diameter and -f, when it is ti fecond Diameter. For the Conjugate ^^ 118. 
Diameter toAa^ will be ^ always equal to it.. % jrt. is<« 

PRO 
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PROPOSITI ON xra. 

Problem. 

Fic. 53 1 128. J NT two Conjugate Diameters beivg gwen^ ml knoving wbi^ 

^^nd 5 5. -^ of them is thefirfi Diameter 5 or, wbicb comes ^ to the fame things 

*Art. u^ the jifymptotes CDj CF of an Hyperbola beittg gfuen^ together vitb anj 

Poivt (M) of the Curve: to dram tm Conjugate Diameters Aa, Bb, that 

jhall make an Angle with each other ^ equal to an Angle given. 

In any Circle whofe Centre is 0, draw the Chord df to that the 
Angle in the Segment dcf he equal to the Angle DCF form'd by the 
Afymptotess and draw the Line ec through e the Middle of the 
Chord df making the Angld ire, or fee with that Chord equal to 
the given Angle j and thro' the Point c^ wherein the Line e c meets 
i^e Arc dcf draw the right Lines c d^ cf This being done, aflame 
CDj CF^ in the Afymptotes equal to the Chords ci, cf} thea if J>F 
be drawn, and the Jecond Diameter Bbhe drawn parallel to. the £une ; 
and the firfi: Diameter A a^ throueh E the middle Point ^ I tiiy\ 
t^ twQ Diameters Aa^ Bb^ maKe an Angle with one another 
ieqoRl to Che ^ven Angle, and they are Conjugate Diameters. 

For by ConftruSion, the Angle dcf is equal to the Angle D CF 
form'd by the Afirmptotes^ and confimiently the Triangles DCF^ 
d cf and DCEj ace^ are equal and fimiar •, therefore the Angle BCa 
m^de by the Diameters Aa^Bb^ will be equal to the Angle DEC 
or dec^ which was made ema\ to the siven Angle. Moreover, if 
through the Point A^ one £nd of the turft Diameter A a, there be 
drawn a Parallel toD Fj it is manifell, that this Parallel wilj be dir 
vided into two equal Parts by the Point A, becaufe D J^ is fb dividra 

* AH. 109.^^ the Point £5 and fo * that Parallel will touch the Curve in ^ ^ 
♦Dff. 13. therefore ^ Aa^ Bby are Conjugate Diameters. 

Now to determine the Magnitudes of the laid two Conjugate Dia- 
meters, draw the Line MK L thro' the given Point AT parallel to the 
Djametcr A a^ meeting one of the Afymptotes (CD) in the Point JC^ 
and tlic other Afymptote C F, ( produced beyond the Centre C^ ,iD 
the Point L : This being done, if CA be taken a mean Tropor- 
♦-irf. 94. ^io™^ between KMy ML\ then it is * manifeft, that the Point A 
will be one End of the firft Diameter A a \ and fo if the Lines A J5, 

♦ J)ef, 15. -^^t are drawn parallel to the Afymptotes CF, C A thofe * P&rallela 

will determine the Magnitude of the fecond Diameter Bby by their 
Points of Concurrence B^b. 

■ Becaufe there can be drawn two different Lines e c, ec, making the 
Angles^ d-tc^fec each way with the Chord df equal to the given Au^ 
,i . : . i -^ gle,^ if it be not a right Angle 1 theiefbre we can find always two 
- - "■ diflc. 
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different Pair of Conjugate Diameters (AayBb) which will anfWer 
the Problem, as they be feen in Fig. J4, and 55- But it mnft be noted, 
that the Q)njngate Diameters A(^j Bky of Fig. 5?. have the feme Po- 
fition with refpeft to the Afymptote CF, as thofe of Fig. 54. have to 
the other Afyinptote CDi, and their Magnitudes will remain the feme 
in thefe two dimrent Pofitions. For, 

1. If the Line a ^ be drawnr from the Centre to e, the Middle, of 
the Chord df ^ this Line will be perpendicular to that Chord : and 
€oniequentl/ the Angles oec^ oecj yn\\ be equal ; therefore drawing 
the Radii oc, or, the Triangles oec^ oec^ which have the Side oe 
common, the Angles oec^oeCj and the Sides oc^oc, equal to one ano- 
ther, will have alfo their third Sides f c, ^ c, equal : therefore the Tri- 
angles /^c, decy which have the Sides e/, edj and ecjec^ as alfb the 
Angles/^ c, ilec, equal, will be equal and iimilar : And fo it appears, 
that the Angle ccf^ or ECF^ of Fig. 5?. is egual to the Angle ^c^, or 
JB CD, of Ftg. 54, and confequently the Poiition of the Diameter Aa^ 
in Fig. SS. with regard to the Afymptote CF^ is the feme as the Po- 
iition of the Diameter Aa^ ia Fig. 54. with regard to the other A- 
fymptote CD. 

2. If the Line Ml be drawn, in Fig. $^. making the Angle iHI C, 
witfr the Afymptote CF, (produced) equal to the Angle AfXC, or 
ECF of Fig. 54. then it is plain, that the Lines M /, Mk, in Fig. ^f. 
will be equal to the Lines iWX, JtfX, of Fig. 54. becaufe the Poiition 
of the Point AT, in relpeft of the Afymptotes, is fuppos'd to be the 
feme in both Figures. But the AngleiU2L, being the Complement 
of the Angle Ml C, in Fix. 55. or of ECFj in Fig. 54. is equal to the 
Angle MKky being the Complement of the Angle JBCD, in Fig. jy. 
or of ECF, in Fig. $^ and coniequently (in Fig. 55.) the two Tri- 
angles LMlykMKy having the Angle at M common, and the Angles 
at the Point 2, JC, equal, will be £mi]ar ^ and io LMiMl wkM: 
MK. Therefore XiMx ill iC = ZMxJW*, or LMnMK^mFig. ^^. 
Hence it appears, * that CAj CA the Halves of the firft Diameters, ♦ ^r#, ^4. 
in .Fi^. 54 and $$. are equal. The feme may be feid of the Diame^ 

ter Bb\ becaufe the Pontion and Magnitude thereof depends on the 
Poiition and Magnitude of the firft Diameter A tf, to which it is the 
Conjugate. 

Becaufe there caa be drawn but one Line ee, making an Angk either 
way with the Chord df^ e^l to the given Angle, when it is a right ^ , ^^ ^ 
one 5 therefore there can be but two Conjugate Diameters A a, Bbynndi']^ * 
making right Angles with one another that will anfwer the Problem, 
and thefe "^ will be the Axes. But becaufe theTriangle d cU or DCF, is ^jif^wi 
then Ifofceles, the firft Axis Aa will bifed the Angle D tF formed by 
the Afymptotes \ and fo there is nothing more required for finding the 
Pbfition of the two Azes^ but drawing the two right Lines Aa,B by 

K. perpen- 
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^perpendicul^i; to one another s ooc of wbich^ uAa^ hiCe&$ the Angle 
pCF^ formed by the Afymptotes^ fcHT afterwards their Msigmtu^ 
may be determined, as is direaed tot finding the Magnitudes of the 
Conjugate Diameters. 

The two Axes may be found otherwife thus: Draw AI H through 
the Point M, parallel to C F one of the Afymptotes, and teraiinating 
in the Point H by the other A^mptote CD. And in the Afym- 
ptote C A affume CC?, a mean Proportional between CH^ HM^ and 
draw A B thro' the Point Q parallel to CF^ fo that each of its Parts 
QAyQByhe equal to CG. Then it is manifeft, that the lines CA^ 
^Jri^ioh CBj will be "^ the two Semi-Axes both in Poiition and Magnitude. 

ami 88. ^ 

CoaOLLARY. 

1 29. 1 T is now evident, i. Tha^ there are but two Conjugate Diame- 
^ ters that cut eadi other at right An^les.^ and* fo there can be 
bnt two Axes. 2. There can be but two difisrent Pair of G)njugate 
Diameters making an Angle with each other equal to a siven Angle, 
when this Angle is not a right one •, and the two firft Diameters of 
thefe two Pair have the Came Poiition to one Afymptote, as the two 
others have to the other Afymptbte ^ and £> they are alike fituate oa 
both Sides of the two Axes, iiuce the two Axes hilcQ- the Angles focm'd 
by the Afymptotes : And finally, their Magnitudes remain the lame 
in both thofe diHerent Pofitions. 

PROPOSITION XIV. 

Problem. 

130. j4^^ ^^^ Cov jugate Diameters being given^ avd which of the two 
♦-4rM 14. jf^ is the firft Diameter beirg hwwn 5 or, which ^ is the fame thing, 

the Afymptotes of two cppojite Hyperbola's beivgpveitj together with any 
01X of their Poivts^ to defcribe thefaid Hyperbola's by a continued Motum. 

The Tirft JFay. 

Find the two Axes, as is direfted in the laft Propofition, and then 
defcribe the oppofite Hyperbola's by Article 76. 

Secojid jray. 

F 1 c. 58. Let Aa^ Bbj be any two given Conjugate Diameters, whereof A a 
is the firft ^ or clfe let CG, CGy be two Afymptotes given, together 
witJi the Point A^ through winch one of the oppoiite Hyperbola's 
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pafles. Draw ^G through the given Point ytf, parallel to one of the 
Afymptotes C^, and terminating in the other in G 5 then move the 
right Line HKj (equal to CO) along the Aiymptote CG, both ways 
indefinitely produced 5 fo that one End H thereof carries along with 
it the Line HM parallel to the Afymptote C^ and tlie other End Jf, 
the right Line K A, moveable about the fixed Point A. Then I fay, 
the Point (Af ), bein^ the continual Interfedion of the right Lines 
AKyHM^ will by this Motion defcribe the two oppofite Hyperbola's 
fought. 

For bccftufc the Triangles XHM^ KO A^ are (imilar, we have al- 
ways this Proportion, JCH ot CX? : HM : : KQ w CH \ Q A. And 
therefore CHx HM = CQuQA. Therefore the Point iM will be 
* in thfe Hyperbola palling through the given Point A^ or in the op- *jirt.iou 
pofite Hyperbola, and whofe Afymptotes are the given right Lines 
CGy Cs. 

PROPOSITION XV. 

Problem. 

131. ^HE fame Tbit^s heiilw ^W, as in the M Proportions to iefcrib$ 
f- tb$ ofpoJit4 Hyper Ma s by finding many toints thereof. 

rirfi Way. 

Let CL^ CEj be tte given Afymptotcs, and A the given Point. F i c. jf, 
Thro' this Point A draw any Number of Lines D £, DE, D £, &c. 
terminating in the Aiymptotesj and in them aflume £ilf, EM, 
E M, Bcc. each equal to its Correipondent ADjAD^ADj Sec Then 
it is "^ manifeft, i. That the Points My iM, itf, &c, will be in the Hy- ^jrt. lot. 
perbola palfing thro' the Point A, when the Points £, £, E, &c. fall 
•telow the Centre. 7. That the right Lines CD, CE, are the Afymp. 
totes of the Hyperbola's : Therefore, if two Curves be drawn through 
all the Points M^ M^ iM, ice. falling in the oppofite vertical Angles •, 
tbofe two Curves will be the oppolite Hyperbola's fought. 

Second Way. 

Ijet the Lines An^ Bb^ht two given Conjugate Diameters, whercrfT 1 c. ioi 
A a is the 2 J Diameter. Aflume any Number of little equal Parts CE^ 
CE, CEj kc. of any Magnitude at Pleafure, in the Semidiameter C jB in- 
definitely produced towards B ^ and through that Point £, which is 
neareft to the Centre C, draw the Line EP parallel to B A. This 
being done, in the fecond Diameter ^a, both ways continued, affume 

K 2 the- 
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the fmall Parts CP.PP, &:c. each equal to CP, as many in Numbec 
as the Parts CE, EEj EEy Sec. and draw CD perpendicular and equal 
to CB 5 then if the Lines M PM, MPM, MPM, See. be drawn pa- 
rallel to the iirft Diameter B K ^^^ ^n each of them you aiKime, 
both ways from the Point P, the Parts Pilf , P M^ each equal to its 
Cbrrefpondent E D. I lay, the two Curve l2nes paffing thro' all the 
Points itf, ilf , iW, &c. thus found will be the two oppofite Hyperbo* 
la's fought. 

For call the given Quantities CA^t^yCB or CDj c 5 and the inde- 
terminate Quantities CPy x i PM^ j ; then the ilmilar Triangles CAB, 
C Pi? give this Proportion, CA (t): CB (c) : :CP(x):CE^ 

— . And fince the Triangle £ CD is right-angled at C ( (iippofing 

every Hypothenufe ED to be drawn, which, for avoiding ConfufioOp 

we have omitted in the Figure) the Square £D or PM (yy) i$=s 

*Art.%uCE (^) + CD (cc). Therefore the line PM will be * an Ordi- 

nate to the fecond Diameter Aa^ having the firft Diameter £^, the 
G)njugate thereto. And becaufe the fame Demonftration extends to 
every of the Lines PM, fince CP is always to its Correipondent 
PE, in the Ratio of CA to CB: Therefore, &c. 
F I G. ^i. When the Conjugate Diameters Aa^Bb^ are equal to one another, 
♦ Jkf. 16. that is, ^ when the Hyperbola's fought are equilateral, then the Con- 
ftrudlion will become much more eafy. For if CD be drawn per- 

fmdicular and equal to CAj and if M PM be drawn through any 
oint P in the Diameter A tf, parallel to the firft Diameter Bb \ then 
you need but take in that Line ( both ways produced ) the Parts 
P Mj PMj Sec. each equal to P D, and you will have two Points thro* 
which the oppofite Hyperbola's muft pafi. For becaufe the Triangle 
PCD, is nght-angled at C (fuppofing an Hypothenufe CD to each 

of them ) we fliall have alwajrs PD* or PM^=CP^J^ CD or CA^ 
»j^^ jj. and therefore the Line PM will be ^ an Ordinate to the fecond Dia* 

* meter Aih whofe Conjugate Diameter Bb is equal to it. 

Definition, 

17- 

JPi c. 61. . ^' *^^^^ ^^ ^^ oppofite Hyperbola's A My am^ whofe firft Axis 

* is the Line A <», and lecond the Line B b 5 and let there be two other 
oppofite Hyperbola's, whofe firft Axis is the Line Bb^ and (econd the 
Line Aa\ then the two laft Hyperbola's B^jbsj are faid to. be Con'- 
jugates to the two former ones A My ami ^"d all the four together 
are call'd Conjugate Hyperbola's, 

C O R O L- 
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Corollary. 

132. tT is manifeft, that the Lines B<i, A h^ arc parallel \ becaufe * D*/. 4^ 
^ ^ the Lines Aa, Bb, terminated by them, do bifed each other •w*' 5. 

in the Point C Whence it fcdlows, by Def. ii. that the Hyperbola 
B Sj being the Conjugate to A iM, hath C G the Afymptote of the 
Hyperbola AM for one of its Afymptotes, and Cg the other Afymp-' 
tote of the feme Hyperbola, for the other Afymptote 5 becaufe thofe 
two Lines pafi thro' the Centre Q and are parallel to the two right 
Lines Ba^BAf drawn from (S) the End ot the firft Axis (Bb) of the 
Hyperbola BS^ to the two Enos Aj m^ of the fecond. Therefore it is 
xnanifeft, that the two right Lines CQ^ Cg^ parallel to Abj A B^ 
both ways infinitely product, are not only the Afymptotes of the 
oppofite Hyperbola's ^ill^ am ) but likewife are the Afymptotes of 
the two other Hyperbola's BS^bs^ which are Conjugates to them. 

PROPOSITION XVL 

Theorem. 

133. jFtbnmgb any Point H in tbe AfympMe C G, wbicb is common to 
1 botbtbeHjferboWskyi,^^ there be drawn a Parallel (MS) 

to tbe other Afjm^ote C%\ Ifajy tbatParaMel mU meet tbe f aid two Hy- 
perbola's in tbe Points M, S, eqnaUy £jlantfrom tbe Point H. 

For I. The Line ^5 will meet * each of the oppofite Hirperbola's *jri. 104^ 
A Mj BSj in one Point. 2. From the Nature of the Hyperbola AM, 
the * Reftangle CHn HM is == CG » Q ^ I and from the Nature of ♦ jri.iou 
the Hyperbola BS, the Reaangle CHnHSk=zCQ y^QB. Whence 
(fmce ^ GB = G^, ) CHn HSwiU be =:CHhHM 5 and foH5*^,8«. 

is=HM. ir.jr.D. 

Corollary I. 

1 34. tF from the Points M, 5, in the two Hyperbola's AM, BS, be 
-■" drawn the Diameters MCm, SCs, terminating in the two 

other oppofite Hyperbola's am, bs i then it is manifeft, * that the *jrt. 1 14. 
Diameter S s will be the lecond Diameter, which is the Conjugate to 
the firft Diameter (Mm) of the two oppofite Hyperbola's A M^ 
a m ^ and contrariwife \ the Diameter M m, will be the iecond Diame- 
ter, which is the Conjugate to the firft Diameter Ss, of the oppofite 
Hyperbola's B 5, ix. whence it appears, that any two Conjugate 
Diameters {Mm,Ss) of the two oppofite Hyperbola's AM, am, are 

alfo 
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alfo two Conjugate Diameters of the two otfier Hyperbola'i BS^ht, 
Conjugates to the former ; but yet whh this Difierence, vix, that the 
firft Diameter Mm becomes a ftcond Diameter; and craitrariwi^ 
the fecood Diameter Ss a firft. 

CoSOLLABY n, 

135.TTEKCE it is manifeft, that the Hyperbola'^ BS, hs, the 
■n. Conjugates to the Hyperbola's AM, »m, pais thro^ the 
Ends S, J, of all the lecond Diameters (SCs) of thofe Hypem)la*a : 
And contrariwile, the Hyperbola's A M, mm, pifi through the Ends 
M, m, of all the fecond Diameters (MCm) of the two Hypa1)olft'i 
£S,bit which are the Conjugates to them. 
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BOOK IV. 

Of the Three Conick SeSlions. 




Definition. 

Y the Term Cmck S$aion in general, we underftand each of the 
_ Curves treated of in the foregoing Books, viz. the Paraboloj the 
Jfjky tbe H^rMa^, or the oppofite Hjperbola^s. 

P R OPO SIT I O N I. 

Theorem. 

136. jFthrovgb the End (A) of any Diameter (Aa,) of an Ellipjts, ^y- ^h 
^orof anjfrji Diameter of an Hyperbola^ the Une AG be dranpn ^^ ^^ 

parallel to the Ordinates (P M) thereof and equal to its Parameter i ani 
if the right line aG le drawn from a tbe other End of that Diametery 
cutting any Ordinate VML {produced if recejfary) in the Point O. Ifay^ 
the Square of the Ordinate P AT, is equal to the Re^angle under A P and 
PO. 

JTe are to prove, that V1Az=:AP xVO. 

By the 41ft and 55th Aiticfes of the fecond Book, and the 8 1 ft and 
1 1 8th qF the thivd, we- have this Proportion, AaiAQ::AP^Pa: 

PM . But becaufe the Triangles aAOj aPO, are fimilar 5 there- 
fore yia :^G :: Pa :P0 : lAP^Pa : AP^PO. And fo FM = 

AP^po. jr.jr.D. 

Corollary. 

1 37. ILF E N C E it is evident, that the Sauare of any Ordinate (PM) 
•*^ to a Diameter A a, is always lew in the Ellipfis, and greater 

in the Hyperbola, than the Reftangle under the Parameter A G, and 
the Part (AP) of that Diamocter between its End A, and the Point 
of Coofcurfence ^P) of the Otdimte 5 whereas * in the P&rabola they * Art. 7, 
are equal. ^ Aoi from this Property was iti that Apollonius^ other- ^"'^ -o- 

wife ^ ^ ^ 
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wife caird the great Geometrician, gave thofe Names, which we have 
made ufe of, to the Conick Sedions : For by the Word Parabola is 
linderftood theExafbiefe or Equality, by theWordfflipjEr theDefidencj^ 
and by the Word Hyperbola the Exceis^ whidi is found in the Caat^ 

Sarifon of the Squares of the Ordinates PMy with the CorreQK>ndent 
.eftangles ^Px^G. 

PROPOSITION II. 

Theorem^ 




This Propofition has been demonftrated in the 50th Article o£ the 
fecond Book •, and in the 96th and 103d Articles of the third Book. 

PROPOSITION m. 

Theorem* 

139^'T^HERE can be but one Tangent ('LAL) Jfofing through a 
•* given Point (A) in a Conick SeEtion. 
This Propofition is found demonftrated m the 21ft Artidib of the 
firft Book, the 56th of the fecond, and the royjth of the third Book» 

PROPOSIT 10 N IV. 

Theorem* 

140.nnHE Tangents L AL, I al, pafing through the Ends A, a, of any 
-* Diameter of an Ellipfs, or two oppofite Hyperbolas^ are parallel^ 
to each other. 

This' has been provM in the 44th and 45th Articles of the fecond 
Book, and the iioth of the. third. 

PROPOSITION r. 

Theorem. 

141. yfNT Diameter of an Ellipfs^ or the oppofte Hyperbola's being 
•" given : Ifay^ the Poftion of the Diameter^ which is the Coftfu^ 
gate to ft, is Jo determind, as that there eon be but one only. 

For I. It the Section be an Ellipiis, or the oppoflte Hyperbola^ 
and i£ Aa be a firft Diameter) tbea it is^ manifi?ft^ bjr the 
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^tfth Artkk of tlie fecond Book, and tiie i;th Definition of the third 
Book, thst dM Ccftijugftte Diameter (Bi) to Aa vnl\ he parallel to 
the Tangent I^AL^ patffing thio' the Point A. TherdToic, * &e. ♦^y^, ^^^ 

2. When Bb is JSL (ecand Dianaeter of turo oppofite H^perbola'a : 
This has hen damonftrated in the ii^rth Article of die thud Book. 

. ■ . ' 

Corollary, 

142. T-JE N C E it appears, that a Conick Seftion being given, to- 
-" gather with 011^ (rf its Piam^^ters ^ the Polition of the Ordi- 

nates to that Diameter is lb determined, that every of them can have 

Ixnt one Diametier, and aU of them ace pai^Uei to ^ne aHotlitic For 

in the Paia^)^, the Oidinates muft be ^ paraiiel to the Tangent ^^ Art. n. 

paiiiiig itkoi]^ the Origin -of th^^iimi Diameter, and in tiie other ^*Def. 1%, 

Sedian6 peradiel 4» that Diamet^, ^vdiich is the jConjngate to the ^^* ... 

Diameter given. andi^^U. 

^ K OP OSilT ION VI. 

Theorem. 

143. jNanEWpJis, every Diameter Aa, as alfo in the oppojite SeBions, 
^ every fa' jt Dimmer A ^^ divides theSemon irno two Parts or Pbr- 

tivns, A M, a m, yhicb beirg tahen in contrary Pofitions on each Side that 
Diameter J are fimilar and eqnai to one amtber. 

For take CP^ Cj?, equal to one another, in the Dianaeter Aa 
( produced in the -oppolite Se&ions ) on each €ide the Centre C \ and 
draw the Ordinates PAl, Bm 5 then k is-nwMiifeft, f that-^hoffe G)idi-^»^^^ . . 
nates are equal to one another, and the Angles ^CPAf^ Qw, are 55, 8*5, 
eoual. Therefore, if flie Plane Cp m be fnppos'd to be laid upon the and 118. 
Plane CPiH on the other Side of the Diameter jia in a contrary Po- *^^*' ^4*. 
fition, fh that tiie right Line Cp coincides with CP, and > m with 
PAI 5 then it is manifeft, that the Point « will *<x)indde with A, and ♦-iFf.ijl. 
the Point m with the Point iW. And fince this always hanpens, let 
the equal Part« CP, Cp be of what Magnitude foever : It fellows, that 
all the Points («i) of the Part tf w will coincide with all the Points 
(M) of the Part A M ^ and corifequently the faid two Parts or Por- 
tions will coincide and be equal. W. If. D. 

p R o p o s I T 1 o N vn. 

Theorem. 

144. iFthe right Line MPM, he drawn through any Point P, talen in f i c. 6ft, 
-1 A a, the Diameter of a Conick SeSion (produced in the Hypcrbo'^9rtOiiu 

la, when the fame is a principal Diameter ) parallel to the Ordinates to 

L that 
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that Diameter : J fay^ the Line M P M witt meet the SeSion in cnly two 
B:>ints M, M, equally dijiant each way from P. And contrarimfe^ if any 
right Line MM, terminating in a Conick SeSian^ be cut into two equal 
Parts by the Diameter A a in the Point P,^ not being the Centre -y then the 
faid Line M M will be parallel to the Ordinates to that Diameter. 

This has been demonftrated in the 9th, i ith, and 20th Articles of 
the firft Book ^ the 49d, 45thy and 5; 5th of the fecond Book^ and the 
83 d, 85th, and ii8th of the third. 

Corollary. 

145.TJENCE if any right line MM^ terminating in a Conick 

•M Se£tion, be cut into two equal Parts by the Diameter Aa^ 

. ' in the Point P, not being the Centre $ then all the Parallels to that 

Line terminating in the Se^on^ will be bileded likewife by that 

Diameter^ 

PROPOSITION VIII. 

Problem. 

145. A Conick SeSion being given^ to find a Diameter thereof. 

^ Draw the right Lines M M^N Nj parallel to one ano- 
ther, and terminating in the Seftion \ then if they be bi(e£led in the 
Points P, ^ the right Line Aa drawn thro' P,^, will be a Diameter. 
. For ^ the Diameter palling through P the Middle oi MM^ muft 
pais likewiie through ^the middle ol NN. 

Corollary. I. 
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147. tF any other Diameter Ddht drawn, as above ^ then it is ma- 

♦. r»f. 7. L . nifeft, tliat the Conick Seftion will be * a Parabola, when 

♦Def.pJL D J is parallel to Aa\ an Ellipfis, "*- when D d meets A a within the 

♦ l>rf. 9. Scftion ^ and laftly, an Hyperbola, ^ or the oppofite Sedlions, when 

™^ the Lines Di, Aa^ meet each other in the Point C, without the 

SeSion j in which two laft Cafes, the Point of Concurrence C is the 

Centre. And lb you have here a Succeflion of the Definitions of the 

Diameters of the Parabola, Ellipfis, and Hyperbola. 

When the whole Elliplis is given, you need only draw a Diameter 

Aa^ for having the Centre thereof; For becaufe the Magnitude of 

"^AfU yo. the Diameter is * determined by the Ellipfis, you need only bifed 

^M$. 96. that Diameter in C The fame is to be done "^ when oppofite Hyper* 

bola*8 are given. 

C O R L- 
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Corollary. IT. 

148. TT E N C E, a Conick Sc£Uon being given, together with fbme 
" Point 0, in the fame Plane •, we may always draw Ibme 
Diameter D J, through that Point : For in the Parabola, you need 
only draw D d throug^h the given Point 0, parallel to any Diameter 
yla ; and in the EUipfis, Hyperbola, or oppofite Sedlions, the right 
Line Dd, palling through the given Point 0, and the Centre C, found 
by the laft Corollary. 

Corollary. III. 

149.TTENCE it is evident, that a right Line MM can. meet a 
^ Conick Se&ion in only two Points Af, M. For if a Diame- 
ter ^ a be drawn through P, the Middle of MM *^ it is manifeft, by 
j4rt. 144. that the fame wiU be parallel to the Ordinates to that 
Diameter ^ and fo by the fame Article, the Line M M can meet the 
Section in only two Points M, M. 

Note, If the Line fliould pais through the Centre C, then Recourie 
muft be had to j4rt, 198. wnere this has been prov'd already. 

CoRtXLLARYlV. 

I Jo. ANY EUipfis or Hyperbola being given, to find two Conju-i^»o- ^?i 

-^ gate Diameters (Aa^Bb) thereof^ and moreover, to draw 7®' 
the Afvmptotes CO^ Cg^ when the given Sedion is an Hyperbola. 

Fina a Diameter Aa^ by means of the Parallels MM^ NN^ and 
through C draw B b parallel to thofe two Lines : Then it is evident, 
* that Aa^ Bb will be Conjugate Diameters 5 becaufe the Lines MM, * i^^ «» 
JV^^ being divided by the Diameter Aa into two equal Pirts in the ^'* ^J?* 
Points P, §j, will be "^ Ordinates both ways to that Diameter. l^rtiU. 

But now to draw {Fig. 70.) the Afymptotes CQ^Cg^ make as ' 

AP^^a:¥M^x\CA:CBoxCb\ or (which is the fame thing) 
make as a mean Proportional between AF and Fa to FM^ fb is CA 
to C B or Cb. This being done, if the right Lines ABj Ab are 
drawn, then the indefinite ri^ht Lines C^, CQ^ drawn thro' the Cen- 
tre C parallel to AB^ A b, will be the Afymptotes fought. For it is 
manifeft, that Bb will be * the Conjugate Diameter to the firft Dia.*^r/. 81, 
meter A a -^ and what remains, is nianifeft by Def. 13 and 14. Book 3. ^^^ ^^^^ 

PROPOSITION II. 

Problem. 

151. A NT Conick SeSion beivgpven^ together mth one of Us DiMme-v tc. d8, 
•" tees Aaj to find the Fdjltion of the OrdhMes (FM) to riot ^9170, 71! 
Diameter. L 2 Draw 
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Draw two Parallels to the given Diameter yi «, equally diftant each 
way from the fame, and meeting the Sedlion in the Points M^ M j 
then I fay, the Line M -M, which cuts the given Diameter in the 
Point P, is an Ordinate both ways to the Diameter A n, if the Point 
V doe^ not fall in the Centre. 

For, by Cofiftruftion, the Line M M will be bifefted by the Dia- 
*Aft. 144. Meter Aa in the Point P •, arid confequently the Line MM will be * 
to Ordinate both Ways to that Diameter. 

After this manner may be found always the Pofitidn of any Ordi- 
nate (PiW ) to the given Diameter yi a. For i. in the Parabola, and 
Hyperbola (F/g.68 and 70.) when the giVen Diameter Aa is a firil 
Diameter, it is manifeft^ that at whatever Diftance the two F^ral* 
lels be drawn frojn the Diameter A a^ they will each meet the Sedi- 

* Art. 10, <^ ^11 one Point M \ becaufe the Sedion "^ infinitely recedes more and 
ao, 84, ' more from the Diameter Aa. 2. In tiie Ellipfis {Fig. 69.) and the 
Mnd 118. q^pdite Sedions (>^f. 7!.) when the givm Diameter j4« is a (ecoiid 

Diameter ^ then it is manifeft, that there can be drawn two Parallebl 
ott both Sides the Diameter Aa^ each of which will cut the Section in 
one Point M, (b that the Lihc M M will meet the given Diameter 
A a ill the Point P, not being the Centre-, becaufe in the Ellipfis the 

* Art. 44* Ordinates to the Diaitieter A a do coiitinaally * diminifh from the 
4ffi^55. Centime to yrf 5 and contrariwife, in the oppofite Sedtions^ do * in- 

* -rfrt. 84, creafe as they go from the Centre C 

Mtid 1 1 o« 

Corollary L 




♦ 4r/ 10 *^ ^^^^ Diameter. This being done, it is inanifeft, * that a *^„^ 
20,44,5 5', drawn through the Point A parallel to M M, will touch the Sedion in 

S4« nS, yrf. 

^"^^^fi^l Corollary It. 

Fi 0.69, 153.ILIENCE it farther appeals, when ^n Ellipfis, m two onpo/itc 
7c, 71. Ax Sedions ^fe given, together with an}'- one of their Diame- 

ters A tf, how to fhid theCorrjugate Diameter (B b) to that. For yon 
need only draw Bb throogh the Centre C, parallel to the Ordinaitcs 
to A a. 

Or elfe, if 5 i be the given Diameter, and the Conjugate to it {Aa) 
is required, draw MM paralleUo B b, and terminating in the Sedion-, 
and then through the Points P, C, the Middles of MAI and Bb^ draw 
tke Dj&meter A a fooght. 

CoROl- 
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Corollary III. 

J 54. AN Hyperbola MAM being given, together with one of the P»c. 70*. 

-^ fecond Diameters Bb in Pofition, to determine the Magni- 
tude thereof, and alfo to find the Pofition of the Ordinates to the 
lame. 

Firft feek the firft Diameter Aa, to which Bb is the Conjugate, 
by the fecond Part of the laft Corollary j and then make il P x Pa : 

M*: : C34': CB*or C^\ This being done, it is ^ manifeft, that Bb ^jtrt. %i^ 
will be the Magnitude of the iecond Dianieter Bb^ and the Ordinate^ and 118* 
thereof will be parallel to A a. 

PROPOSITION X. 

Probknit 

155. J^ROM a given Pinnt T tphhont a given Conick SeBion^ to iraw Fig. ^^%, 
^ two Tangents TM, TM, to that SeBiQn. 73t 74- 

Foy the Parabola. 

Dtaw* a Diameter through the given Point TC (Fig. 72.^ meet- ♦^1^,148;. 
ing the Pkraboia in A^ Und lake A P equal to A T-^ moreover, draw 
"^ a Parallel to the Ordinates to that Diameter through the Point P, "^^#^.151^^ 
which will meet "^ the Parabola in the two Points Mj M •, then if the *Art. 144. 
right Lines TiW, TAI, be drawn through the given Point T, the faid 
Lines will be ^ the Taaigents fcught. * ^^' a^t 

and 2 J. 

Fer the Eflipfs. 

Draw * the Diameter A a through the given Point T, and take CP^ ' c. 75^ 
a thinl Proportional to CT, CA s likewift through P draw a Paral- ^^'^^ ^8- 
lel to theOrdinates^Which will meet "^ the Ellurfls in the Points M^ItU *^^^ j^^^ 
then if the right Lines TM^ TM, be drawn from the given Point T, 
tbdfe Lines will touch ^ the EUiplis. ♦ ^rf. j7,, 

and 58. 

For the Hyperbola attd oppojtte SeBisnis. 

Draw ^ the Diameter Aa through the given Point T, and deter' F i g. 74*. 
Tjoine ^ the Magnitude thereof, if it be a fecoud Diameter, and take *-^'^- 148-. 
CP a third Proportional to CT^ CA viz. on the fkvat Side the given *-^^'^5^ 
Point T, <witb regard to the Contre, wh^ that Poiat &lls in on^ q£ 
thfe Angles for^rsed by the Afymptotes ^ and on thie •opjKjfit't Side, 
when It falls in the arijaxuing Angks ; This being ^don^ ^rSMgh ^h^ 
l^int Pdraw a Parallel to the Ordinates, which will meet ^ the Hv- *Jrt.i4^, 

4 perboia, 



78 The Fourth Book. 

perbola, or oppofite Sections, in the Points M^ M 5 then if the right 
^Art. izi. Lilies TM, TM be drawn through the Point T, they will be * the 

Tangents fought. 
If the given Point (hould fall in the Centre C, then would the 
*Art.ioS. two "^ Tangents be the Afymptotes CQ^Cg -y which might be drawn 

by Art. 1 50. And laftly, if the given Point fhould fall in one 

Afymptote, as in 5 5 then there muft be drawn through the Point H, 

the Middle of C5, the Parallel HM to the other Afymptote CG, 
"^Jrt. 104. which will ^ meet the Hyiierbola in the Point Mj through which, 

and the given Point S, if the right Line SM be drawn 5 this Line 
'^Art. X07. will be * one of the Tangents fought, and the other Tangent will be 

the Afymptote Cg it felf, wherein the given Point S is given. 

Corollary I. 

I j6. TjEcaufe the Line M PM^ being parallel to the Ordinate, aU 
"^Art. 144, •" ways meets* the SeSion in two Points Af, iH, equally difiant 
each way firom the Point P, and not more 1 it follows, that there can be 
drawn but two right Lines TM^TMj from a given Point T, with- 
out a Conick Sedtion, to touch the fame. Whence it is evident, 
that the Diameter drawn throngh T, the Point of G)ncurrence of the 
Tangents, bifeds the Line M M^ joining the Points of Contad, in 
the Point P ^ and contrariwife, the Diameter bileding the right Line 
M M, joining the Points of Contaft of the two Tangents MT^ MT^' 
in the Point P, pafles through T the Point of G)ncurrence of the 
Tangents. 

Corollary IL 

157. ANT two Tangents to the Parabola (Fig. 72.) will meet each 
-^^ other, being produced if neceflary. For if any two Points of 
Contaft My M, be joined by a ri^ht Line •, and then if that Line be 
bifedled in the Point P, and the Line AP ht taken in the Diameter 
pafling through the Point P, and meeting the Parabola in A^ equal to 
AP 'y\t\% manifeft, that the two Tangents MT^M% palling tiirough 
the Points itf, JM, will meet one another in the faid Point T. 

Corollary IIL 

158.TT is farther evident, {Fig. 74.) that any two Tangents to an 
•*- Hyperbola, will meet each other, if produced according to 
Neceffity ; and that always within the Angle formed by the Afymp- 
totes : For if any two Pomts of Contaft AT, M, be joined by a ftiaight 
Line, and after having bifecied the fame in P, there be taken C T in 

the 
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the Diameter pafEng throneh that Point fand meeting the Hyperbola 

in Aj) a third Proportionalto CP, CA \ it is then manifeft, that the 

Tangents MT^MT will meet each other in the Point T, which will 

be always ^within the Angle formed by the Afymptotes 5 becaufe the *Aft.ioi^ 

Semi-diameter CA falls within that Angle. 

Corollary IV. 

159. ANY two Tangents to an Ellipfis, or the oppofite Sedions^ 

(/1J.73, 74.) will meet each other, when the Line joining 
the Points ot Contad does not pafi through the Centre 5 wx. the Tan- 
^nts to the Elli]^ on the lame Side the Centre as that Line falls, 
and thofi to the oppofite Sedions, on the contrary Side. This isr 
provM by means of the Propofition above, as we have fhewn in the 
two laft Gmllariea 

PROPOSITION XL 

Probkm. 

160. AConick SeSion being given^ tofftd a Diameter thereof ^ fphichJbaU 
^ make Angles either waj with the Ordinates equal to an Angle 

given. 

For the Parabola. 

Find ^ AP one of its Diameters, and draw the Line ><JV through A ^Art.x^g. 
the Origin thereof, making the Ajigle PANwith AP^ equal to the Fi c. 75, 
given Angle, and meeting the Parabola in the Point iV^j then bifefl: 7^- 
^ JV in 0, and draw M parallel to APi and, I Oiy, the Line 
Af is the Diameter fought. 

For I. Becaule all the Diameters of a Parabola muft be parallel to 
one another, by Def. 7, Book I. therefore the Line MO will be a 
Diameter 5 lince >4 P is one likewife. 

2. Becaufe the Line A iV, terminating in the Parabola, is bifeded 

by the Diameter MO^ therefore that Line will be ^ an Ordinate ♦^rf. 144* 
each way to the Diameter M 0. 

3. Becaufe iWO, AP, are parallel, the Angle MO A, made by the 
Diameter MO, and its Ordinate 0-/rf, will be equal to the Angle 
Pa Nj which was made equal to the given Angle. Therefore, &c. 

If the Angle given be a right one, then it is manifeflr, that the 
Diameter M 0, found as above, will be "^ the Axis of the Parabola* ♦ jfrt. z^ 
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For tie other StUlwu 

"^Art.i^C. ' Find ^ ^ii one of the Diameters, aiid upon the lame de(crfl>e the 
Ft «• 77> S^ment A Na of a Circle, that may coutain an Angle equal to the' 
78,79,80. Angle given, or the Complement thereof to two right Angles 5 tl^ 
draw the right Lines NA, Na, from the Point iV, wherein the Circle 
cuts the Seftion, to the Ends A, a, of the Diameter A a. This being 
done, if through the Points 0, ^, being the Middles of NA^ Na^ 
a^id the Centre C, you draw the two Diameters Mm.Ss*^ I fay, each^ 
of thefe Diameters make Angles with their Ordinates equal to the 
given Angle. 

For becaufe the line A JV, terminating in the ScSion, is bilefted 
^^r/.i44. ^ ^he Diameter ill w in the Point O, the laid Line A N will be * 
an Ordinate both ways to that Diameter •, lince it bife<^ the Lines 
Aay AN in the Points C, : Therefore the Angle mOA rtiade by^ 
the Diameter Aim and Ordinate AO, will be equal to the Angle aNA^ 
which by Conftrudlion is equal to the Angle given, or its Comple- 
ment to two right Angles. After the fame manner we prove, that 
the Diameter Ss makes an Angle with its Ordinate ^Ny equal to the 
given Angle, or its Complement to two right ones. \Vhence, &c. 
♦Def. 12, It is mantfeft, i. That the Diameter 5 1 is* the Conjugate 10 the 
"' "J^j IJiameter ikTwi^ becaUife the fame is parallel to the Odinatc ON. 
Kin. 58, 2- *rhe Conjugate Diameters MtHy Ss will become "^ the two Axc8> 
^ttd iis/ when the Angle given is a right Angle. 

PROPOSITION XII, 

Problem- 

16 T. ANT Diameter of a Conick SeSion beirtg givett, together mth the 
' *^ l^rsmitvr thereof ^ a^id the Toftion of its Ordhtates 5 avd know- 
twg moreover J whether the fame be afirjl orfecond Diametef^ when we have 
to do with ths Hyerbola^ to defcribe all the three SeHions by one uniform 
Jtbthoi. 

rtrJtJTay. " 

♦-ir#. 27. For the Parabola. Find * the Axis AP, its Origin A, and P&rame- 
JFic. 81. ter AG, aflum'd in the Axis continued out beyond A, and draw an 
indefinite right Line D D through the Point G perpendicular to jf^. 
This being done, if the indefinite right Line D M be mov'd along 
X) G, always parallel to AG\ fo that thetnd D thereof carries along 
with it the Side D A, of the right Angle DAM, whofe Vertex A is 
moveable about A the Origin of the Axis : I fay, the continual In- 

terfedtion 
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.tcrfeaion (Al) of the Line D M, and the Side ^ilf, will by this 
Motion deicribe the Parabola (ought. 

For if iWP be drawn perpendicular to the Axis, then the right- 
angled Triangles AODj MPAy will be fimiUr ^ becaufc each of the 
Angles G ADjFMAy being added to the Angle VA M^ makes up a 
right Angle. Therefore we have this Proportion, vi^. AG : G D, or 

FM: iPMiAP. And fo YMwiW be =GA* AP-y and confe- 
quently PM will be "^ an Ordinate to the Axis A P. ♦ ^^z. ,, 

Kotef This Conftrudion has been already laid down in Book I. 
Art. 29. fo as to agree to all Diameters: And the Reafon why we 
have here only confin'd the feme to the Axis, is to Ihow its Affi- 
nity with the ConftruQion we are going to give for the other 
Sedions. 

For the other SeSitnts. Find a mean Proportional between the given 
Diameter and its Parameter, and place the feme fo that it be parallel 
to the Ordinates, and divided into two equal Parts by the Centre 5 
then it is manifeft, * that we fhall have two Conjugate Diameters 5*2)^ ^^^ 
by means of which find ^ the two Ax^s, and the Parameter of either 11. and^^ 
of them in tiie Ellip/is, and that of the firfl: Axis in the Hyi)er. i5» i^^- 
bola. This being done, * ^^^ ^*' 

Produce the Axis of the EllipfFs toG, and divide the Axis {A a) of p , c?8i, 
the Hyperbola in G ^ fo that aGhttoG Ay as the Axis ^ a is to its 83. * 
Parameter; and draw the indefinite right Line BD through the Point 
G perpendicular to Aa \ then if the Point D moves along this Line, 
and at the feme time this Point carries with it the right Lhie Da, 
moveable about the End a of the Axis (A a) •, as alfo the Side D A^ 
of the right Angle D A A/, moveable about its Vertex Aj plac'd on 
the other End {A) of the feid Axis Aail fey, the continual Inter- 
fcaion (iH) of the right Lines AM^ aDj will by this Motion de- 
fcribe the Seftion required. 

For if iHP be drawn perpendiailar to the Axis A a^ the fimilar 
Triangles aPM^ aGD^ will give this Proportion, viz. aPiPM:: 
aG :GD. But the right-angled Triangles AGD.MPA, are fimi- 
lar \ becaufe each of the Angles G A Dy P-M^, being added to the 
Angle PA My makes a ri^ht Angle : And therefore A P : PM ::GD 
: GA. And by multiplymg the Antecedents and Confequents of the 
two firft Ratio 8, by the Antecedents and Confequents of the two laft, 

there will arife aP>^PA:PM: :aG ^ G D : G D ^ G A : : aG : 

GA\ that is, as the Axis A a to its Parameter. Therefore, '<' i^c. * Art.^iy 

Kotey The farther the Point D is diftant from G, the greater will ^^^81. 
the Angle P a Af be 5 and contrariwife, the lefs the Angle I? A M ^ fo 
that -when the Lines a My A My becoming parallel in the Hyperbola, 
and afterwards cutting one another on the other Side the Line D D, 

M their 
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their continual Interfeftion will defpiibt the oppoGte Hypcrixh 
la. 

In the Ellipfis and Hyperbola, if the Point a be conceiv'*d to be 
infinitely diftant from Ji, or (which is the fame thing) if the Axis 
A a he fuppos'd infinitely great •, then the Lines GAjDa^ which 
will meet one another at an infinite Diftance, may be taken for Paral- 
lels. And fo this laft Conftrudion falls again into the Cafe of the 
foregoing Conftrudlion. Therefore the Ellipfis or Hyperbola will 
then become a Parabola, whofe Parameter is the Line AG^ and 
confequently a Parabola may be efteem'd as an Ellipfis or Hyperbo- 
la, whofe Axis is infinite, viz. the firft Axis in the Hyperbola, and 
either of the two in the Ellipfis. 

"^ Second (Tay. 

Tic. 84* For the Parabola.^ J^t HAL be an Ifofcelles Triangle, one of 
whofe Sides AH is fituate in the given Diameter >4 P indefinitely 
produced both ways from its Origin A, and the other Side AL in 
the indefinite Tangent LAL palling through the Point A. Now tf 
HLj the Bafe of tnis Triangle, be fuppos'd to move always parallel 
to it felf i fb that one End L thereof carries along with it the indefi- 
nite right Line L M parallel to A P, and the other End H, the Line 
FHj parallel to A L, and equal to the given Parameter of the Dia- 
meter A P'^ and if the Extremity Fof the Line FH^ likewife carries 
along with it the right Line FA^ moveable about the fix'd Point A : 
Then, I fay, the continual Interfedtion (M) of the two right Lines 
FA,L Al, during the Motion of the Line HL in the Angle HAL^ 
and that vertical thereto, will defcribe the Parabola MAM requir'd. 
For if the Ordinate AlP be drawn to the Diameter AP, the fimi- 
• larTn^u^les AH F, A PM, wiW^ivc AH, ov AL, otPMiHF:: 

*Jrt.T, AP: PM, and therefore Tm'z^ AP^HF. Whence, ^ &c. 

and io. It muft be obferv'd here, that the Point //falls beyond A, the Ori- 
gin of the Diameter AP, when the Points F, L fall on both Sides 
that Diameter. 

F I c. 85, ^^^ ^'-'^ ^^'-^^^ Sediovs, Here the Conftruflion is the fame as that of 
86. * ' the Parabola, only tlie Line L M muft move about a, the other End 
of the given Diameter A a-, whereas in the Parabola, LM mufl be 
parallel to A a. Avte, In the Hyperbola, we fuppofe that the given 
Diameter is a firft Diameter •, for if it be a fecond Diameter, the firft 
Diameter being the Conjugate to it may be found, as alfo its Para- 
meter by Art. \ T >. 

For if t^e Ordinate AtP be drawn to the Dinmeter A a -, then the 
fmil'ir Triangles aPM, a A L, and APM, AHF, will give thefe 
Proportio s, aP: PM:;aA: AL or AH. And AP:PM: :AH : 

HF. 
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HF. And therefore, if the Antecedents and Confequents of the two 
firft Ratio's be multiply'd by thofe of the fecond, there will arife 

aP kPA :Fm\ :aA ^ AH : AH* HF : :aA:HF. Whence, ^♦^rf.41. 

It muft be obferv'd, that the Points H, a, ought to fall on bothSides ^^^ "«* 
the Point A in th« Elliplis, and on one Side in the Hyperbola, when 
the Points f , L, fall on both Sides the Diameter A a. 

Corollary I. 

162. TJENCE, if any Diameter Aa^ together with one of its Or- p i c. 84# 

•*^ dinates PAthc given } the Parameter HF thereof may be 
found. For i. In the Parabola, ailiime AH^ in the Diameter ^ P, 
equal to PM 3 and then if the Line HFhe drawn parallel to PM^ 
and terminated in JFby the Line AM, drawn through A the Origin 
of the Diameter, and m the Extremity of the Ordinate : I (ay, it is 
manifeft, that the line HP will be the Parameter of the Diameter 
AP. 

7. In the other Sedions, draw the Line aM through a, one End Fig. Sji 
of the given Diameter Aa, meeting the Tangent A -L, palTnig thro' 86, 
the other End, in the Point L § then aflume A Hj in the Diameter 
Aa, equal to AL^ and draw H/* parallel to PiW, meeting the Line 
AMinFj and the Line HF will be the Parameter of the Diame- 
ter Aa. 

Corollary II. 

165.TJENCE arifes a very exaS and nniform praflical Method 
-*^ for delcribing a Conick Sedion thro' feveral Points ; An 
Example of which I fhall give in the Ellipfis, which will ferve as a 
Rule tor defcribing the other Sections. 

Aflume A G, in the Tangent AL, pafling through (A) one End of F i c. *); 
the given Diameter A «, equal to the Parameter of that Diameter, 
and draw the indefinite right Line G F parallel to Aa ^ and through 
the Point ^^Ldraw any Number of right Lines AF^AFj &c. at plea- 
fure. This being done, aflume ^L, AI^ &c. in the indefinite Tan- 
gent each equal to its Correfpondent QF^GFj &c, and draw the right 
Lines aL^aLy &c. then, I lay, the Inter feftions M, Mj &c. of the 
correfpondent right Lines FAj La^ FAj La, &c. will be Points of the 
EUipfis, whofe Diameter is the Line A a. Tangent the Line ALj 
and the Parameter of the Diameter Aa, the Line AG. This is 
manifeft by drawing FH parallel to AQ^ and alfo the Line HL 
through the Point L, anfwering to F. For the Triangle HAL will 
be Ifofcelles, becaufe "^ ALis equal to Q F, or AH^ and HF will be % j^ 

M 2 the 
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the Parameter of the Diameter A a ; and fo tiik Conftruflioii BSk 
again into that of the fecond of the two above&id ways. 

Becaufe the Lines QF^ ALj beccHne veiy great, when the Pbinta 
(M) to be found are near to the Point a *, thefe Points may be found, 
by ufing the Tangent al paifing through the cAier End 4r of the Dia-^ 
meter A a, together with the Line gf Parallel to ^ 4r^ as may be (een 
in the Figure. 

If the Ordinates MP^ MP, &C. be drawn parallel to the Tangent 

A Ly and if they be produced on the Other Side of the Diameter 

A a, to the Points ilf, Af, &c. fb that each of them be cut into two 

*3- equal Parts \>y^ that i)iameter ^ then it is * evident, that thte new Pokits 

m^ My fcc. will be moreover in the fame EUipfis. 

The fame Extent of your Compaflcs, wx. GF, 6r AL^ will 
fcrve for denoting any Nurtrber of mnts F, F, te:. -L, 1, *c. at plca- 
fiire, in the Lines GF^ AL. For by that me^ all thofe Imall 
Parts being equal to one another, evety QF will be e^uil to ita 
Gorxe{pondent AL i Whidi is the Foundation of the DemonflrMioiL 

PROPOSITION XHt 

Theorem. 

Ff c. SH, 1^4. jF there he two right Lines MN, AR^ termimtthg in CmA 
H^» >K 1 SeSiofty meetivg each other in P, and if they he varallel to two 

right Lines given in Pojttion : Ifay^ the Reffangle MPxPN will be always. 

to the ReSangle A P x P R, in a given Ratioy in whatfoever Part of tic 

SeSion tbefaid right Lines M N, A R falL 

For the Parabola. 

ft e. ts. Let the Tangents CB, E JB, meeting one another in the Pouit 5, be 
parallel to the right Lines M iV, ARi Ifay, MP^PNiAPnPR 

«L^.i4«. For if the Diameter CQ be drawn ^ through G, the Middle of 
M N^ and if C-B be drawn through C, the Origin therecrf", parallel ta 

♦^rf. lo^iMt A' ^ then it is* manifeft, that CB will touch the Sedticm in C 

atid ii* And after the lame manner muft the Tangent jfe\B be drawn parallel 
to ARj whieh produce.till it meets the Diameter CQ in the Point 
K\ and if the Ordinate iiL be drawn through the Point of Contadt 

^j^rt. «,£, we Ihail have * iC C= CL 5 and fo iC 5 = B £. Again, draw the 

*3^ Ordinate A D, and the Line A E parallel to the Diameter CG^ and 

call the given Quantities KBov BE, w 5 £ C, w^ Cjf, e 5 the Para- 

meter (CH) of the Diameter CG^p-y and the indeterminate Quanti- 

^ APyX,, PMrJi ADr r •,. C A x. 

This 
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This being laid down, becaofe the Trianglci KBC, JtPF, tat- 
fimilar, therefore PF is = — ^ AF at DQ = — : And conlequentl/ 



m 
ex . ^ ,^ ^ ^^ . njr 



CG= — + x, QAf or GiV^=^+ — +r, PiV^or GiV^+ GP= 

^ + 2y, + J^**+^x + rr. But* CD(0 ;C(? ("^+ *^''« 

mm m \ *• -^ ««< lo.. 

::^D(rr):G AT =rr + — x=rr+— x, becaufc^D (rr) = 



mi m 



CDn CH(fs) . And comparing the two Values ofGM together , 
there will be form'd the following Ecuation jj^ +— *J+ 2r ji -V— x % 

+ — X — ^x^=:.o^ which agrc^ to all Points of the Parabola, whca 

the Line A R falls above the Diameter CQ^ and the Point of Inter- 
iedion P &Ils between the Points A^ H 
Now in the afbrelaid Equation if jon make jr = o, and fbike out 

all the Terms afFeae^with^, we fliall have.!^xx+— x ~ ^x = o. . 

01 01 f m 

From hence we get x =i ^ — — = ^ j^ i becaufe when PM(y)is.. 
equal to nothhig it is manifeft that AP (x) will be equal to ^ J?. . 
Therefore aPhPR=^ x—^x--^xx ^andconfequently if PxPiv^ 

{jy^^'^j^^n)iAPnPR(j:^x^^^x-^xx)^ 

EB{fnm)\ becaufe by multiplying the Means and Extremes, the 
preceeding Equation will come out again. And fince the Tangents . 
CB^ BE remain always the lame, let their Parallels MN^ AR^ fall . 
in any Part of the Parabola ^ therefore, tec. 

Here it mttft be obferv'd that there may happen different Cafes, 
according to the different Petitions of the right Lkes -AfiV, ^if. ' 
but fince the Demonftration is every where the fame, excepting only" 
in the Alteration of fome Lines, or Terms that vanifli •, therefore 1/ 
(hall not explain all the Cafes Separately ^ which I would have qb- - 
ferv'd alfb in the other Se£tions»^ 

For thf ether SeSianu 

If the two Semi-dimeters CO^ CB^ be drawn Parallel to the right f re. 80 

lines MN, AR:l fay MPnPNi APnPK u CO ;.C"A 9o, >i. 

Sravt 



r- 



8^ The FourthBook* 

Draw the Diameter CG^ having the Line MN for a double 
Ordinate, and draw JJ£, AD, parallel to MN^ alfo draw 
AF parallel to CG, and call the given Quantities C 5, jw^ BE^n^^ 
CEj e 5 and the Semi-diameter CjK, t •, the Semi-conjugate to it CO,ci 
and the intermediate Quantities AVyX\ PiM, jf; AD^ r\ CDyS. 

This being premifed, becaufe the Triangles CBEj APFare limilar, 

therefore PF is =— , A F or DQ =—. And confequently in the H7- 

Iff ^* 

perbola or oppofite Sedions, (Fig, 90. and 91.) we have CQ^s 

««« * %tot 

— 2ri MPKPN=yy\-—y—2ry,QM=yy-\-:—y'-2ry + 

• j^ « -2L xx-^ X -\-rr. But * CDXTk(s sA^tt):^^ +■ CK 

* Art* 8&» mm m ' ^ '^ 

{ — -I [- ss4-tt) :: -423 (rr) : Gill =:rr + — -== 

"^Art. 81, =r r + ^^— _^*[fi^ by fubftituting — for -^— the Value * 

thereof. And comparing the faid two Values of G iU , we fjiall 
form the following Equation jy '\ y — 2 r y + —^ — x x — - 

imtjU_um ^ _ ^ in ^hich, if you fubftitute cctt in the Place of 

mtt 

its Value mtt — ccee ( where note when CJB is half of a lecond 
♦-ii^.i J4. Diameter, you muft fuppofe "^ a Conjugate Hyperbola to pafs through 

* Art.Si, the Point B 5) becaufe '^CE^'^k (ee + tt) CTb (nn) : XK {tt) 
^^"*" I'COCcc) then there will arife v v + ^^y — 2rv+ — xx — 

i^ t^f^ X = 0, which Equation agrees to all Points of the SedHon, 

mtt 

when the Points A^R^ fall on both Sides the Diameter CGj and 
the Point of Interfeftion P falls between the Points A^ R. 

Now in the faid Equation, if you make ji =:o, there will arife (by 

ftriking out all the Terms affeaed with y)- xx— ^J^_l^ x=o. 



mm mtt 

iccems 

cctt 



and fo we Ihall get x = Va^'^l^'H' = AR', becaufe when PM (y) 

^ cctt ' ^■'^ 

is equal to nothing, then A P (x) will be = ^4 /?. Therefore A P 

V cat / m 

CB (mm): CO (cc^. For if the Means and Extremes of this Pro- 
lx)rtion be multiply d^ there will arife the preceding Equation.. Now 

2 becaufe 
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becaufe the Semidiameters CO, CB remain always the lame, let their 
Parallels MNjARhllin any Part of the Sedlion : Therefore, &c. 
I^all not here lay down the Calculus for the EUipiis in particular, 
becaufe it differs only in fbme Lines from that of the Hyperbola. 

Corollary I. 

165. TF anjr two right Lines MNj AR, terminating in a Conick Fic. >*•. 

-■- Seftion, meet each other in P 5 and if any two other right 
Lines FQ, -B jD be drawn parallel to the two former ones, terminating 
in the Sedlion likewife, and meeting one another in the Point ^ . 
then itismanifeft, th^t MP nPN : AP^PR hF^^^GiB^k 
^D, For the two right Lines AR^B D, being parallel to one ano- 
ther, will be parallel to the lame right Line CZ given in Pofition-j 
as likewife the two right Lines MN^ FQj to the lame right Line 
Cr, alfo given in Polition. 

Corollary. II. 




le 
fai " L 

ER ::F^^^G:B^>^ ^D. For if in Corol i. the Line MN 
be luppo?3 to fall in FO9 it is manifcft, that the Rectangles 
MPnPN, AP^PR, will become f£x£G, AEnER. 

Corollary. III. 

For the Circle. 

167. "pR O M this Theorem may be drawn that moft noted Proper- F 1 c 93,, 

-*^ ty of the Circle, viz. that if through any Point P, taken 
within or without a Circle, there be drawn any Number of right 
Lines AR, MN,HLy Sec. terminated by the Circumlerence, all the 
Redanglcs APy^PR,MP^ PN, HP * PL, &c will be equal to one 
another: For if the Semidiameters C B^COyCD, &c. be drawn pa- 
rallel to thefe Lines, then (by the Theorem) itismanifeft, that all 
thofe Reftangles will be to^ one another, as the Squares of the faid 
Semidiameters or Radii, which by the eflential Property of the Cir- 
cle are all equal to one another.. 



Corol- 
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C O It O L L A R Y IV. 

For the Parabola. 

^•W I c.'94. 1^8. tT there be any right Line iW iV terminating in a Parabola •, and 

-■- if the Diameter AFht drawn through any Point A in the 
Parabola, meeting the Line MN in the Pointf: I fay, the Redan- 

• gle MF>iFN, is equal to the Redanglc under AF and CH^ the Pi^ 

• rameter of the Diameter CGj palling through the Middle of M N. 

For fiippoling, in the Theorem, the Line ^ P to fall in A F, then 

it is manifefti that the Line PF T— x) will become equal to nothing; 

mm _ 

and fb — = 0. Therefore ftriking out all the Terms afiided with 
— in the Equation for the Parabola, viz. yj 4 j + 2 rj -f ZZ^ x % 

tn HI ffUM 

+ — ;c — — X =r, we fhall have this j j^ + 2 r y — ^ x = ©• But 

mm •'•' i» 

AF^—,CHz=zif,^dLMFnFNz=:jyJ^2ry. Whence &c 

m 

I have laid down this Corollary only to ftiew the great Extent of 
the Theorem it is deduced from •, for it may be demonftrated more 

-«fy another way, which is thus : oTtf ^=^QC^CH^ AD oxWF^ 

D Cx C H, and therefore ITM^^Foi MF x FN^G C^DC 
^CH=AF^CH. 

Corollary V. 
For the Parabola. 
169. IT E N C E it is manifeft, 

T. If there be two right Lines MN, E L, terminating in a Para- 



the middle cf M Nj pafles alfo through the middle of £ L^ and con- 
fcquently the Redangle jK P xPL is = 5 P x Cf/, and moreover M F 
nFN-AF^CH. 

2. If any right Line M N terminating in a Parabola, meets two 
Diameters (A F, BKy) thereof in the Points Fy K -, then we fhall 
have this proportion, MF^FN:MK^ K N :\A FiB K. 

?• If 
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^ ?. If any two parallel right Lines M AT, J?JL, terminating in a Pi- 
i raboia, meet any one of its DiametenT (J3! PJ in the Points A, A then 
irillitbcas^AicXiV:£P^ PLi.BKiBR 

Corollary XL 

For tb$ Parabola. 

i7a1J[ENCE apnears the Way of defcribii^ a Parabola paf- 
-^ fing throum three given Points Aj M^ N^ and whofe Dia- 
meters A F^ CO fliaU be parallel to a right Line given in Pofition ^ 
together with the manner of demonftrating, that there can be but 
one I^rabola only that will fatis^ the Conditions of the Problem. 

For join two of the given Points M^ N^ by the rieht Line M N^ 
and through the third A draw a Diameter A F paralkl to the Line 
nven in Pofition, and meeting the Line MN in the Point F\ alio 
timxigh (O) the Middle of ^iV; draw Q C parallel to ^ J^. This 

beii^ done, make itfl^KFiS^rilfG mGJV; ot'QMnAF'.GCKnA, 
having taken CjH, a third Proportional to CG^ O M^ deicribe * a Pa- ♦ ^^^ 
labola, with the Parameter CH^ and Diameter CG^ whc^e Origin is«ji^ 30. ' 
C, and Qrdinates are parallel to ill i^^ and that will be the Parabola 
wouir'd. 
ror I. The Parabola will * pals tiuough the Points iM, iV^ 5 be-*^r/. 7, 

caufe by Conftroaion CHnCG — QMot ON. . 2. It will pafi ''''^ •''• 
alio through the Point A, becaufe iWG » GNiMF* FN:i CG : FA. 
3. The Diameters AF^CGj will be parallel to the right Line given 
in Pofition. 

And becaufe the right Line CG^ whole Origin is C is a Diameter 
of the Parabola anfwering the Conditions of the Problem, and the 
determinate Line CH is the Parameter of that Diameter •, therefore 
there is but one Parabola only that will latisfjr the Problem. 

CotOLLART VIL 

For the Parabola. 

171. tF there be two right Lines ARj MN^ terminating in a Para- Fi c. 8«- 
^ bola, meeting each other in the Point P 5 and if it be made 

; as ^Pi^PJJ iMP » PNiiZtP^: Pf': and the Line AFhe drawn ^ 
then, I lay, the Line ^F will be a Diameter. For if the Tangents 
CB^ EB, be drawn parallel to the right Lines M N, AR, and the 
Diameter CG be drawn through (C) the Point of Contadl meeting . 

EB (produced) inX, welhall hav€£5*or^*:IC*::y^PHP/? : 

N MP 
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MPx PA": .irf.YF^ and coniaqilently HhxQh : : APifF. 
Therefore the Triangles iC J?C^ >f P P, will be fimikr, and their Side$ 
AF^KC parallel : Whence the Line A Fy being parallel alfe to the 
♦De/.7,I. Diameter CG, will be a Diameter 5 becaufe all Diameters * of the 
Parabola are parallel to one another. 

Corollary VIII. 

For the Parabola* 

172. *dT means of the laft Cosolhry, a Parabola may be dtfcTi5''d, 
•O which fhall pais through four given Pomts Ay.M^ R^ N. 
For if the £iid four Point& be joined by twa ri^t Lines A Rj 
M Nj intecfeding each other in the Point P ; and ifyou make A F 

y P R : MP X P N ::A¥:PF\ and dta\r the Line ^ F j then if a 
♦-ir/.i7o. Parabola be delcrib*d "^ paffing through the three Points Ai M^ N^ 
whofe Diameters are parallel to the Line AFi this Pbrabela will be 
that required. For by the Theorem, the Line A P moil meet that 
Parabola ia the Point R, being foch that APnPRiUP%PNii 

It Of KB^i BC\ : AP : TP. 

F I G. 95, If *^ ^^^^^ T faH» beyond the Peint P, then Aerc ma^beanocfter 
' Plavabola defirrib'd, which wilt nais throiigh. the feur g»re» Pcnnts; 
But it muft be here obfervM, tnat when one of the Points FiXt^ fm 
one of the given Points MatN\ then there will be but one Auibola 
anfwering the Problem ) and when both of them &11 on the Points. 
M^N, the Problem will t^ in^poflible 5 becaufe then theDiameter (^F) 
o£ the Parabola, will meet the Panabola in two. Po»t% which haa 

"^Art. 10. been "^ demonftrated to be impoflible. 

CoROLL-iRY IX. 

For the Hyperbohj or oppofite Sa3ivisi^ 

¥ic. 96 n?- JF ^^^ ^ ^ "S'^* ^^^ ^'^^ terminating in a» Hypefbola^ 
^■j. -■• or the oppofite Sedlions, meeting an Afymptote CB in the 

Point ^ and which is parallel to a right Line^veP kiPofition-, and if 
thro' any Point A in the Seftion, there be drawn a right Line ^P pa- 
rallel to that Afymptote, meeting the Line MNin the Point P: I (ay, 
the Reflangle MP x PNto the Redangle 2 AP^ P# will, be in a 
Riven Ratio, let the right Lines M N, AP falPin any Piit 
foever of the Seftion or Seaions. 

For if in the Theorem (/V^. 90, 91.) the Semidiameter CB be fi^ 

^.^.102. pofid to become an Afymptote-, then it is * manifeft; that each- rf 

the three Sides of the Triangle CBF will become infinite. And fi> 

iC JIE& be drawn (Fig. 96, 97.) through Jf, the End of the Diameftr 

^-Kt (paflisg ttvough the Middle of MN) paialkl to MN^ aadv 

meet- 



Of the Three C o li re K Sections. 91 

meeting the Afymptote CJSinjS^ then the TrIaBgle CMS will be 
form'd, whoFe three Sides &re finite, and this Will be limilar 
to the Triangle CB£s therefore CK (t) : KS, or ^ CO (c) : -.Mrf-iij. 
CE (e) :EB (w)-, and fo ce is =«t. Now fubftituting wt in the 
Place of its Value c f, in die Eqi^uition found in tiie Theorem for the 

»<- V t • . ^^ I nntt^cc9$ inrtf Pieces _ 

Hyperbola. wt, If jf H 1 — zry-^--' xx*— x=t>, 

there arifa jf jf + — Jf— ^^rj— — ^ — x = o, orjj + — y — 2rj 
_ iMrt±ina^^ ^^ producing ADt (if necefl&ry ) till it meets the 

mt 

Afymptote CB in H, then the fiinllar Triangles CKS, CDH, will 
give this Proportion, viz. CJC (») : IC5 (c) : : CD (») : 2>fl = 

'A .Aad therefore, ^fforP^=l^. Whence we have MPx 

(ffi) : : JCS : CS. Becaule in multiplyiiig the Means and Extremes^ 
the a&reOiid Equation Vrfll' again be prodnced. Mow becaufe this 
lines KSy CS, remain always the ianie^ let the Lines MNyAP&ll 
in auT Part foevet of the Se&ion | fince the Diameter L K, pafilng 
thsqugh ihe Middle of MN, alio * pki^ thro* the Mifldle of all- the *jff. 14$. 
Parallels to iliJV terminated by the SeOion, let them &11 any how 
(bever. Therefore, &c. 

Tbds Corollary may be immediately deiUonfirated, widiout having Fi c. 94. 
fecowie to &e Theorem, after the folknuring manner. Let the given 
Quantities CJC be =f, JC 5 or CO =c, C5 = «, and tiie indeter- 
minate Quantities' CD =», AD oc Dl:=:f, AP=zx, PM = t. 
Then beoBufethe:TrianglcsC5jr,.^FF, are £nular, therefbie'PJ^is 

c=^ AF «r DQ s= ^j and thesefote QM ot QN 7=^ t 4. 

mm •' ^^ 

— -.r,CG=rif+f. Now becaufe the Triangles CKS, CDH, 
CGSli we fim^i theiefore CK (0 : KS (c) : : CD (i) : D Hzzz 
y::CG(^+0:G^='^.+ y. And tiiercfote itf £ » ^2^, or 

» 

X HJ, ^ DH—-il>l zzi^ — rr^ and byfhriyking out from eack 

£ide ^tr*''' '*> -^^ bdn^ns over all tji« Tfinmt whoeiii j i|, to one 

N2 Side, 
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Side, we (hall get this Equation, jjj^^ — 2rjp=^ + — ^whidi 
being reduced to a Proportion, gives MP^TN(fy+^ — 2 ry) : 

2A?^P§^Qy -\'irx).iKSXc)xCS{m.) W.JT.D. 

The Demoiiftration is the fam^ for the oppolite SefUons only wiA 
the Alteration of fbme Sigjos^ 

Corollary X. 

For the Hyperbola^ of» oppofite SeSiwiSt^ 

X c. 98.. P74* tT foUowa from the lad Coiollaiy, 

^ I. If there be two parallel right Lin« MN^HG^ termina- 
ting in an Hyperbola, or the oppoiite Sedions, and meetrng one 
Afymptote CS in the Points^ /j and if thro' any two Points (A^ S) 
in the Sedtion, there be drawn the two Ptiralleb><P, jB A tothc 
Afymptote CS, meeting the Parallels M N, HO, in the Points P, D ^ 
then the ReSaBgles MPn PN^ 2 AP* P^f will be to one another, 
as the Reftangles HD » D G, 2 JJ D » D / 5 and therefiae wc have 
MPnPNiHDnDGiiAP-nP^iBDnDl 

2^ I£ there be ^two parallel right Lines iHiNT, HO^ terminatuig m 
an Hyperbola, or the oppofite SeQions, and meetii^ one AfymjS^ 
CS in the Points ^,15 and if, through any Point ^ in the Section, 
there be drawn AU parallel to CS, and meeting the Lines MN, HQ 
ill the Points P, \. then we Ihall have the following Proportion, (by 
conceiving in the laft Cafe the Line BD to fell in AP) MP n FN 
:H0 nOG::AP^P^:AO^Or::APiAOy becaufc P jf a 

3. If there be any right Line HQ terminating in an Hyperbola, 
or the oppofite Sedions, and meeting the Afymptote dS in the Point 
I\ and if thro' any two Points {A,B) in the Sedion, there be drawn 
the Lines AO, BD, parallel to CS, and meeting the Line HGintht 
Points 0, D\ tjien we (hall have this Proportion, HO ^ OG : HDx 
BG::AOyiOI:BDnDL This is a farther Continuation of the 
firft Cafe, in fuppofuig the Line MN to fall in HO. 



Corollary XI. 



F ic< 



becomes 



the Tangent L S 1 then it is manifeft, that the two Points of Inter- 
icOion By D will coincide 10 the Point of Conta^ L ^ and fi> ft 

Point 
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Point of CovitzGt may be conlider'd as two Points of Inter ftflioji that 
do coincide. Which being premis'd, there arifes (everal Ca(ts of the 
iil» 2d, 5th and loth Corollaries^ the Principal of which are as fol- 
low. 

I. If there be two Tangents, KS^ LS^ meeting one another in the 
Point Sj and two other right Lines MN^ ARy parallel to thofe Tan- 
gents terminating in the Sedion, and meeting one another in Pj I 

fiy, MPnPN:APnFR::KS\LS\ This has been prov'd in 
the Theorem, with regard to the Parabola : But for the other Sections, 
if in the firft Corollary you conceive the Line FQ to fall in the Tan- 

gnt KSy and BD in LSi then it is plain, that the two Points of 
terfedion JP, G, will coincide in the Point of Contad: K ^ as like- 
Wife the two Points £, D, in the Point of Contad: L \ and \o the. 

RedaRgles f §J< ^G, B^x ^Dy will become the Squares XTv* 

21 In an ElUpfis, or the oppofite Se£lions, if there be drawn a Tan^i. 
g^nt TXparaHel to KSy and meeting SL in the Point X\ then we 

prove, as in iVir»i. i. that MP » PN: AP^ PR ; : Tx\ LX\ and 

th&tPoreKS': LS\ :TX : LX\ ar)dKS : S L : :TX : LX. Thatis,. 
if two Tangents parallel to Jf^L TJT, meet a third Tangent L5, in 
the Points S, X \ then we fliall have this Proportion, JC5 : L5 ; : T JC 
iLXy otKSiTX.iLSiLX. 

3. In the EUipfis, Hyperbola, or oppofite SeSions, if there are 
two Tangents K Sy L 5, meeting one another in the Point S 5 and if 
the two Semidiameters Cr, CZ, be drawn parallel to thofe Tangents 5 
I fiiy, thefe Tang^ts will be to one another, as the two Semidiame- 
ters. For by the Theorem, CT :CZ': :iWPv PiNT: ^Px p){ : :. 

Ts\Tshy iVttW.,1. therefore CT:CZ::KS:L S, 

4. If there be two right Lines ARy PG, terminating in a Conicfc 
Sedion, and meeting the two Tangents A /, 10, being parallel to . 

theih in the Points /, 0^ then Ifiy, FOxQQ : LO: : k1\aI n 
IR. This is evident by conceiving in Corol i. that the Line B D bev 
comes the Tangent X 5 and M iV, the Tangent K I. 

5. If there are twp Parallels ARyB Atermniating in a Conick Sefti- 
on, and meeting the Tangent XHinjhe Points lyH^ then I fay, 

in\ A I r. IR ::KH\ BH n HDy otYi^ KH\:AI n IR :B H 
> HD* This is a Continuation of C^al. 2. by conceiving . the Line 
Pes ta fill in theTangent JC H. 

6: If the Conick Sicclion, in the laft Number, be funpos'd an Hy^^ 
perbola, and the Tangent HJC an Afymptote^ then the Rea^ngles 
£B nHJ)i AP^IRx will become. e^ial to one anothen For then 

' * . the ■ 
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♦^rf.ioS.the Point oFContaa X will be ^ infiniteljr diftant from the Points 
ff, /•, and confequently the infinite right Lines HKj IKj whofe Diffe- 
rence is only the finite Line HIj may be taken as Equals. This has 
been demonftrated already in the 97th Article 5 and the Reafon whj 
we have repeated it again, is only for proving what we have laid 
down, and ihewing that the fame Truths may be difcover'd after vciy 
different ways. 

7. If there be two Tangents KS, L5, meeting one another in the 
Point S i and if there be a right Line A Rj terminated by the Sedicm, 
parallel to one of tfaoleTangents, as L 5, and meeting the other KS^ in 

the Point Jj then I lay, JTf: AI^IR:: Ys : Ts\ This is mani^ 
feft by conceiving, in the fecond Corollary, the Lines FG, B D, to 
fall in the Tangents 2C 5, LS. 

8. In an EUipfis, or the oppofite Serious, if there be two panlU 
Tangents K /, TF, meeting the Line A U, terminating in the Sedi- 

on, in the Points I,r,ihmiray,'Yl:AInIR::W:RV^VA. 
This is a Continuation of the fecond CorolUry, by fiqipofixig the Pt^ 

r«llel8iMJV;FG, to fall in the Tangents Tr,JCi: . . 

F I c. 94, 9. In a Parabola, if there are two Parallels MN^ C H, cme of which 
touches the Seftion in C, and the other is terminated by the fime \ 
and if through any t\^o Points A^ J5, of the Seftion, there be dmwn 
the twoDiameters^F, J50, meeting the Lines MN. CHy in the 
Points F, J then it is evident, by conceiving (in Num. 1 , and 5. of 

Corol6:) £L to fall in the Tangent CH-, i. Th^t MFn FNiCO 
:: AFiBO. 2. That if FA be produced till it meets the Tangent 

Cff in @^ then we fhall have -MF « FN\ C^:: AF: A^ 
Fic. 98. '^- " *cre be two Parallels iWiV, KT, whereof one, as XT, 
touches an Hyperbola in iC, and meets one of the Afymptotes in S, 
and the other M N is terminated by either of the oppofite Se£Uons, 
and meets the fame Afymptote in ^^ and if, thro' any two Points 
Ay J8, in the Sedtion, there be drawn two Parallels yi P, J5 T, to the 
Afymptote CS, meeting the Lines MN, KT, in the Points P, Tj 
then we fliall have ( by fuppofing in the three Numbers of CoroU. to. 
the Secant G H to fall in the Tangent R T) i. The Reftangle 

MP^PN :Tt : lAP^P^iBT^ TS. 2. By producing PA tiU 

it meets XT in X, the Reftangle MPxPN:TR::AP : ARI 

3. ThcSqmrein\KR'::BTnTS:ARnRS. 

II. In the oppolite Sections, if there be two parallel Tangents 
-KR, LFy meeting the Afymptote CS in the Points S, V\ and if thro 
any two Points A,Bj in the Sefition, there be drawn two ParaHek 
ARjBFtot\» Afymptote CiJ, meeting the two Tangents in the 
Joints R, Fh then we mall have ( by fuppofing, in Numb, i, and 2. 
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Corel. la the two Secants iW iV; GH, to fall in the two Tangents - 
Kk^LT) i. The Sqoue 'kK\ LT!: AR*RS:BF* FV, 2. The 

PROPOSITION xrv. 

ftaWcrxt 

rjS. 'T^O iefcriie m JE 




thint^j bnvg pt^alUl !• the tlpa SUef F IC, G H, le t& the Ctntjvgate 
DiameUr D £^ in the given Rath of mtaxu 

Draw the Lines A 5, D£, bifefting the onpofite Sides of the given 
Riralfelognuai fOHK^ then it i*^ raaaifctt, that thoft Lines will *Art.u^Si. 
he the two ConjugAte DiMoeten of the Sedion ieqitir\i, and their 
Pgiat of Inter&dion will be the Centre thereof^ becaufe \rf one o£ 
the Conditions of the Problem, the two Parallels FQj KH^ muft 
terminate in the Sedion, as well as the two other Parallels PK, Olf. 
This being laid down, if ^ J, D £ be taken for tfaofe two Conjugate 
Diameters 5 and jou call the given Quantities CL^ or CO, tf 5 i jF, 
« O J?, ^ ; and the nnknewn Qtaantky CA or C2, t $ then ws ihall 
Iwne, !• (whett the Seaioo: is * an Elli^) BLnLA (tr—(Fa) : * An.^i^ 

LF(ibyr.ABiDE::nw^:nn. And tberefbre tt:=:^tfa-^ — ^* 

nil 

^When^eSeaionsafeoppofileone^cX*5^ CA(aaXtty:TP\hi) :: * ^rf.8i^ 
-/i -B D Eiimm :nn : and lo tfis = a a , or tt = 

«ai vfx. =tf a , when the Line AB is a fir|l Diameter, 

nn 

and::;^^^ att. wheatbeflmr is a fecondf Biameter t and front « 

hence ariies the following Confimfiion, ofwbich I mate three Ca&s. 
' Gffe I. When theSeOion iaan ElUpiis^make the rig|ltt«as)gledTriangle 



rSTGsch •, that the Side STbe = C£, and the Side Sr= - £ F5 

n 

then if an EUiplis be defcrib'd with the Semidiameter CA = 7T, 
having the fame Proportion to its. Semi-conjugate CD^ as m is to n. 
I fey, that EUiplis will anfwer the Problem. For i. The Dia- 
meter AB being parallel to the Sides FKyQHy is to the Conjugate 
D£f in the given Ratio(^ w to ir. 2. Becanft the Triangk TSF^ 

is right-angled at 5,, the Squase TT ojt CA* (tt)^ TS(m) + sf 
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^^\ J and therefore BLuL AiH—aa) =^ j and conftquert- 

lyweh!ivcBL*LA(^)'.LF (bi).:mm:nn:iAB* ,M. 

Whence it appears, that X F it an Ordinate to the Diameter AB-, 
and ib the Seaion nafles thro' the Point F. Aiter the (ame nauuier 



we demonftrate that the SeCdaa will pafi duo* the three Points Q, H, 
JCj becaufeGX=I.f =OX = Ofl; andCO=CX. 

Cafe 2.When the Sediom ate oppofite ones^and CL k ffeatet than-^ 

X F: fixm the R%fat-«ngrd Triangle TSF, ibch, that the Side 5F 

be =— L F, and theHypothenofe rT=CL ; and then defcribe two 

oppofite Hyperbola's, having theSemi-firft Diameter CA=TS, in 
the lame Proportion to CD, the Semi-coojogate, as » is to « 

Cafe ^.WhendieSedions are oppofite ones, and CL islefithan— L F: 
Then the Right-ai^Vd Triangle T^rmuft be form'd, having the Side 
TS =:CL, and the Hy podKnuTe 5^=— L F. And afterwards two oppo- 
fite Hpperbola'smnftbedefcribed withdieSemi-lecondDiameter CA= 
TF\ and the Semi-coojugBte CD, having the fame pn^ortioD to out 
anouerasaitDM. 

TheDemonftration of diefe two lafi Cafes is the fimeas that of dM 



Ptoblem 



impoliible. 



CoaOLLAlY, I. 



177- g Ecaufe the pofitioa of the two Conjugate Diameters AS, DE, 
,!;►;«« J* °«*?™?''M«*. w well as their Magnitude j fince by the Con- 
i^^^i^"*^"* ^ ^ Diameten mufl ait the opi^ite Sides 
SnS^SSr?^??' and there can be found but one Value for the 
SMgj^meteis CA, CB-, therefore the Pioblem can have bat one 

''^ H^£Sf ^PP»« 2fi V*™* of defcribing a Conick Scdion, 
«»Ten PbK. ^ ^*«"«J°Snun FG HK, and pafling through 

^Stt^A^S^^J^'TL'^ \ ^^ ^^'^^ the oppcv 
^ raiallelognm $ aUb ftom the given Point^ dm w the 

' Qrdi. 
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^^^y, and theiefore £1 « L j4 (ft— «§) = -^-^ I tnd coDfeyi e at> 

I7 we have 3 L » L ^ C*^) * ^* ^^) ' * " "^ ' * " ' * -^* ' ^*^ 
Whence it appean, that L F is ao Ordinate to llie Diameter Ah\ 
and lb the SeiOion pafles thiro* the Point K Aftier <he fkme manner 
we demooftrate that the Seditfi will pafi thro* the three Pointi G, £i; 
JC { becaufe G L = L F= OX == H, and CO =CI. 

Gf/r 3.When the SeOioniate oppofiteoiXi,aiid CL ii giretter thaih^* 

XF: fixm the R«bt4U«l'd Triai«le TSV* liich, that the SidefV 

be=— L F, and theHypothennfe VT-=CL \ and then dcfixibe two 

oppafite Hyperbola^ having the Semi-firft Diamelec CA =71S, in 
the lame Proportion to CI^ the Semi*coojagat^ as aip is to s. 

'Cuft ).VhentiieSedbnsave oppoifteone^and CJL islefitfaaoH^L F: 

Then the Right-angrd Triangle Tjrmuft be fi)nn*d, having theSde . 

IS =ci, and the Hxpothenule 5r=— £ F. And afterwards two oppo- 

?e Hppeihola's muftbedefcribed wididieSeini-JlecondDiameter C^= 
F, and the Semi-conjugate CD, having the fiune pnporticm to one 
another as ai to*. 
TheDemonftration of thele two lafi Caies is the lame as that of the 

firft } but it muft be obferved when CL is =~ L F, the Problem is 
impoliible. 

COBOLLAKT. I. 

1 77. n Ecaule the pofition of the two Conjugate Diameters AH^ DE^ 
Xj jg determinate, as well as their Magnitude ^ Imce by the Con- 
ditions of the Problem, the laid Diameters muft cut the oppdite Sides 
of the Parellelogram, and there can be Ibond but one Value for the 
Semi-diametets CAt CB; therefore the Problem can have but one. 
AnlWer. 

COROLLAKT II. 

1 78* XJ E ^ C E appears the Manner of defcribing a Conidc Sedion, 
-*^ about a given Parallelogram FQ HK, and pafling throi^h 
a given Point M. 

For draw two ConitKate Diameters A By DEy bifeSing the oppo- 
Irte Sides of the Parallelogram ; alfo firom the given Point M draw the 

2 Ordi- 
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Ordinate iW P to the Diameter A B, meeting the oppolite Sides f JC, 
G H^ in the Points U, ^, and the Sedion ( which I luppofe to be de- 
icrib'd) in the Point iV-, then it is evident that PiV=PAf, and fo 
U i\r = ^M, fince VK^V^ Therefore the Rea^ngle R itf k IA& 
will be equal to the Reftangk /? M^RN. But ^ F R x R jK : MK k ♦^.^^ ,^^. 

RN::RM>^ M^ : : 34"i : £nE?. And confcquently the Ratio of the 
Diameter A 5, (which is parallel to the Sides FJC, GH,) to the 
Conjugate D£ is given 5 becaufe the Rectangles FR k RK, RMk M^ 
are given. Farther, the Sedion will be an Ellipiis, when that of the 
two Ordinates (M P, K O) to the Diameter (AS) falling on the fame 
Side the Centre C, which is nigheft the Centre, is greater tlian that 
more diftant ^ and contrariwife, the oppofite Sedtions, when that 
Ordinate is lefler. Whence it appears, that, this Qpeftion is brought 
to that of the laft Problem. 

If the given Point M fhould fall in one of the Sides of the given 
Parallelogram, continued out at Pleafure ; then the Problem wouM 
be impoflible 5 becaufe that Side would meet the Sedion in three 
Points, which * cannot be. *Jrt. 149, 



Corollary. IIL 
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T 79. IjT E N C £ ariies a Method of defcribing a Conick Sedion fucb, 
^^ that the right Line AB, given in Pofition, may be one of its 
.Diameters, the given Point Cthe Centre thereof, and the right lines 
MPyKOj Ordinates to that Diameter. 

In die Diameter A By aflume C£, equal to COj and draw XF 
parallel and equal toO Ky then it is evident, ^ that L F will be an ^Jn.,^ 
Ordinate to the Diameter A By and fo producing KOtoHy and FL 55* ^5V 
toG. fothatOHbe = Oir, and LQ=LF'y the equial and pa-**^"*- 
rallel right Lines K H, FGy will be ^ double Ordinates to the Dia- *Art. 144* 
meter A B. Whence it appears, that the Seftion muft be defcrib'd 
about the Parallelogram FQ HK, and muft pals through the given 
Point M. And this may be done by the laft Corollary. 

Becaufe this Queftion is brought to that of the laft Corollary, 
which is brought to the Problem in Coroll i. and lince this Problem 
has but one Anfwer, therefore there can be but one Anfwer that will 
fulfil the Conditions of this Corollary. 

PROPOSITION XV. 

Problem. 

iSo.'T'O defcribe a Cotnck SeSioriy which fiall vafs tbro^ five given Points Fic. lo^j 

. * F, M, K, G, N 5 and to demonftrats that there can be but one »^5« 
^lHonH?atmU anfwer the Problem. 

O Join 

/ 
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Join Tour of the given Points by the two right Lines F G, M 75i 
meeting one another in the Point R 5 and through the fifth given 
'Point Ky draw two right Lines K D, JC H, parallel to FO, At N, 
meeting them in the Points £,^-, then in thofe Parallels produc'd, 
( if neceffary ) aflume the Points D, H fuch , that MRy.RN:GRn 




Points At, Nj or i% G, likewife fall on each Side that (aid Point, and 
contrariwtfe, ) This being done, draw the right Lines LI, ABf 
through the middle Points of the Parallels D A, FG, ^ndMNy K H, 
meeting one another in the Point C5 then if a Coniek Seftion be de- 

•ufr*.i79- lciib*d -^j with the hineAB given in Pofition as a Diameter, the 
given Point C as the Centre, and the two right Lines itf P, X O, as 
Onlinates to that Diameter : I fey, that Sedion only will iatisfy the 
Conditions of the Problem. 

•jfrf. \CS. For the two Points j;, H, will be ^ in the Seftion pafling through 
the five given Points i% M, X, G, N^ and fo the Lines L J, ^ jB, will 

♦^i^.i4^» be * Diameters, whole Interledtion Ihall determine the Centre C 

<»*H7- Therefore it is manifcft, that the Line >4£ given in Pofition, will 
be a Diameter of the Coniek Seftion palling throi^h the five given 
Points, the Point C the Centre, and the Lines M P, XO, Ordinates to 
the Diameter AB. And becaufe there is but one Sedion only that 
rarv iulfil the(e Conditions^ it i& manifell, that the fame will be that 
rcqiiir'd, and there is no other but that. 

If it happens that the Diameters ABj Lly be parallel to one ano- 

♦j^M-tj. ther •, then the Sedlion will be * a Parabola, which may be deicrib'd 
^J Art. 170. 

The End of the Fourth Book. 
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BOOK V. 

Of the Comparifon of the Conick Seiiionsj and their Segment s^ 

witb each other. 

Lemma I. 

181. T IF tie Btferetice nftwo ^atttities^ dees eonthmaJly Smhnjh^ fo that 
X ^laft It heccmes lefs tban anj given ^vaittity \ then will thofe two 

^amties at lafi be equal. ^ 

For if the two Quantities at laft be not equal, we may afli^ fbinc 
Difference between them 5 which is contrary to the Hypothelis. 

Lemma II. 

182. JF the Ratio of two Quantities be fvch^ that tlje Aittecedent /r* 
^ mainivg always the fame ^ while their Differevce avd the Ccvfeqnevt 

drmimjhing cofitimiallyf do become lefs than any given gratuity \ then wiU 
thofe two ^antities athsjt be equal. 

For the Antecedent will be equal to its Confequent bjr the laft 
Lemma 5 and fb the Quantities, whole Ratio they ezprefs, will be 
equal 

Lemma III. 

183. iF an Aix (MN) of airy Oirve Lire ABG be fiippos^d to be Tic i 
^ ivfr.itely fmallj that is, lefs than avy given §yavtity 5 avd if 

thro the Extremities of that Arc there be fiippoi'd to be drawn the Ordi* 
rates MP, NQ, fo the Axis or Diameter A C, together with the Paral- 
lels M R, N S to that Diameter : I fay, each of the Parallelograms P Q R M, 
P QN S, may be taken for the Space P QN M, contained between the Or- 
disrates PM, Q_N, the very fmall right Lire PQ^ aitd the very fmall 
Curve MN, 

All the Points of any Curiae do either continually recede frrm its 
Diameter, or continually approach thereto^ or elfe that Curve 
Line is compofed of feveral Parts •, ibme of .which recede more and 
more from, and others approach nearer and i;earer to the Diameter, 

O 2 For 
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For it is evident, that there is no Part of a Curve Line that can have 
all its Points 'eoually diftant from the Diameter^ becanfe that Part 
then would not be curv'd, but a ftraight Line parallel to that Dia- 
meter. 

Ijet us fuppofe, I. That the Arc MNhe taken in the Curve AMB^ 
all of whofe Points recede more and more from the Diameter A C5 
then if the Arc MO he taken of a finite Magnitude from M beyond 
the Point N, and the Ordinate OF be drawn parallel to MP, us 
likewife the right Lines OD^ME^ parallel to the. Diameter \^C^ 
it is manifeft, that the Corve-lin'd Space PFOM, will be 
greater than the infcrib'd Parallelogram PFEM^ and lefs than the 
circumfcrib'd Parallelogram PFOD. Now if the Point be fuppos'd 
to move along the Curve towards VW, it is plain, that the Parallelo- 
gram MEOD^ which is the Difference of the circumfcrib'd and in- 
>^ib'd Parallelograms to the Arc iW, will diminifli continually^ till 
at laft it will become nothing, at the Inftant the Point comes te 
M : Therefore, when the Point O is come to N^ that is, infinitely 
near to M. then the Parallelogram MEODy which becomes MRNS^ 
will be left than any given Magnitude 5 and fo, by Lemma i- the Pa- 
rallelograms P^R My P^NSj will then become equal to one ano- 
ther 5 and confequently each of them equal likewife to the curvilineal 
-Space P^NM. Therefore, &c. 

2. Suppofe the very fmall Arc M Nj to be taken in the Curve 
BM<jy all the Points of which approach nearer and nearer to the 
Points of the Diameter CG*^ then it is manifeft, that the Demon- 
ftration in this Cafe will be the lame as in the laft, only here the 
circumfcrib'd Parallelogram P^NSj becomes an infcrib'd one. 

?. Let the Curve ABG he composed of feveral Portions, fome of 
which, as AB^ recede more and more from the Diameter AG-^ and 
contrariwife others, as £G, accede nearer and nearer to it ^ then, I 
iu)", the Points, as B, that feparate thofe Parts, cannot fall in the 
Arcs AIA'^ for if this were pollible, the Point B would be nearer to 
M than tJie Point N is 5 which is contrary to the Suppofition ^ and (o 
it is manifeft, that this laft Cafe is contain'd in either the firft or fc* 
jcond Cafe. 

Corollary I, 

•184. IT E K C E, if any Ordinate C B be drawn at pleafure parallel 
^^ toPM'y and if the Part of the Curve A 5, be fuppos'd to 
be divided into an infinite Number of infinitely fniall Arcs, as M A- ; 
then the Sx^ccACB^ contained under the right Lines A C, CB^ and 
the Part m the Curve AB^ will be equal to the Sum of all the Paral- 
lograms, asP;^/ijW, otP^^^S. It is evident farther, that the 

Space 
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Space AlPCi?, contained under the Risht Lines iWP, ?C, CB, and 
the Part of the Curve M B will be euual to the Sum of all the Paral- 
lelograms (P^J? N) that can be form d in that Space 5 and the lame \% 
to be under flx)od of the whole Curve ABQ. 

Corollary II. 

185. TF there be any Figure C iHJD OC, included between two Paral- Fia. i©5» 
^ lelsCjE, DJF-, aiid if any where between thofe Parallels 

there be fupnbs'd two right Lines M 0, NL^ infinitely near to one 

another, ana Kkewife parallel to C£, DF-, then, Ifey, the Space 

or Part {OMNL) of the Figure CMDOC included between thofe 

Parallels, will be equal to the Reftangle under one of them, as iM O, 

and their Diftance MR^ or OS. For if the Perpendicular AB he 

drawn to the Parallels CE^DF, meeting the Parallels MO, NL, in 

the Points P, ^ ^ then it is manifeft, by the Lemma * that the Space *Art. 183. 

P^ A''^ is equal to the Reftangle PiUl? ^ and the Space POL ^ 

to the Redangle PO S ^i and confequently the Space O M NL is 

equal to the Redangle MRS^ or OAfx P^. 

Corollary. III. 

186. tT is manifeft by the laft Corollary, that if there be any two 
-■• Figures CMDOC, EQFHE, mcluded between two Paral- 

Jels CE, DF, being fuch, that if a right Line ^H be any where 
drawn between C£, D F, parallel to them^ the Parts MO, GH, of 
that Line included by in Figures CMDOC, EOF HE, be in a 
given Ratio i then, I fay, the two Figures, that is, the Spaces con- 
tained between them are alfo to one another in a givai Ratio. For 
iuiTwling another Parallel NK infinitely near to MH, and drawin 
^ Perpendicular ^ J? to the Parallels CE, DF,, meeting the Parallel 
MH, NK, in the Points P,^-, then it is evident, <by the laft Co- 
rollary ) tliat the Space OMNL is equal to the ReOangle OMn 
P^. And moreover, the Space GHKItcpaX to the Redlangle G H 
•c P^, Therefore thofe two Spaces will be to one another, as ^0 
to G H ', and becaufe this happens always, let the Line MH \>t 
drawn in any Place : It follows, that the Sum of all the fmall Spaces 
M N L 0, that is, the Space CMD C will be to the Sum of all the 
fmall Spaces GHIK, that is, to the Space EGFHE, in a given 
Ratio. 

After the fame manner we prove, that the Part {MDO) of the 
Figure CAI DOC, is to the correfpondent Part (GFH) of the 
other Figure EGFHE^ in a given Ratio-, as alfo the remaining Parts 
CMO, EGH. 

It 
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Hence, if the given Ratio be a Ratio of tcptM^t ^t % 
afthePhrts (iMO, GH) of the right Uiie ilfff, an Uifft7« egud 
to one another ) then the Spaces CMDOQ EOPHB^ and their 
correfpondent Parts MDO^Q FHf aad CMO^ EQH, Will be eqqal. 
to one another. 

Lemma Vf. 

tU Hub Mifbe^ Chord, mid the rigbi Urn VSb$ditmft$rp09i£cAr 
to tbo Tm^eM M T proAieedi then, Ifay^ the Jin MM m U ukn 
for ks OoriMN, or for th$ Sum rf tbo twoTm^gtms UT\ NT|or 
elfefor tberigbt Line M& 

• Eveiy Cure is concave neceflarily one way, or maof up of maiqr . 
Farts, whereof fome are concave one wajr, and the jppieii concave 
the contrary way. Now the Points feparating thole Pjprti cannot be- 
^Jto.i8j. ^had in infinitely fmall Arcs, as MNi becaufe then iBbtj would be 
nearer to the Point M than N is $ which is contraiy to th^ Suppofiti-. 
on. Therefor^ we can fuppofe always, that the Arc Mff is a Fart 
of a Curve, that is concave one way. 

Now if the Arc MO be taken in the Curve having a fimte Magni- 
tude; and if there be drawn the Chord M, the Tai^it G, and 
the right Line OD parallel to NS \ then it is manifcfi f . That the 
Tangent Af D is lefi than the Chord M 0. bccaufe the Triangle 
MDO is right-angled at A and ccnfequeiitly the feme is lefler rail 
than the Arc MNO\ wherefore the Arc MNOj and its Chord MO, 
are each greater than M D, and each of them lefs than the Sum of 
the two Tangents M G, G. 2. Bccaufe the Arc M NO is concave 
but one wa)^, therefore if a Tangent Tl? be drawn through any Point 
A' in the Arc iW O ^ the Points T, R, wherein that Tangent meets the 
Tangents MG^ OQy will be fituate between the Points iM, G5 and 
0, G 5 and fo tlie Angle OOD, is greater than the Angle R TG, or 
NTS. 

This being fiippos'd, if the right Lines ME, M F, be drawn 
parallel to OG, NT, meeting the right Line DO in the Points 
EjF\ and if the Point be fuppos'd to move along the Curve 
towards the Point M -, then it is vifible, that the Angle OG D, 
or the Angle EMD, will diminifh continually, until it va* 
nifhes at the fame time as the Point comes to y)l; becaufe then 
the Tangent G will coincide with the Tangent M D •, and there- 
fore the Line M E diminifhes continually, until it becomes at laft 
equal to MD. Therefore, when the Point is come to N^ that is, 
when the fame is infinitely near to the Point M 5 the Line ME, 
being then in MF, will differ from the Tangent MD, only by a 
2 Magni- 
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Magnitude lefs than any given one. And lb the Lines TN^ T5, ^ *^»^- 181. 
will be equal to one another. Therefore the two Tangents M T, TiV, 
taken together, will be then equal to the Right Line MS^ or to the Arc 
M N, or elfe to the Chord M N. IT. JT. D. 



Co&OLLA&Y I 
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BFcaufe the Angle FM D, or NTS^ equal to it, is infinitely 
fmall, in the Suppofition of the Point A' being infinitely 
near to the Point M 5 therefore the Internal Angle NMTy of thie 
Triangle iWTiV, being lefs than the External Angle A'TiS, will be 
alfo infinitely fmall, that is, le(s than any given Angle : And £0 there 
can no Right Line be drawn through the Point iW, in the Angle TiM AT. 
Whence it appears that the two Right Lines MT^ M A; do coincide 5 
and £0 any Tangent may be looked upon as a Right Line pafling^thro-' 
two Points of a Curve Line infinitely near to each other. 

CORQLLART II. 

189. T F any Curve Line be fuppoied to he divided into an infinite 
-■" Number of infinitely fmall Arcs as \MN: Then it is evi- 

dentj, that if the Chords of thofe Arcs be taken for the Arcs theno 

ielves, there will arife a Polygon of an infinite Number of Sides, each 

Side being infinitely fmalL which may be taken fcnr that Curve Line, 

as no wife diflering.there-from. ^ And farther, if the fmall Sides of ♦^y;,xsj, 

that Polygon be produced both ways, they will be Tangents to that 

Curve ^ fiuce every of them do pafs throng two Points infinitely near 

to each other. 

S c H o L I u M.. 

190. T T muft here be obierv'd, that what I have fa id with regard tt 
-■" the Tangents to the Conick Sedions, does not extend to any 

other Curves but thofe that are Concave the fame way, as are the Co- 
nick Seflions : ^Whereas that Dfefinition of Tangents laid down*^^^, a^ 
above, takes in the Tangents to alLCurves in general and is the Foun- «i, i£4., 
dation of the Method for drawing Tangents, explain d in my Treatife, 
Les htfrnmettt fethsj which I dare afiirm is as fimple and general as 
can be defired. A fhort Specimen of which may be feen at the 
End of this Book 

I> E F I- 



DEPIHXTIOVf. 

l'. 

v««.tAf Two Segments of any two Ciirve lines B ^ i, (tfi, area 
xJsTioi'^t if ^^ *°y RighMin'd Figure BMNQD, beine 
widiin one of thetn. We cian infcribe alwapa fimilar Right 

' Twd Omdc Sefiiciisare laid to be jt^^ 
'being tdom in the pne^^we qm aiE^ alingf^ 
HbectiKoc. 

The Diameteia.^P,4ipi in two Godick Sedtioni^ are fiid to 1m 
fwnlar^ when thejmdce the iame Angles APM, af 4R».with tfae^ 
Ordinattos Pill pm. 



' « <- 
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191. ttENCE it appears that thelefler theSidesBiML itf J^, 4^ 

^ <%a. bm/miif Ac. are,' the (pteater is their Kombtt, add & ndttfa 

^ the fimibr RigbtJin'd >FigaKs BMNOD^ imni^ apnroich to 

-tfaefi^gnMXts SyfA ^tfit in which thevareinfoiVd^ lb thata^bft 

tiie (aid iunilar il%6t«lin^d l^igures will become equal to thoie S^ 

^^Irf.i89. ments, viz. when each ^ of the Sides is infinitely fmall, and their 

Momber ccmiequently infinite. Therefore the fimilar Segments BjtD^ 

haij are to one another as the Squares of their Chords, BD^bi^ beins 

Homologous Sides $ and the Parts of the Curves BAD, bui^ astb^S 

Chords. ' 

PROPOSITION I. 
TheorenL 

FiG.107. '92' J^ ^^^^ ^ *^^ Parabolas AM, am, haviftg two fimilar Dimai^ 

^ ten A L> a L, fitnate in the fame firaight Line : So that the 
OrMfiates P M, p m, be parallel to one another ^ i and if the fxJL Poi^ 
L be affvM^i in that Line within the Parabola^ fo that L A ^^ to L a, a$ 
the Parameter (AG) of the Diameter (.Ah) of the Parabola A M^ to 
the Parameter (sig) of the Diameter (aL) of the Parabola am: TW 
I fay J if a Right Line L M, be drawn from the fx'dPtint L to cmj PehA 
M of the Parabola A M \ that Line will meet the other Parabola a m, in 
one Point m, being fuch that L M : L m : : L A : L a, 

I Draw 



Of the Comparifon of the Conick Se^iions, &*c. io$ 

Draw the Ordinate M P, and call the given Quantities Lj4,0 \ 
La,b\ AO^P\ and the indeterminate Quantities AP^x\ PM,j : 
then we (hall have this Proportion, wz. L A (a) : La fj?) ; i AG 

(p) • ^j = -^« Su^ if ajp be taken in the Diameter (aJLj ot* the 
Parabola a m equal to — , and the Ordinate fmht drawn ^ then it is 
plain, ♦ that fm z=zfa*ag C—j = _5? by putting jj forpx *i * ^**' *• 
and fo f w is = ^. Therefore PMCjJipm (tl) : : L P («— xjl * "***** 

: X p (b )• And confequently the Line L M wiU pafi through 

the Point », the Extremity of the Ordinate f m^ that is, the laid Line 
will cut the Parabola amxn that Point : And fi> becaule the Trian- 
gles L?M^ Lp w, are fimilar, therefore LM iLm:: PM (jj jJM 

{^)^.iLA(a)iLa{b). V.V.D. Z?^,^'^^ 

C O K O L t A R Y. I. 



1 93. tF any Segment £ ^ D, be taken in the Parabola ^M ^ and if 

^ ^ the right Lines L J3, £ D, be drawn, meeting the other Para- 

'* bola a m in the Points b^ ij and the Chord i i be drawn ^ then, I ^7, 

\ the Segment (bad) of the Parabola a m, is fimilar to the Segment BAD 

of the Parabola AM. For if any right-lin d Figure B MNO D be in- 

\ forib'd in the Segment BAD j then, by drawing the right Lines LM^LN^ 

, LOj meeting the other Parabola in the Points m, ir, •, it is manifeft, 

that the Triangles LBMy Lbm\ LMNj Lmn\ LNO. Lno^ 

\ LOD, Ledi LBD, Lbd, will be fimilar: and fo the Sides £ 3i, 

, btfty MN, mriy NO^ fio^ OD, oi^ BD, bd^ will be paralleL 

and always in the fame Ratio, each to its G)rrefpondent *, becaufe all 

the right Lines LB^ LM^ LN^ LO^ LD^ are divided in the fame 

^ Katio in the Points ^, m, v^ 0, d : therefore the right-lin'd Figures 

J BMNODy bmnody are fimilar. And fince it is manifeft, that 

this Demonffaration is the fame, let the right-lin'd Figure infcrib'd in 

tiie Segment £ ^ D be what it will \ therefore the S&ments BAD^ 

bad^ are ^ fimilar \ and fo confequently are "^ the Parabola's Am^awi^*Def.u 

alfo. ♦ D«f. ^ 




\ 

\ 
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Cokollj&ryIL 

HENCE, if a double Ordinate EF be 6xmm in thtJfanha^ 
la A Mj meeting the other Parabola a w in the Points r , f^ 
then the S^menls {EAFj eafj of the Paiabola's ^ Jd,. a.iii, waIL 
be fimilar. 

C O K O L L A It Y III. 

r^. ALL Parabola^s ftre fimilinr $ for if ^ jL, aJL Be talten in the 
-^ Diameters of two different Parabola's, befng to one another 
% the Pafameters AQ^ ajfh and if the Diametn la be- f^pporid to 
be plac'd in the Diameter L Ay fo that the Points L, L, coincide with 
one another, and the Ordinates PMy vm.he parallel ; then, by dtaw- 
ing a right Line L M, from the fixed Point Jt to any Point At of the 
Farabola AM^ it is manifefl, that this Line will meet the other Pa- 
rabola am in one Point m, being fucb, that hMiLnix LA iLa^ 
♦^rf. 193. Therefore, ^ &c. 

CPR0I4LARY IV. 

ip6.TjCNC£, lE ALj aL, be taken in the Diameters of two 
** different Parabola's, being to one another as the Parameten 
of thole Diameters 5 and if the double Ordinatcs £F, ^/, be drawn 
through the Points X, JL5 then the Segments {EAFf eaf^) of the 
two Parabola's ^ JW, aw, will be fimilar. 

Corollary V. 

197. TF two Segments BADy lad, are fimilar, and one of them, ai 
^ B A Dy be the Segment of feme one Parabola •, then, I fey, 
rfie other Segment bad will be a Segment of fome other Parabola •, 
and fp among all the Curves polTible, there can be none but Parabo- 
la's that can be fimilar to a given Parabola. For if the fmall Seg* 
jlient * a i be fo placed within the great one BAD, that the Chordi 
i^dy B Dy he parallel •, and if any two fimilar right-lin'd Fi^pres 
BMNODj hmnody be infcrib'd in thofe Segments 5 then it is 
plain, that the homobgous Sides B M, bm^ M N, mv^ Sec. of the 
iitid two Figures will be parallel , bcraufe the Angles D B My dbmi 
BMNy bmtty Sec. are equal. And drawing LMy L N, LOy thro 
L the Point of Concurrence of tlie right Lines Bby D d, which join 
the Ends of the parallel Chords B Dy bdy ( being the two homologous 
Sido given ) \ then the faid Lines LMyL Ny L 0, will pafs through 

the 



Of the CompatifoH cf the Conick Softions;, ^c. 107 

Ihe CQflfelp^indeiit Poiots m^ n^ a, wherein they will be divided in the ^ ^. 
iame£atioasX£.i8 in b^ or LD in d \ becaufe SD ibd ::LB : 
Li :^SM ibm : \LM:Lm :: AIN'. M^t : :LN :JLjt: : NO iJto , 

:: LO'.Lo: lODzod. 

New -if .the. Diameter (LAJ of the Parabola AM be djaim thro* 
the Point L ; and if the fame Parabola a w be divided in a, in the 
fiime ^atio as L Bis in mb^ or jL D in i ^ ^md ^ you deftribe ^^ the *Aft.i6u 
Faral)ola a m with the Diameter a JL, and the* Parameter ag^ (being 
to the Parameter AO oi the Diameter (AL) of the Parabola ^itf, 
as La is to £^, ) whole Ordinates pm ^te parallel to the Ordinate^ 
>P if of the other Pkinbola^ then it is ^ mani&ft, that the faid Para- *Art. 19%. 
boTa will pafi through all the Points i, w, >f, 0, J, dividing all the 
Tight Lines LB, LM,LN,LO,LD, in the given Rutip cf BDto 
hd. And becaufe the fame Reafbn holds, let the Number of Sides of 
the fimilar right-lhi'd' Ffgures BM^OD^ bmnodj as likewife 
their Magnitude, be what they will ^ therefore the Parabola a m 
pafles thro* ^^^7 Point, as the Segmient h ad does \ and io that Sqg* 
ment will be a Fart thereoC W.W.D. 

PRO POSITION n. 

Theorem. 



f)td Point L he taken in that Diameter (prodvced in the 'Hyperbola ) 
as alfo the Points a, h, fvch that L A : L H : : La : L h. And again^ 
if there be another Elliffis or Hyperbola^ whbfefirft Diameter is the Lire 
ah, and Parameter Jo that Diameter the Live ag, which is to AG, as 
ah to A H 5 and if the Ordinatespm to the fame be parallel to the Or- 



£1 m : : L A : L a : that is, all right Lines drawn from the fixed Point 
L to the SeSion A M, will be divided in the fame Ratio by the SeSion a m; 



y^ are topraue^ thiU L M : L m : : L A : L a. 
^ Draw the Qidinate M P, and, call the given Quantities LA^a^ La^ 
h •, AH, 2 1 $ and the indeterminate Quantities APjX\ PM,y: then 
we Ihall have this Proportion, LA(aJ:La (b) : :LH: Lh : : LH 

a 

h X 

the Sedion a m equal to —, and the Or ^ 
Pa dinate 



LAj OT AH (2t) :Lb ± La, or ah = — . Now if ap be ta- 



loS Tlw Fifth B o o e. 

•jrt.^i,£oaUfm})einmni then it is* manifeft, dat ^ F ■ PH (afac^Ju^ 
'^Vil -.JMiyj) .'.AH. AG •..•h .ag. -.af ,fh(^^^^S^ iJH' = 

L/t^A — — V And coDieqDeDtly the Line LiW will pafithmqg^v 

the Extremitf of the Ordinate/ ml that is, the fiud Line will ntt the 
Sedion »m in dnt Pcnnt. Tbeiefoie^ beauie the Tmngki LPM 

Lfm, arefimilar, LM.Lm i.TM(j) :/«(y) : : L^ («) : Lm 

CotOLLABT I. 

199.IT BADhcaaj Segment of the Sedion AM, andtbenghc 

-'- lines LB, LDy he diawn nieetii^ the oUier Sedko am ia 

the Points b,d i and if the Qiord &i be drawn likewiic} then,I fiij, 

the Segment (bad) of the Sedion a at, is fimilar to the Scsment 

(BAD) of the SeStka AM C And therefore, if a doable Ordinate 

EF be drawn in the SdEtion A M, thro' the Point L, meetiiK the 

other Sedion in the Points «,/} the Segments EAF, tmf, of two 

: EUipfes or Hyperbola's AM, am, will be fimilar. This may be 

i demonftrated after the iame manner, as is done for the P^uabou in 

.lArt, 19^ and 194. 

COKOLLARY IL 

500. A LL Ellipfa or Hyperbola's AM, am, having ttro fimilar 
Diameters AH.ab, in the lame Ratio with their Parame- 
ters y^G, ag, arc fimilar to one another. For if ^L, «L, be taken 
in the &me Ratio as the Diameters ^ H, a 6 j and if the Diameter 

* J u J?^'** ^° ^ ^^'^ "' ^ ^» ^" t^«t the Points L, L coincide j 
and the Ordinatespw, Pilf be paraUel to one another ; then tlw right 
i-ine i M being drawn from the fixM Point L to any Point in one 
T»t?\^J^' " " evident, that the faid Line will always meet the 

• j^ Thfir ^TJ"" ^" *^ P*>i"* "> fo ^^^ LM.Lm:: LA: La. 
*Jrt. if^. I nerefore, * &c. 

C O I o L L A K Y III. 

^^''•H «K«r L*V*'-[*^ ^*'*'° ^"ip^«> o"" Hyperbola's ^ Af, « m, 

at their Prin^^t^ 5 «^' Diameters'^ H, a h, 'ive the fkme Ratio 

• •their Parametcn ^ G. a^ ^ and if ^ I. , jr', be taken in the fame 

Ratio 



Oftht Compart fen cf the Conick Sedions, ^c. lo^ 

Ratio as t'ie Diameters A h^ a h, and the dooble OedinatesjB F, «/, be 
draMrn thro^ tht Points L, L i then it n manifeft, that the S^meats 
E AFj 9»f, of the two Seaions^ ill, a », are fimilar. 

Corollary IV. 

• ■ 

202. T F two Segments BAD, bad, be fimilar ; and one of them be 
^ the Segment of ?n Ellipps or Hyi)erboli AM, any one of 
whofe Diameters is the Line A H, sind AG the Parameter thereof ^ 
then, I (ay, the other Segment Aai wiH be that of fome other EUip- 
f]S or Hyperbola a m, having the Line ab fimilar to A H, for one of 
the Diameters thereo^^ and the Ratio of this Dianoefer to its Parame* 
ter ag, tlie fame as that of the Diameter AH to its Parameter AO. 
Fori! the Segment bad be (b.pWd within the Segment BAD^ 
that the Chord bd be parallel to the Qiord £ D, and the Lines B b, 
D d, do concur in the Point L of the Diameter A H, (which is polU-^ 
ble always) and if there be infcrib'd in both of the laid Segments any 
icmilar right-lin'd Figures ^ then wc can prove, as in the Parabola 
{Art. J 97.) that the right Lines X^ LHjLOf will pals through 
the correipondent Points iir, if, 0, and will be divided by thefe. Points 
in the fame Ratio s^LBisinb, or LD, in d. 

Kow if L ^, LH, be divided in the fame Ratio in the Points a^ 
b^ as JL JS is in i ) and if an Ellipfis, or Hyperbola a m, be deflrib'd 
** with the Diameter a h, and Parameter ag, ( being to the Parameter *Jin.t6u 
AQ of the Diameter AH, bsLm to LA, or ab to AH) whole Or- 
dinatesj^ffi, be parallel to the Ordinates (PM) of the other EUipfis 
or Hyperbola A M \ then it is ^evident, that that Sedlion will pals ^Atui^i. 
through ail the Points b, m, n, 0, d, which divide all the right Lmes 
LB, L M, LN, L 0, LD, in the given Ratio of bd to BD. And 
becaule this Realbning is the fame always, be the Number of Sides of 
the right-lin'd fimilar Figures B M NO D,bmn,od^ as likewife their 
Magnitude, what they will : Therefore the EUipfis, or Hyperbola 
am^ pafles through all the Points that the Segment i J does 5 and fo 
that Segment is a Part or Portion of the feme* 

Corolla xxV. 

205.TTENCE, if there be two fimilar EUiples, or HyperbolaV 
^ * AM, am 5 and if y^ H be any Diameter of the SeSicm AM^ 
then we can have always a Diameter (ab) of the Sedlion ai», which 
is in the fame Ratio to its Parameter ag, as AH to its Parameter 
A G ', and fo the fimilar Diameters A H, ab, will be in the fame Ra- 
tio as the Diameters, which are Conjugates to them : And becaule 
the. e can be but two Pair of Conjugate Diameters * in an EUipfis or ^ ^^, ^^ 

Hyper- tf»i/ lU/ 



xsxi ^n^e Fifth Book. 

Hfpeibda'mriaal^ittie fiuneilfigles wkhdu^^Aer^ani fiaoe die 
laid DianietcB do oAf difieria I^ofitiop, llieir Ifapiinrir bdpg the 
fame ^ therefoie inifimlar EUipfes or HjrpKbcdaV, att GoDJi^tc Dia-. 
meters making the lame Anglo, vrill be to one another in the fame 
Ratio \ obfemng to tidce the tvro greater of the ^^onjog^te Diaroeten 
for the Antecedents of the Ratio's, and the lefler for the Gmfeqneiits. 

PROPOSITION or. 

Theorem. 

^tc. no, 204. ITmjp Hn Arwlfcb B D, EF, I* irtmn ht a Camdi Seffiam term- 

'"■ *■ itaui tf the fame i mU if ^ur Ext^mkm it jciagi Ij two r^ 

LitiesBE, DF; Ifaf, tbt Sipmitts BMEB, DMFD, cvntara'i w- 
ier PortKMfs of tbeStSiom^ -miiibt r%ir lian jtimt^ At ExtremdtUs tf 
tbeBarwDeUf mil he epwi to mtt m u t b e r . 

Ptodnoe the Oior^ BE^ DP, meetii^ ach other in the Pfrint G,' 
atad diaw the Tight line G H dmMgh the find Point G, and(H;t]ie 
Middle of the Line B D ; then the Line Gfi trill biieft £F (ptnl- 
leltoBD) inthePointX; as rifi> any other fanlld (todieliuBe 
Line BD) as 00 in the Fliunt £ Theftfare the Line HK, will he 

*^ir(.i4tf.aDiaaieta-t*and the Paiallek B A £-F> doubk Ordinates to die 
fame; and U) if a Line be drawn dmn^ any Point P, in thatDUme- 

^^^ M4' ter paialld to the Ordinates ; that Line will meet ♦ the Sedion in 
two Points Al, My equally difiant from P. Whence it appears, that 
the Parts AID, O M, of any Parallel (AIM) to B A included with- 
in the Segments BMBBj DMFDj are always equal to one another, 
1*^ ^hat Parallel be any where drawn between the Lines BD,EF. 
Art. 186. Therefore it is manifeft, ♦ that thofe two Segments fliall be equal. 

If the Chords B E, DF, be parallel^ then the right Line HK 
muft be drawn thro' H the Middle of B D, paiaUel to thofc Chords, 
and the Demonibatim will be the lame as before. 

CoRQLlARY I. 

Fic no. 2c>. T>E< 

in the Point A) the Conick T^ninearFigur«"^J?£"!/Jxf;"are 
equal- and ft are likewife the Segments AEMA, AFMA : Be- 
caufe the Triangle AEF, is divided into two equal Parts by the Dia- 
tneter AK^ palling through the Middle of £ F. 

2 Co a oL> 
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Of theijomparrfoH of the Gonick iSci^ions^ ^c- iH 

/ C O 1 o I t A K T II. 

. TF tfic Seaiott be » Parabola, Ellipfis, or Hjnpcrbolar ^ and the Fw. no. 
-*• right Lnies. 5 JP, 7) jP, be drawn throi^ the Extremities of the 

allels BDy.EF^ cuttuig one another between riiofe Parallefej 

n- the Se«nents BFD AB, DEB A D, will be equal to one ana- 

*. For the Triangles BFD, BET>, being between the lame Pa- 

.felsBA J5F, and having the fame Bafe BD, are equal to one 

.olher 5 and fb if the Segment DMFD phi^ the Segment BADB 

5 added to one Side, and the Segment BMEB (which is' equal to 

MFD) plus the feme Segment BA DB, to the oriier •, then the 

fioles BFD A By DEBADy wiH be equal to one another.. 

C o K o u L A. E "X IIL 

toy. TT E N C E appears the manner of drawing two right Lines P«c. ii2* 

•*-*" DQyDFy from a Point D in a Conick Seftion, fuch, that 
hey (hall cut off from that Seftion twoSegments DGED^D FBDy 
!ftch equal to a given Segment BED B. For draw the right Lines 
fDj DEy and draw JJQ narallel toD £, and EF parallertQ JBD, 
Beeting tht Seftion in the Pbints (5?, F*y theii it is manifeUr, ^ by ♦^rt.aoff^ 
oiiiing the right Line DFy that the Segment DFBiy^ is equal to 
he Segment BEDS 5. becaufe UBy E F, are parallel And hi lifce 
itanncr by joining DG, the Segment DGED ia equal to the Seg- 
pent BED By becaufe J5 G, DEy are parallel 

If the Point given happens to fall upon one End of the given Seg; 
ntntDGED'y then a right Line GF muft be drawn through the 
rther End, parallel to the Tangent paffing through the t^oint D j 
iFhich being done, if the Chord DFx drawn through the Point f , 
'wherein Q jp meets the Seftion,) and the giverf Point D -, it is plain, 
hat the Segment DFBD wiU: be equal to the given Segment 
DGED. 

Hence, in this laft Cafe, there can be but one Segment DFBDy 
jqual to the given Segment D Q ED 3 becaufe any other Segment: 
laving the given Point D, as one of the Extremes thereof, will be 
jreater or lew than the Segment DFBD, according as the other Ex- '' 

^me is nearer to, or farther from D than J^is. Therefore, if two 
Segments DGED, DFBDy having one common Extreme D, are 
jqual between themfclves ^ and if S right Line be drawn through the 
fVfint X), parallel to the right Line G F, joining their other Ends ^ 
lien will tiiat Line touch the Session in the Point JD.. 

Gqk:oi;> 
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Corollary IV* 

2c8. 17 R O M the laft Corollary arifes a new and very eafy way of 
" drawing a Tangent through a Point D given in a Conick 
Sedlion, which is as follows. 

Draw aiiv two right Lines 2) B, B £, through the Point D, meet- 
ing the Seaion in the Points B^E\ moreover, through the Points 
J5,jEj, draw the right Lines JJG, HF^ parallel to D£, JJD, 
meetinjg the Seftion in the Points O, J^, which join by the Line QF\ 
then if a right Line be drawn thro' the Point jD, parallel to QF^ 
that Line will touch the Sedion in the Point D s becaufe the Segment* ^ 
DGED^DFBD^ being each equal to the Segment -B £ D B, will 
be equal to one another. 

PROPOSITION IV, 

Theorem. 

Fig. 113, 209. jNcM EUwfa^ Hjperbolaj or oppojtte SeSians^ if there h tvo right 

114, 115. '^ lines BU, E F parallel between tbcmfelves^ atid termrativt in tb$ 

SeSitm \ and if the Semidiameters CB^ CE, CD, C F, be dramnfram the 

Cent re C: I fay, the Hyperbolick or ElUptick SeBors CBE, CDF, wii 

be equal to one another. 

For if the Diameter CK be drawn through H, X, the Middles of 
BDyEFs then the Triangles CH5, CHD, and CKE.CKF, will 
be equal-, becaufe they have the fame Vertex C and their Bafes HB^ 
HD, and KE, KF, are equal. Therefore (Fig. 114 J KHBE-^ 
CBE=CKE—CHB = CKF—CHD = KHDF-\'CDF',^THi 
(Fig.113, 11^.) KHBE — CBE:=-^CHBa^CKE = '^CHDa^ 
CKF=KHDF'—CD F. And ^caufe the ConicF Trapezia 
♦^rM05. KHBEjKHD F, are ^ equal ^ therefore the ElUptick or Hyperbo- 
lick Seaors Cfi£,CZ)isareequalalfo. 

Corollary I. 

Fic. 1 1 J, 210. TF the Seflion be an EUipfis or Hyperbola ^ and if the Line 
114. ^ BD^ being parallel to EF, becomes a Tangent itiA-y then 

it is plain, that the Sedtcrs CAEj CAF, will be equal to one ano- 
ther. For producing the Semidiameter CA^ until it meets the Line 
£ F in the Point A, the faid Line E F will be bifeded by the Point 
if, and confequently the Triangles CKE, CK F, will be equal And 
^Jrt.zos. the Trilineal Conick Figures AKE, AKF, are "^ fo alfo. Whence, 

Co aoL- 



Of the ComfatifQtij>f . tk^ jCo^ick ^£iionSj df^c. , i, i. 3 

.2ij;IJrENC£, if any Hyperbrfick or Elliptick Scdor jCfF^.be 
-^ requirM to be divided into two equal Parts j titere isjio nibife 
.to doj but draw the Semidiametef C'jlj . uiiai^r|gihe Chord.^f F> ^ 
that Sedor in the Point K. Frjwii . wheiifi m^ paii prove jagalny that 
the Sedors C 5 £, Cl) F, are equal to one another," iF BD be parallel 
to E F. For fince by. this Means, the Sedors Cv4 £, CA F, and CAB, 
CAD, are equal to one anothrt; Therefore ihe SedlorsC5£, CD F, 
being the Differences between them muft needs be equ^l. 
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Theorem.- I 

212. J F there be a Semicircle ADH, whofe Diameter AH ;> ti^ //"j? Fig. ii6. 

*^ >4xij o/ an EUipJis ABH i^ftdjf a Perpendicular be let fat} frofn 
avy Point Hinib^ Peripbery of tli^^Qr^U to the Axis meeting tie fyme-in 

P, avd th Ellipjis in the Point. M'^ rondMfth^ if the r^gfit^^lA^m C-Ki> 
CN, be. drawn from the Centre G. //it|, the EUhtick SeHqr CAM, is 
to the circular Se&or C A N, aj C B, the half of the fecond Axis of the 
EUipfts is to C A or CD, the half of the firjl Axis. 

For PM^: 'CRir. AP k Pff; AQ^CHy or C\a] by ^ the Pro.*^r/.42, 
perty of the EUipfis. And PiV: Cfi\.APy^PH:ACnCH, or^'^". 
C3i, by the Property of the Circle-, therefore PiM:CB:: PnIcd\ 

or fMiPN\\CB^\CD\ And eltrafting the fquare Roots, PM: 
FN ::CB: CD or CA. And fince this is fo always,lct the Perpendicular 
PMiVfall any how •, therefore "^ the whole ElUptick Space AB-HA, *Art. lU. 
is to the Semicircle A D HAjMA thePtort or Portion APM'tf that 
Space to the Part or Portion APN.oi the Semicirde, as O JB to CZJ, 
or CA. But the right-angled Triangle CPMj is to the rigHt-angled 
Triangle CPN, having the fame Altitude, as the Bafe PM is to the 
Bafe PN, that is, as CB is to CD, or CA\ and confequently the 
Elliptick Space >iPM plus, or wirrus the Triangle CPM (viz. plus 
when yf P IS lefi than ^ Q^ and- fninns when it is greater) -that is, : 
the Elliptick Seftor CAmi will be to the circular Spa^c , A jRiV^^im ' 
or minus the Triangle CPNj that is, to the circular Sedtor QAN. as 
CB is to C A or CA. JT.lKD. .' ' 
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313. 'DEcnle the Seanr {CjiN) flf the Gide ii Miill»4e1tdl> 
•DjuKfenndertbeiiic^^ and one half the KadinC^ « 
CD: nadmtiieEllntick Seaw C^iif is e«0l tDtlie li^^ 
uder the fime iM il jr, tni the ooe half of Cll 



ComOLLAKT n. 



ir 



314. TP tfaxo' tnr Poiitt O, (befidesP) in the liift A^C^A^fe 
•'' diawn « mpendicnbur to tint Arii, meetaitt die EOSmk ik 
diePoiiit£; andtfaeCiideaniliePbiiitF} Ifir^tiie EDiptidc 9t- 
emnACB, ACM^ are to one anodier, as the cticnlar SeOon ^CP, 
ACN. Fat ACMiACNiiCBiCD. And monotfcc ^C£: 

ACFziCB'.CD. AnH^ttadoKACMiACNiiACEzACFi 
mdACM:ACE:'.ACN'.ACF.'Wbeaix,i£it be isnilrVI ts 

•findtfaeEUiptickSeabr^Cii; ivUdiniaybelotiiaEI&tidcSeaar 
jf C£; in a gyvtn Ra&v 70a need oidf find tiw oiicdavfiSiaw jiC^ 
line maj have that nven Ratio ID tiie Se6lor ^Ci; or «lfe (wiiidi 
<is the fine thing) dmdetiieAic ANF^acAn^ ACP, idtDthR 
rgivenRatia 

« 

PROPOSITION VL 

Theorem. 

Vic. 117, 'l^* jFthereUtwo UffBrboWt AM, AN, or BM, DX J^miff tU 

9i8. -'- PoiV Q AS a Ctntn common to them botb^ the right IJm C A, « 

Semidiameter to them both^ and any two right Lints C B, CD, fimati m 

jhefme Line^ fenu-conjngate Diameten^o C A, C A ^ and if dfrmfgbstef 

Mnt P in tbe^ Semidiameter C A (prodnced^ if neceffarj) there be drawn 

a right LineparaM to C D^ meeting the Hyperbola's in the Points M, N^ 

as alfo the right Lines C M,. C N, from the Centre C to the funi Vointt 

M,li^Ifay, the HjperboliclSeaors CAM, CAN, or CBM, CD N, 

.will be to one another^ as the Semiconjvgate Diameters CB^ CD. 

♦At. 81, Bjr the Property * of the two Hyperbola's AM^ AN^ otBM, 

^»i 118. ijpj^jr ,we have the two following Proportions, wz, PM:CB::Ct 

4: S?'f CAi: TN\ Cd! And confequentlj FM : PA? ; : C^*: CD*> 
Andtitrafting the fooare Roots, PM : PN: :CB:CD. And fince 
we have always this Proportion, let the Parallel PAf N be any where 
*Jrt. iXi6. drawn 3 therefore * the Hyper bolide Spaces APM.APN^ot CPMB^ 
CP iVCi'are to one another, as C8 to CD. But the Triangles CPM, 

CPN» 
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CPN^ are to one another, as their Bafes PM, PN^ (beraufe they 
are fituate between the fame Parallels CD^ PN\ or as the Semicon* 
jugate Diameters CB, CD. And confegaently (Fig.iij.) CB : CJ) : : 
CPM— APMiCPN-- APNi : CAM : CAN. Or elfe (Fii. 1 1 8.) 
CB :CD : iCPMB-^CPMiCPND -^CPN: iCBM.CDN: 
ir.TT.D. 

CoEOLLAatr. 

2t6. TF the two Semi-conjugate Diameters CA^ CD^ he eqnal to one 
^ another ^ then AN^ ot D N^ will be an eqndatnal Hjrnerbo- 
la. And if we did know how to fquare the Hyperbolick oedocs 
CAN^ or CD Nj then fhotdd we have likewiie the Quadrature of 
the Seaors CAM, or CBM, whofe Bales are hirts (AM^ or BM) of 
€ome other Hyperbola, and CD the Gonjurate Diameter thereof equal 
to any given Magnitude : Becaufe the Relation of the Hjrperbolick 
Sedors CA M, CAN, or CDN, CBM^ being exprefi'd by the right 
Lines C A CB, is given. Therefiare, if we oodd eet the Qua£a- 
ture of the eqimateral Hyperbola, we fhould have liKewife the Qua* 
drature of anv other Hyperbola : Juft as the Quadrature of all EUip* 
ib might be had by having ^ the Q^uadrature of the Circle. *Jh.ii%^ 



PROPOSITION vn. 

Theorem. 

217. iFtU Parts Cl^Chhe apmCi in one Afjmptmte (CU) rf any p,^^ „,^ 

'^ Hyperbola EBDF^ bam^ the fame Rmio, om any two oltber Parts 
CG,CH,afthefam Afimptote^ and if tho lines GF, HD, KB, 
LE, he iramnparoBel to tie other Afympoie C P, meeting the SffperboJa 
h the Bints V,D,B,E% and hiJUy, tf theSemidiametersCF, CD,CB, 
CE, he dramn $ I fay, the two BfferboUck SeSors CBE, CDF, wiU be 
equal to one another. 

Draw the two right Lines BDjEF, meeting the Afymptotes in 
the Points M, OyN.P^ then becauie JC £, H A and JL£, GF arepa- 
iallel, we have die two following Propcvtiom, MB iMKiiDOi 
CHySXid NE:NL::FP:CO. And therefore, ilfX=CH, and 
JVJL =CO, becaufe^ -MB =D0, and NE = FP. But (by thc*-**>S- 
Hypothefis) CQ, or LN: CHat KMiiCKiCL ::LEi^KB.*Ah.ioo. 
and therefore £2V^:L£::Xilf:JCB. And conlequently the Lines 
NE, MB, that is, EF, BD, are parallel. Therefore the Hyperbo* 
lick Seaors CB£, CDF, arc* equal to one another* JT.TKD. ^ahm^ 

Q. 2 C o 1 1- 



fl^ T/je t IFTH B o o K. 

Corollary I. 

2Li,8,TF the Parts CJf, CL, of one Afy mptote C A"; be in the Tame 
■*■ Proportion, as any two Parts CSyCT, of the other Afymptote 
CP 5 and if the Lines iC 5, X£, and SD, TF, be drawn parallel' to 
the laid Afymptotes •, then it. is plain, that the Hyperbolick Sedors 
CDFjCBEy {hall be equal alfo to one another. For drawing FG, 

* Art. 100. ])H^ i^arallel to the Afymptote CP, we have ^ this Proix)rtion, wV. 

♦ Hyp. CO ; CH.: . HD, or C5 : Q -F, or CT^ : : C JC : C L. Therefore, &c. 



. <' • •- 
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: • 

219. TF CK be taken in the afore&id Afymptote CAVemial to a 

•*- tliird Proportional to any two Parts CGy CHy of the fame \ 

then we can prove, after the lame manner as in the Theorem, that 

the Line B F is parallel to the Tangent palling through the Point D § 

* Art. zi9. and fo ^ the Hyperbolick Sectors CFD^ CDBj are equal to oii« ano^ 

ther. Therefore, if any Number of Parts, CG, CH, CK, CL, Stc. 

* be taken in a continueu Geometrical Progreffion in one Alymptote 

CiV; and the right Lines G F, HI), KB, LE, &c. be drawn from 

them parallel to the other Afymptote 5 then the Hyperbolick Seftors 

CFD, CDBj CBE9 "Sec. are erwy of thenr equal to one another. 

Corollary. III. 

22o.lLrE N C E, if CH \ie the firft of two meaft Proporti 'nals bor 
-•^ tween CO, CL. And if the right Lines G F, HD,L £, are 

parallel to the Afymptote C I^ 5 then the Sector CDF, to the Kcdoi 
CFEj will be as 1 to 3. And if CH be the firft of three mean Pro 
yorfionak between CG, CL^ the Sedor CDF, will betothcSedor 

CFE, as 1 to 4. Aiid univerfally, if vi denotes any whole Number, 
and CHbe the firft of as many mean Proportionals between CG^ CL, 
as the Number vi — / contains Units 5 then the Scclor CDF will be 
lo the -Sector CFE, as i is to- the Number m. 

Scholium. 

-22 T. TJE K C E we mar give a very exact IJea of thofe Numbers in 
-^ Arithmetick, call'd Logarithms; and likewile fnew their 
■ great Ufe in facilitating extremely Arithmetical Operations, wherein 
* large Niunbers ara concerned. 

JLet CG exprefs Unity, CL t!ie NiimL>cr 10, and fuppofe tlic Hy- 
Ijprbplici: Sector Cfi:' to be divided into iccoocooooc ecjual Parts; 

t>x;i 
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then if there be a Table divided into two Columns, in the firft of 
which are orderly- contained all the natural Numbers 1, 2, 3, j, y, 6, 
&c. and in the other, artificial Numbers Handing againft them, ex- 
preiling the Number of Parts that the Hyperbolick Sector CDF does 
contain,, with refpeft to tjie Number cf Parts copt^in'd in the Sector 
CEF\ then the artificial Numbers are cairi fh* Logarithms of tM "- • ' "• 
natural Numbers anfwerinc to them. This being premised, ■ 

1. If any two natural Numbers CH, CK^ be proposed to be multir 
ply'd by one another, you need but take their Logarithms in the Ta- 
ble exprefs'd by the Sedors CFD^ CFB ^ and then adding tl^e two • 
Logarithms together, you will have the Logarithm exprefflng the 
Sedtor C>^£, againft which in the firfl; Column fiands the natural 
Number CX, which is the p!radu6l of the ' Multiplication of the two^ 
Numbers CH, ex. .* . : - — 

2. If it be prcpos'd to divide the Nomtcr CL by the Number CJT, 
jou need only fubftraa the Logarithm. (CFB) of the DivilbrCiC, 
from tlie Logarithm (CFJ?) of the Dividend, and the Remainder 
C B E, or CF A will be the JLoga/ithm df the Qjiorient CH. ' > 

?.^f it bfe proposy to es:tra49: any Root of the Nombcr CjL^ for 
Eiamiile, the Ofibicfc^ then you need only divide the Logarithm 
(C FE)' thereof into three egual Parts, and you will have the Loga- 
rithm CF A agakift which ftands the Namter C//, which is the 
Cube Root fought.-vL . . . X ,■■ . ; v '. ; , .■ : , , ^..^ 

All this follows from the Equality of the Hyperbolick Sedlors CFD, 
CB £, and CFD, CDB.C BE, *c. when CG:CH::CK:i CL, 
apd CG:CH.::CH:CK: : CK : CL : : &c. Therefore by fuch a 
Table it is manrfeft, that Arithmetical Operations in great Niuht^ers 
may be raftly abbreviated, and fo the Lc^rithms arecrt ^eartffe in 
Trigonbmctry and Aftt^nonly, &c. - . ' : • ■ 

• B^canfe the Relation if the Hyperbolick Seaars CFA CPB^- 
i^c. to the Sector CFE9 caunct be ejjpprefs'd -exad^ly in Numbers ^ 
therefore that Relation is exprefs'd in Numbers nearly •, and by mean^ 
of thefe Numbers, (call'd artifeial ones ) and the natural Numbers.fet 
againft them is a Table of Logarithms composM, which has ajl the 
Properties we have here explain'd. Now according to the Suppofitioij, 
that the Sedlor CFE being the Logarithm of CL (10) cont^ns 
iGccccooooc equal Parts, we. fliall find that the Parallelogram CG 
FT, contains more than 4342*;448i8 of thofe Parts, and lefs than 
4?.42 94^8i 9. Therefore any Hyperbolick Seitor CB F, is to the Pa- 
•lallclogram CG FT, nearly as the LMarithm of the Number CK 
f 'taken IP .Uii Pl^c^s of .Figures tefide* tfle Chaiaftviftick) ; is^-tp tlje^ 
Nufuher 4342^4*48 1 9,' .;■•.. // - - . . t . ^ - ... ui .{ 
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PROPOSITION via 

Theorem. 

Ft c. tio. 322. JF in each €f the Afpajtotes there he taken the Farts CG, C I^ mil 

CR, CS, heimfwcbtbat !/CG :!/ CL ::VCR : v' CSj 
and if the right Unes GF, LE, KT.SY , be dravn parallel to the^ A^ 
fjmftctess Ifajy the SeaorCFE will be to tbeSeaorCTY, asmist» 
n : The Letters in, n, denoting any whole Numbers atpkafmr. 

For if you make ^CQ : ^ CL iiCQ :CH, md ^ CRi l^ CSvi 
CR:C^. And if the right Lines H Ail, i^> be dnwn jpaiaUel to 
*Afi.%it.^e Afymptotes •, then it is manifcfi, * tiiat the Hyperbokdc SeQor» 
♦ B^ CFDy CTJV; Ihall be equal to one another ; becaufe "^ CQ : CH; : 
C R : C0. But by the Matuie of Geometrical Progreflions, the Line 
CH wiirbe the firft of as mafay niean Proportionab between CQ and 
CIri as the Number m — ^i contains Units, and the Line C^ the firft 
of as many mean Proportionals between CR and CS^ as the Nimiber 



»)iir.<|i ^1 




ia^ as the Nomber m is to the Mninber n, V> W, D, 

COKOLLAKY. 

22;. ITEM C E, if any Hyperbolick Sedor C J^£ be given, as aUb 

•^^ any Point Tin the Hyperbola ^ and if it be required to find 

Ibme other Point Tin the &id SeOion, fo that the Sedbr CF£ be 

to the Sedor CTF, as m is to n j tlwn you muft afltune CS, &ch that 

^CQi !^CL:: ^CR:^CSyOC (which comes to the lame) 

V CQ* '.^CL::CR:CSi that is, you muft take CS=iCR » 

PROPOSITION IX. 

Theorem. 

fi*. Ml. 324> iFtbe right Uwt BK, FG, he dram throtgb the Extremides^ F, 

* tf am OmerbcUck SeSor CBF ^ paralkl to one Afjmftote CS, 
mi i wa iw K in g M the ether C L ) Jfaj^ the HjperboUck SeBor CB F » 



Of the Compar/fm ef the Conick ^e^^ions^ e^*A i ip 

eqndl to tbi HjperMick Space BKGF, c&ntdn'd between the ParaVeh 
B K, FG, tbeFart G K oftbe Afjwftote CL, and the Portion BF of 
tie Hyperbola. 

For if the Triangle CO A be taken from the equal * Triangles ♦ -iirf. jp. 
CJCB, CQFy (the Point A being the Interfcaion of the two right 
Lines FQy C A) and if to the two Remainders Jl JC G A,CA F, there 
be added the HTperbolick Space BAF\ then on one Side we (hall 
have the Space BKQFy equal to the Sedor CBF on the other. V^ 

jr. P. 

CoaOLI^ART I. 

22$. TF the Lines B^ FO^ be drawn parallel to the Alymptote C£» 
^ and terminating in the A^mptote CS ^ then we can prove b/ 
*he like ReafoD, that CJJF is equal to the Hjperbolick^ce 2^0 Fs 
from whence it aj^ears, that the Spaces or HTperboUck Trapezia 
BKQF, B^OFj are equal to one anodier. 

COEOLLAaY II. 

225.tJ£NCE, whatever has been desxmfirated in the tij^ 
^-^ 218th, 2i9thy 220th, 22 if^ 22^ and 233d Articles of Hy* 
ferbolick Sedtors, extei^ to the afocelaid Trapazia, becaulie theie aat 
icgual to the Sedors. 

PROPOSITION X. 

Theorem. 

227. IF there be two Bjperboys BMF, HND, baviM the fame Afjmr f,c. ,1^^. 

^ ptotes C L, C S i and if throng any two Points. Gj K, in oneAfjm- 
ftote^ there he drawn the tight Lives uDF, KHB, paraUel to the other \ 
I fay, the Hjperbolick .Space BKGD to the Hyperbolick Space B KG F, 
js as the Power of the Hyperbola HND, to the Power of the Hyperbola 
3MF. 

For through any Point P in the Part GX, draw a Parallel to GD 
ct K Hj meeting the Hyperbola B At F, in the Point M, and the Hy- 

Krbola HNDj in the Point JV^ and call the Powers of the Hyper- 
la's HND, B MF, aa.bbi, and the indeterminate Quantity CPy 

A^, then will-* PjV be = " andPiM = -. and fo PN:.PM :*^'ioi. 

aa:lb. And becaufc this is fb always, let the Point P be any where 

taken between G and JC, therefore "^ the Hyperbolick Space HKGD, *Jti.it(. 

to the Hj^peiboHci; Space £ JC G JF is, as iia to t *. JT. W. D. 

COIOL- 
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228. VIT HEN the Powers of the Hyperbola's HNDj B MF, are 
^ to one another, as the Number m to the Number w i then 
in the Hy^rbola HND we can find always an Hyperbolick Trape- 
zium RSFTj equal t6 the Hyperbolick Trapezium G iC J? F, in the 
other liyperholaB Al F^ the rijght Lines CO^ CK^ CJi, being given. 
*jiri.ziitYoT It Is manifeft, ^ that the Trapezium G KHDj to the Trapcziinn 
and It ^. QXBFj is as m to w •, and fo the whole Difficulty confifts in finding 
the Trapezium RSVT, in the Hyperbola HNDy which (hall be to 
the Trapezium G KHDj as the Number n to m. And this may be 



fflm^m^m^^mn HI* 



*Art.'.i%, ^one * in taking CS fuch, that :^CG : ^CKi.CRx CS. 

and ii6. 

Definitions. 



Fig 115. '^ ^^^^^ '^^ ^^ indefinite right Line AQ whofe Origin is the (ix'd 
Point y« 5 and if there be a Curve yrfiW^JJ fuch,' that a li^t Line 
At P being draMm frofti any Point P in the fame, making a given 
Angle A PM with A C, and if, the indeterminate Qjiantities AP^ 
PM, being call'd x, j!, we have always a x=:yy (where the Letter in 

* Art. 19. denotes a given Line ) -, then it is plain, * that the Curve ^ ylf^ is a 
Parabola, the right Line ^Ca Diameter, the right Line PM an Or- 
dinate to that Diameter, and the given Line a the Parameter. But 
now, if the Nature of the Curve A MB he fuppos'd to be eiprefi'd 
by this Eauationji' z= aax, or this ji' zizaxx-^ then that Curve is 
i^ird a Cvpick Parabohy or a Parabola of the third Degree. Becaufe the 
Power of one of the indeterminate Quantities X, j^, arifes to the third 
Degree. In like manner, if the Equation be jf"* z=za^ x, or j?'* := ax' 5 
then the Curve AM By is called a Parabola of the fourth Degree. Be- 
caufe one of the indeterminate Quantities, as j^, arifes to the fourth 
Degree, and fo of others to Infinity, 

Fic.<iz4- If there be a right Line y^ C(as in the laft Definition) and the fixed 
Point A be the Origin ^ and if there be a Curve Line B M fuch, that 

idf&Wincr f Via vvrrUi- T iriA A/f P frnrn anir Prkinf M fhnrnr\f iTIQl-inrr o rrivrAn 
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* that that Oinre will be an Hyperbola, and the right Line A CQm*Art. iox« 
of its Afymptotes, the Line AD (parallel toPM) the other, and 
the Square a a the Power thereof. But if the Equation eiprefling the 
Nature of the Curve B Mhex xy :=^a^ 5 then that Curve is called a 
CMbkk Hyperbola^ or zjfi Hyperbola of the third Degree 5 becaufe the Pro- 
da£l X X j^ of the two indeterminate Quantities x and jf, is of three^ 
Diinenfions. Farther, if die Equationbe x' jf = o^ : then the Curve 
JB^ M is an Hyperbola of the fourth Degree. Becaule the Produ^ x^y is of 
four Dimenfions : And fo of others to Infinity. 

Corollary I. 



5» 



229. T F tiie Letter m denoting any whole Number, be ^he Exponent Fig. h 

^ of the Power of the indeterminate Quantity AP {x)-^ and if 1^ 
likewife the Letter n be the Exponent of the other indeterminate 



ty. In like manner the Eauation x" 7" = « *+", /or ( making « = i ) 
x^'j^" = I, eiprefles generally the Nature of all Kinds of Hyperbo- 
la'^. 

Corollary II. 

230. T F any indefinite right Line ^ D be drawn thro** A the fix*d 
^ Origin of the Line A C, parallel to P :M •, and if ^ A be drawn 
parallel to A C meeting A Din the Point X, and the indeterminate 
Quantities AR^ K M^ he calFd x, y\ then it is evident, that the in- 
determinate Quantity ;r, which exprefi'd before the Line A?^ot M X, 
will now be y 5 and contrariwife jp, which exprefs'd P M or A Kt will 
now be x. From whence.it follows, 

1. If the Curve A MB be a common Parabola, then the Equation p^ 
thereof will be yyzna x^ or x x = « jp, according as the Points of the '^ ^'^' 
l^arabola regard the Points, of the Line ^ C or ^ D ; if that Cur\-e 

be a Cubick Parabola, then the Equation exprelling the Nature thereof 
will be y^zzzaaxj when the Points thereof regard the Line AC^ ot 
x^:=:aayj when the Points thereof regard thofe of the Line A D 5 
and v" =^x'^ (f"""* , or x" z=zy'»a'*'"" , will exprels in general the Nature 
of tne Parabola A M J5, according as the feme regards the right Line 
ACov A Dy where w is fuppofed to exceed m. 

2. The common Hyperbola is always exprefi'd by this Equation f^g, ,24, 
xy — aa^ whether it regards the Line A Cor A D, the Cubick Hy. 
perbola by this xxy:=:a\ when it re^pedis A Q and by this xyy=: 

a\ when it regards the other Line A P. And laftly, x'j" s=a»'+* 

R or 





no< i>4. 



• ^j m i ; «iU«tMA ia gmad tbe UttdRof dMT. 

E= da;, and the other hT)f>=« xx, acjt*^ts=sjfi vtaM tMfc »! 
but oneCahidc Hyperbcuaxxfssd*, orxM=a'. For the indeter- 
minate ^nntities x anfl n .cm m oombinea Bufifbtir ways for expreC 
fii^ the Nature of the Cubicle Ruabcla, and but two for expreiingthe 
<K«Rli«tiriHieCdbicl[%ficrbob. Afld becanfe tite four firft £qua^aiH - 
kM«miiBMtwodifmftC(Uv«a,a&dt^tWD]a!ftto the fame; there-, 
fye, &e. Andafter<hi>inamKriMyb«fba)dtheNumberof Parabo- - 
la^'Or i^pttiMa^g ef the Ibatth De^, fifth I%£ree, &c. ' 

C O X L L At T IT, 

■ I 

3fs.*T^i{C ioMmitc right Una ^C, jtfA autirMit.adj hfA-.^ 

•'■ fymptotnc^the comroon Hyperbola, bat mcffeover, MfmfiX~ 
totet of aoy other Hyperbola of whatfoerer Degree. Fn let the ge- 
neral Hquatioo, expreufaig the Mature of auy Ifypfcrhola, be x* y 3= 

«•+«, or jr SK^j;;— (jrfPfcJT, TM = y) when the Pcdnta of H an 
referrM te thofe of the Line AC \ then it is man^ft, that the more 
j<P(x) increa^, the more, on the oontrsijj will;", and confeqnent* 
ly P M (y) dimimfti 5 fo «hat when « is infinitely great, PM (j J will 
become nothing ) that is, the Hj^perbola B M, and tbe Line AC, he- 
ing both Mi£nite[y produced, do cominaaljj approath nearer and 
nearer to one another, until they meet oik atwther at an infinire Di- 
^nce 5 and fc that Line will he an Afymptot». Now if the Points of 
the fame Hyperbola be rrfert'd to tlioft of the Line A D, then we 

ftiaUl»vex"jr=:;<r^, ory =-;;r* (-^^—"t KM=:y)iftom 
whence it follows, that the more A K {x) inaeafbs, the more doth 
K M (j) diminifh, and fo the Line ^ D is an Afymptote alfb of tbe 

laaie Hyperbola. 

P R O P O S I T I O N X*. 

Problem. 
io< lij. 3^%. tT is rtqi^r'd to '^aw tbe Tkngetrt TAT to the J'oivf 'Hi givm hitit' 
^ QiH^ F^lrtbola A M B] vbofe Nanre U ej^reffed ^y mHqv/dem 
zsaxj, Suppofe 
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Sappofe the Arc iM JV to be infinitely finall, and draw JV^» paral- 
lel to PM, and M R paralfel to AC-, tiifen the fmall Triangle MRNy 
will be fimilar to the great one TPM^ becaufe the finall Arc iM JV 
n»7 be taken *tor a Part of the Tangaat tM produced. This being ♦^^ ,g, 
kid down, call the Sub-tangent (TPJ fought, * i the fmall right Line 

P^, or MR, ei and then we fliall have R i^ = ^j becaufe the Tri- 
angles TPM, MRN, arc iimilar. Now, if tlie Cube of ^N (j -f 

* ■ • 

^ ) be put fbt >» in the Equation 7* = a x x, expiefling the Nature of 

the Curve AM'B^ and fte Square of A^ (x + r) for . x x 5 then we 

fliall form this Equation jj' + !!^ + ^ + ^ =. ^x^ + 2eax + 

ee tf, "which fcxprefles the Relation of ^ ^ to ^N. And ifthe Equa- 
tion y t=iijr X te tkken frtnlh thi^ Equation, and the remaining E^ua- 

tion be divided by e : then there will arife ^^ -f ^-^ 4- -=7- i^ 2 j x 

+ ea-^ and ftrikirig but iaH tlie Tirms ti^bemn ^ happens, becaufe 
P^ (0 heing infinitely fmall, tl^ofe Terms are infinitely little in 

rclpefl of the others •, and then we fhall get ^ =2^x5 and there- 

fore PT(x) s= ^ =-|- X, in fobftltutingy fer^x x the Value there- 
of. r.r.D. 

Scholium. 

P34. tF Regard be had to the aforegoing Procefi,. it will appear bjr 
-*• lubftituting, inftead of the Power of y, a like Power of ^ -h 

— , that there is only Occafion for the two firft Tferms of that PoWer i 

for all the other Terms being multf plyM l^ the Powers of e, have 
either e, or Powers of e, in the laft Equation found at the End of the 
Operation 5 and fo thefe Terms muir confequently vanifli. Under- 
ftand the fame in putting ibr the Power of x, a like Power of x + e. 
But if all the Powers of the Binomial x + ^, be fucceilively formed ^ 
then X* + 2 f X will be the two firft Terms of the iecond Power •, x** 
+ 3 e x^, the two firft Terms of the third t x^ + 4 ^x% the two firft 
Terms of the fourth ix' 4- 7 ^ x^ the firft Terms of the fifth \ and fo 
on. So that the two firft Terms of any Power (») of x + ^, will be 
x» -^ w e x*^'. After the fame manner it will be fcfund, that the two 

firft Terms of any Power (n) of the Binomial j + — , will be j* + 

~' K 2 C R i^ 
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Corollary, 

^jJ.TJENCE we have a general Eipreffion for the Sub-tai^ent 
•" PT(s) of all Kinds of Parabola's, by means of the eenenil 
Equation j« = x" fl"""", or f making a = j) j^'»=^'» eiprelfing the Na- 
ture of all Sorts of Parabola's. 

For fiibftitute the two firft Terms of the Power (n) of j + 

y, that is, jf" + ~, for ;» in the general Equation y = x* ^ and the 
two firft Terms of the Power (m) of x + e^ that is, x* + iw ^ ;r*^« 

forjr'"^ andthenwelhallgetj^- + ~- = x* + i«fx*-'. And fub- 
ftrading the firft Equation from this, and then dividing by r, we 
ftiall have .-- =: w x»-» 5 and therefore 1 =,~zi=— x^ hy puttii^ 

PROPOSITION xn. 

Problem. 

Pig. 124. 236. ^0 irm TatigenU to all Kinds of HjperboJa\. 

^ The fame Preparation being made, as in the aforegoing 
Propofition, fubftitute the two firft Terms of the Power (tn) oi a S 
{x ■+- e) that is, x*" + w e x»-' for j:*, in the general Equation x«y» = 
ii'«+* eiprefling the Relation of ^ P (x) to Pill (j) : and the two firft 

Terms of the Power (n) of ^ iV fjf — y) that is, j« — ^ for ;' . 
«nd fo by Multiplication we ftiall get this Equation x^^« j^mey^ 
- ^^^ — ^fJTj^i — _ ^^j^^ eiprefling the Relation of yi a to 
^N. And fubtrading the firft Equation from this, and then divi- 
ding by ey\ and there will come out m x"-' 

And ftriking out the Term , being incomparably fmall with 

refpeft to the two others, becaufe the infinitely fmall Line V^ (e) 
multiplies the fame, and we fliall get VT{s)zz — ^^ = — x. 
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Corollary. 

537.TTENCE, if it be required to draw a Tangent MT to thepic. ia}> 

JLl given Point M in any Pfwabola or Hyperbola of whatfc^ever 114. 
Degree, the Nature of the Parabola being exprefs'd by f t3= x" a-^ 
and of the Hyperbola by x*y« sra*"*" : you need only aflume the 

Sub-tangent PT = ~ y4 P, on the fame Side the Point j4 as P is, 

when the Cunre is a Parabola, and on the other Side when the fame i^ 
an Hyperbola. 

PROPOSITION XIII. 

Theorem. 

238. T ET there be a Parabola AM B of oftj Kiftdj whofe Natvre is ex- Fxc. laj?. 

-'--' prefi'd by the Eqiiatfon yn =: x™ a -»" : avd j'^ppofe the right 
Line BCto be drawn from avy PtAnt B itt thefame^ maldvg a given Angle 
(A C B) with AC: and compleat the Parallelogram ACB D. / fay, the 
circumfcriyd Parallelogram A CBB is to the Pa/abolick Space ACB MA, 
contained under thejlrmgbt lanes A-C, C B, and the Part A MB of thfi 
ParaboUy as m-^nisto n. 
JTe arj: to prove, tijt ACBP : ACBMA : :n; J •» • «• . ^ . , 
SupBofe ^ -^^^ <'fl* ^ ^ ^^ r?>r4floia A MB to be innniteljr 
fmall, or ( as ibme ^ksife to fpeajc ) indefinitely flnall, that is, lb ve* 
ry fmall as to be le& thap any giveo Part of that Parabola ^ and draw^ 
the right Lines MP, J^^, paraUel to J5.C-, and M K, NL, parallel 
to AQ forming the fmall ParaJlelpgrancj JMRNS: Alfo draw the 
Tangent MTj meeting the Diameter ACifl the Point T, from which 
draw a right Line parallel to CB, meeting the l^nes MKjhL in the 
Points Fy G- This being done, the fmall Arc M N may be taken "^ ^Artrno^- 
for one of the infinitely fmall Sides of the Polygon, making up the 
Part or Portion (AM B) of the Parabola, and the Tangent M T, for 
that fmall Side continued out 5 (b that we have two right-lin'd Trian* 
gles NR AT, M PT, which are flmilar : Whence URox MSiRMxi 
M P : PT or MF. And therefore the Parallelogram PM R^ is equal 
to the Parallelogram FMSG 5 becaufe the Angles PMR, FMS, are 
equal, and the Sides about thefe Angles are reciprocally proportional. 

But*iWForPT=-l^PorliWiC. Therefore alfo the Parallelo- ♦^,f.i^-. 

gram FMSG, or its equal P^MR^— — KMSL. And fince this 
is always fo, let the fmall Arc MNhe taken any where on the Portion 



4 ofe 



116 The Fifth Book. 

of the Parabola 5 therefore the Sum of all the fraall Parallelograms 

*Jrt.iS^^^^^^ that is, the ^Trilineal Parabolick Figure ACS MA is 

= — ADBMA the Sum of all the fmall Parallelograms —KMSL. 

Whence ADBMA : ACBMA.'.tn.n. And confequently ADBMA 
•\- ACBMa, ox ACBD iACBMAr.m->c n.n. W.JT.D, 

Corollary. 

259.TTENCE it is evident, that the Trilineal Parabolick Figure 

-" A PM to the circumfcrib'd Parallelogram APMK^ is as « 

to « 4- w 5 and fo the Parabolick Trapezium MFC B is = 

ABCD ^^PiHXibecaufe^C5iJf^= 4-^CBD, 



and^P^=:4"^^^^- 

PROPOSITION XIV. 

Theorem. 

Fig. 116. 240. J ET there he an Hyperbola BMO, 0/ any Kind^ vhofe Nature is 

^ ^^rzTti by the Equatiov !"» y" = a"M-» 5 and fippye the right 
Line ^Cto be dratpnp^n* w^ v^^h r ♦Ju»w?«f parallel to one of the Afjm- 
ptotes A D, and terminatiTtg in the other C, and compleat the rarontlvgram 
A C B D 5 I fay, the f aid infcriFd Parallelogram ACBD 75 to the Hyver- 
bolick Space E C B M O, contain d under the determinate right Line B C, 
the right Line C E indefinitely produced towards E, and the Part BOMcf 
the Hyperbola infinitely produced towards O, as m — ^n is to n. 

JTe are to prove, that ACBD : ECBM O : : m— n : n. 

The fame Preparation being made as in the laft Propofition, we 
prove, as we have done there, that the fmall Parallelogram PMR^ 

h=: — KMSL. And becaufe this is always fo, let the infinitely 

(inall Arc MN he fuppos'd to be taken in any Part (BMO^ of 
the Hyperbola 5 therefore the Sum of all the little Parallelograms 

♦^r#.i84.P-MiJ^|thatis,theSpace^£CBiMOis=^ EADBMO, the 

mm 

Sum of all the fmall Parallelograms — KMSL. Whence we have 

EADBMO:ECBMO::m:n'^ and therefore E AD BMO — 
ECBMO, ot AC B D : E C B M : : m—n : n. W.IK.D. 

Co R O L- 
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CO&OLLARY I. 

|.i, TTENCE it is manifeft, that the Hyperbolick Trapezium 
C?MBvi=^^ ACBD APMKi becaufe 

/If— « m — n 

C B MO is =• — ACBDf and for the fame Reafon the Space 



PiWO is = -L APMK. 



COKOLLARY II. 

42. XT E N C E, I. If HI be greater than w 5 then the Relation of the 
-" infcrib'd Parallelogram y<C5D to the SpaceiiC^il 10 in- 
efinitelj extended towards £, will be exprefe'd always by pofitive 
lumbers •, and fo in this Cafe we have always the ahlblute Qua^jrature 
f that Space. 2. When mzzztty which hapj^ens in the common Hyper- 
ola 5 then the Relation of the Parallelrgram ACBD to the Hyper- 
olick Space £C5-AfOisase>to i 5 that is, the (aid Space is infinite 
n refpe£l of the infcrib'd Parallelogram ACBD. 3. When m is lefs 
han ff, then the infcrib'd Parallelogram A CBD will be to the Hy- 
)erbolick Space ECBMO, as a nega ive Number is to a pofitive one ^ 
ind therefore the Ratio of that Space to the Para 1 1^1 ngram jiCB JJj 
8 ( alluwijjg the Jtxpreilioii ; more tnan mtinite. But it muft be ob- 
erv'd, in this Cafe, that the Hyperbolick Space included by the 
'ight Line D J5, the Afymptote A D infinitely produced towards D, 
md the Hyperbola MB infinitely produced towards 5, will be to 
the infcribed Parallelogram ACBDy as w» is to n — w, that is, the (aid 
Space is fquarable : For if the indeterminate Quantities (x) be aflii- 
med on the Alymptote A D, inftead oi ACy then the Equation of the 
Hyperbola will become "^ x» y" = tf*" *• •. ♦^rf-ijdj 

PROPOSITION XV. 

Theorem. 

243. TF there be any Cvrve AMB witbin tbe rigbt Aftgle CAD, and tbe f,c. 1*7, 

-* rigbt Live M T, tovcbes tbe fame in any Point M taken at plea' 
fare 5 and if there befome other Cvrve H F E, within the Angle D A H, 
^adjacent to the Angle C A D^ fuchy that, the Line FM being dramv from 
any Point F therein parallel to AC, meetirg tbe Line AD in K, and the 
Cvrve AMB in M, the Line AKmay be to MT, always as fome covjlant 
Line a to KF : Ifay^ if the Line E^ be dratpn throvilb any Point i) of 

tbo 
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• 

tie Lifte AD, parallel to A C, ajid termittated by the two Curves^ then tU 
Space A D E F H jrzfl be equal to the ReSartgle wider the Curve A M B, 
and the conjlant ^tantity a. 

JTe are to prove, that ADEFH=AMBxa. 

Suppofe iW A' to be an infinitely fmall Arc taken any where in the 
Curve A MBy and draw the right Lines MFy NG, parallel to AC, 
meeting the right Line AD in the Pwnts K^L, and the Curve BFi; 
in the Points F, G •, alfo draw the right Lines ^'5, M R, parallel to 
AD, and produce RM till it meets ^Cin P. This being done, tibe 
two fimilar right-angled Triangles MPT, MR N, give this Propor- 
tion, viz.MR: MN : : MP or A K : MT: : a : KF. And therefore 
KFxMR, that is, the iinall Redangle FKLS is - M N^a. AsA 
becaufe this is fo always, let MNbe taken any where at pleafiire in the 
Curve A MS-^ therefore the Sum of all the fmall Redangles J[IiSf, 
^-iffc 184. ^hat is, "^ the Space A DEFH, will be equal to the Sura of all the 
fmallRedanglesMiVxa, that is, equal to the Re£bingle under ibc 
Curve A M JB, and the conftant Quantity a. V. V. D. 

Corollary L 

244. TT E N C E the Reftangle under the Portion AM^jaid the om- 
^^ ftant Quantity a, is equal to the Space AKFH\ and the 

Reftangle under the Portioning, and the fame Quantity 4, is equal 
to the Space K DJ^r. 

CoROLLA&Y n. 

245. TF the Curve A MB be fuppofed to be a Cubick Parabola, ei- 
J- prefe'dbyji' =axx, (AP being = x, and PMzizy) then 

^Jrt.i^i. ^^^^ "^ PTbe ~ i X •, and becaufe t he Triang le MPT is right-angled, 
the Hypothenufe M T will be = ^yy -{-^xx. But by the Property 
of the Curve HFE, it muft be as iW P (yj : MT( y^yy-\-^xx) : : a 
KF. And fo there arifes KF ^aa^ = ^ a + — ay, by fub- 




* ' Origin thereof and the Parameter ^ {• aa-, for by the Property of that 

♦ Art. 19. Parabola, the Square of the Ordinate K F will be ^ equal to the Rect- 

angle under JCO, and the Parameter ^ a, that is, in analytick Terms, 

"KF a a '\- jay. And becaufe the pa rabolick Trapezia ADEK 
*Art a-o. ^ K fHj are ^ fquarable •, therefore we have the Rcctifiaition of the 
* Curve A MB, or of any one of the Parts (AM) thereof. 

If 
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' If you have a mind to ezpcefs the Value of the Part AM, you 
muft obferve, firft, that AHh = «j becaufe Ali=zAO x i. a = 
a a. Then calling the Tangent MT,ti and the Line AKot MP,yi 
and there arifes JCF= ^ and the Parabolick Trapezium FKAHy 

or^^J^JCxXO-lH^-^Owillbe=lat+^'-^^^ 

AM ^a. That is, ( dividing b7 « ) the Portion AM fought will be 

ci:^t + — — — tf. From whence arifes the following ConftruSion. 

Draw theTangent iW Tfrom any given Point M in the Cubicle Para- 
bola AM By meeting the Line AK drawn through the Origin A of 
^he Axis A C perpendicular to the lame, in the Point ®, and one A K 

a{rume^r= — tf, then if FC be drawn parallel ta AfT, meeting 

the Axis in C, and a Circle be defcrib'd about the Centre F, with the 
Radius VAj cutting TC in Xj I fay, the Part ^4^ of the Cubick 
Parabola y^-M J?, will be equal to the Sum of the two right Lines 
M^, ex. 
For becaufe the Triangles TPiH, TA^ are fimilar, it is plain, 

thatiH^is- — ;WT(0,finceyiP=— PT-, and becaufe theTri- 

angles MPT^ VAC^ are fimilar, we have this Proportion MP(y):MT 

a): :^r(^a) :rC = g, and thereforeCX=|^J-^tf. Whence, 

$ 

PROPOSITION XVh 

Theorem* » 

2^6. J ET there he an Eqvitateral Hyperbola E A^^*, together mth a Va- Fig. laS. 

-^ rabola N C S 5 and let C he the Centre of the Hyperbola, the. 
Line C A half of its frft Axis, and the Line C A produced beyond C, the 
Axis of the Pa? abola^ having a Line the dqiible of C A for the Parameter 
thereof y and the Point Cfor its Origiti. Then if a right Line ^^be drawn 
through any Point li in the^ Parabola N C S, parallel to C A, meeting the 
Hyperbola E A F fw the Point E, and itsfecond Axis C L in the Point L. 
J fajy the Hyperbolick Space CLE A, included between the right Lines 
A C, CI^ L E, and the Portion of the Hyperbola E A is equal t$ the Reil^ 
mgh mdfr tbe Portion of the Parabola C N, and the right Line A C« 

S Tca^'i^ 

1 
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Through apy Pmnt M in the Portion of the Parabola CN^ ditw 

M G perpendicular to the Tangent M T, as alfo M B paralkl to C-^, 

meeting the Hyperbola in By and the fecond Axi« CLinH^ then tfatf 

Lines MG^HB^ will be equal to one another. For drawing the Or- 

^Art. 24- dinate MP, we have "^PGrzizCAh and fince the Triangle MPQ is 

*Art.iii. right-angled, the Square MG = PM + ¥0:=:CH'\' Cltz=^^SB ; 
becaufe EAFis an equilateral Hyperbola 5 and Co MQ := HB. But 
the fimilar right-angled Triangles TPM^ MPQ^ give tlus Proportion, 

♦^^i4J-AIPorCH: JMT: :PG ox CA iMQor HB. Whence, ^Gfc. 

C0R01.LART I. 

247. TJENCE it is manifeft, that the Hyperboliek Trapezium 
** HLEB is equal to the Reftangle undfer the PcMrticm of dr 
Parabola M N^ and C ^ the half c^ the l^ameter of the iUis. 

Corollary H. 

249. TF any two Parallels 5 A £ ^t ^ drawn in the equiktefal Hy- 
A perboly^y^F-, andif the right Lines BM,EN,DR,FS, 
be drawn through their extremities parallel to A C, meeting the ie- 
cond Axis of the Hyperbola in the Points B^ L, Kp \ then if the 
right Lines jB £, D f be drawn, the Difference of the Reaangks 
AC^MN, AC^RS^ will be equal to the Difference of the right- 
lin'd Trapezia HLEB.KO FD. 

^Art. 247. ^^^ ^^^ Redlangle AC^MNh^ equal to the Hyperbolick Trapc- 

* zium HLEB\ and confequently the Reftangle AC^ MN pins the 

Hyperbolick Segment D F will be equal to the right-lin'd Trapezium 

KOFD. And fo becaufe the two Hyperbolick Segments EB, DF, 

Mr//ao4. are * equal to one another, the Difference of the ReSangles ACkMN, 
AQ^RSy will be equal to the Difference of the right-lia'd Trapezia 
HLEByKOFD. JT.r.D. 

Corollary. IIL 

249. 'TpHE iameThings being premised as in the laft Corollary j if it 
-■• be made as 2 AC :LH::BH -{^ LE: m 5 then it is plain, 

that the Reftangle AC^m^izT LH^ 'bIhT^ L £, that is, equal to 
the right-lin'd Trapezium ML E B. In like manner, if it be made 

as 
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Bs iAC-.KO.-.KD-^- FO-.tii then ^Cx« will be equal to the 
rttht -lin'd Ttapezium K FD. And confeguently the Diffirence * *^rt. 24a. 
f^the Rje&mMACn MN, ACiRS, win be eqnal to the DHIe. 
iCDoe of theRe^Bgks^C-M, AC^n^ that is, dividing hy AC, 
the Diffirence of the Parabolick Arcs MN, RS, will be eqnal to the 
Difierence between the right Lines m, v. Whence it appears, that 
ftiatght Lines mar be fixlnd equal to the iMfFerence of an infinite 
Number of Parabolick Arcs, fuch, as MN^RS, 



The End of the F^th Book 
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BOOK VI. 

* • ■ 

Of the Conick SeBions conjider^d in the Solid. 



CHAP. I. 

Of the Three Conick SeSions in general. 

Definition 8« 



I. 



Fic 1X9 JP *^^^^ ^ ^°7 immoveable Point S afliim'd without a Plane in 
-■" which the Circfe TXT is defcrib'd, and if a tight Line SZ drawn 
through that Point, and infinitely produced both ways, moves quite 
round the Circumference of the Circle 5 then each of the two Super- 
ficies produced by the Motion of the indefinite right Line SZ, is 
caird leparately a Conick Superficies^ and both of them conjundly op- 
pofite Covick Superficies, ox only oppofite Superficies. 



2. 



The immoveable Point S, common to both the oppofite Superficies, 
is caird the Vertex. 



The Circle VXT, the Bafe. 



The Solid comprehended under the Bafe VXTj and that Part of 
the Conick Superficies between the Bafe and the Vertex S, is called a 
Co;/^. 

The Line SX drawn from the Vertex S to any Point X in the 

ftaie^ 18 a Side of the Cone. 

6. The 
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6. 

The Line SO drawn from the Vertex 5, through the Centre of 
the Bafc, is called the Axi^ of the Cone. 

7- 
If the Axis be perpendicular^ to the Plane of the Safe, then the 
Cone is call'd a right Cone ^ and if the Axis be not, then the Cone is 
caird a Scdsne Cone. 

8. 
If a Conick Superficies be cut by a Plane {FA Q) not paffing thro' Fic. 130, 
^e Vertex 5, or parallel to the Plane of the Bafe VXT\ the i5i> ija* 
Curve FAGj form'd hj the Concurrence of that Plane and the Conick 
Superficies^ is a Cornck SeQion. 

If a Plane {SDE) be drawn through the Vertex (5) of a Cone, pa* 
rallel to the Plane of a Conick Seftion 5 the indefinite right Line D E^ 
formed by the Concurrence of that Plane, and the Bale of the Cone, 

is caird a DireSrix. 

•• ■ * ■ 

ID. 

A Conick Seftion i^FAG) is call'd a Varahoh^ when the Direflrix D £ 
touches the Circular Ba& of the Cone ^ an ElUpfay when the fame 
(alls quite without that Bale ^ and an Hyperbola^ when it falls within 
£or cuts] that Bafe. 

But in this laft Cafe, if the Plane of the Seftion be continued, the F»c- ^i^^ 
fkme will meet and cut the oppolite Conick Superficies •, and the Curve 
KMH form'd thereby, is call^i an oppofite Hyperbola with regard to 
the former Hyperbola FA O ^ and bodi of them together are cali'd 
oppojite Hyperbola Sy ot oppofite SeSlons. 

If any ftraight Line^ in the Plane of a Conick SeSion, meets that Fig. 150^ 
SeSion in one Point only, and being both ways infinitely continued, '3i> 13a* 
does not cut or fall within the Sedion ^ then that Line is caird a 
Ttnigent ^ and the Point wherein it meets the Sedion, is named the 
Point of CofttaS. 
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Corollary I. 

Fic. 130. 250. TN the Parabola, all the Sides of the Cone being prodnccd inde- 

-*■ finitely will neceflarily meet the Plane thereof, except the 
Side S D only, which is drawn from the Vertex S through the Point 
jDt wherein the Dire£lrix touches the Bale ^ becaule there can be ^j 
that Side in the Plane SDE, parallel to the Plane of the Sedicm, and 
all the other Sides cut the fame in the Point S. From whence it ap- 
pears, that the Parabola is a Curve of an infinite Extenfion, uiiidi 
doth not return inio itfel£ 

Corollary II. 

Fic. 151. 25fi.TN an EUipffs, all the Sides of the Cone beii^ produced fH 

^ neceflary ) will meet the Plane thereof 5 becanle all the Sioa 
of the Cone meet the Plane SDE parallel thereto in the Point S. 
From whence it appears, that the EUipiis includes a Space, and letuma 
into itiel£ 

Corollary WL 

Fig. 13*. 252. TN the oppofite Hyperbola's, all the Sides of the CcHie, except 

-^ only S A SEy which are drawn from the Vertex i to the 
Points D, £, wherein the Diredlrix cuts the Bafe, being both ways in- 
finitely produced, muft neceflarily meet their Plane •, becaufe there 
can be but thefe two Sides that fall in the Plane SDE^ which is pa- 
rallel to the Plane of the Hyperbola's, and all the other Sides cut 
that Plane in the Point S. Farther, the Sides of the Piart of the 
Cone SBVE do form the Points ot the Hyperbola FAG^ and the 
Sides of the Parts SDTE being produced beyond the Vertex S^ do 
form the Points of the oppofite Hyperbola KMH. From whence it 
appears, that each of the oppofite Seftions are infinite, and do not re- 
turn into themfelves, no more than the Parabola. 

PROPOSITION L 

Theorenni. 

Fic. 13 a. 35^3. TF two oppofitt Svferficies he €Vt by a Flam Sam, pafifig thrmi^ 

^ the Vertex S^ / fay^ the common SeSions of that FloMe^ aitd tftr 
oppojtte Superjiciesy vill be two Jlraight Lives S a, S m, both ways indef- 
nitely extended from S» 

For 
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For let « M be the common SefUon of the cutting Plane, and the 
Plane of the Bafe ^ then it is plain, that a m will cut the Bafe in two 
Points tf> m \ becaufe the Plane 5 j m fiills within the G)nick Surface. 
And (b if the Sides Sa^ Sm^ be drawn, and produced indefinitely 
both ways from the Vertex S 5 then it is manifeil by the Generation 
of oppd^te Superficies, that thofe Sides will be the two common Se- 
dions of the faid Superficies, and the cutting Plane Sa m. V. jr. D. 

■ 

CoKOLLAtY I. 

2 J4. TiEcaufe that Part of the Line a wr, joining the two Points ^ , w, 
^ falls within the Bafe, and all the reft of that Line without 
the lame-, therefore, if the Plane 5 a w be fuppcs'd indefinitely ex- 
tended every way, that I^rt thereof included in the Angle a 5 w, as 
alfo in the oppofite vertical Angle, will fill! within the two oppofite 
Superficies ^ and all the reft of that plane will fall without the faid 
two Superficies. 

Corollary IL 

255. "LT E N C E if any two Points ( A, M) of a Conick Seftion be pic. , jo. 

^^ join'd by a ftraight Line, that Line will fall within the 
Sedion, and being both ways produced, will fall without the fame. 
For drawing the Sides S j, Sm^ from the Vertex S through the Points 
ji. My and drawing a Plane throi^h thefe Sides ^ it is manifeft, that 
the Line A M falls in that Part of this Plane included in the Angle 
aSm^ and all the reft of that Line will be in the Part of the Plme 
tailing in the adjoining Angles. 

Corollary IIL 

2 J6. TF through the Vertex of the Cone 5, there be drawn a right 
-'* Line pjarallel to the Line AM^ terminating in any Conick 
Sefiion 5 then it is evident by the laft Corollary, that that Line SH 
will fall in one of the Angled adjoining to the Angle aSm^ that is, 
it will fall without the Ccmiclc Superficies -, and & the iame will meet 
the Plane of the Bafe in fi)me Point witl^ut the CircumfereiKre, or 
eHe will be parallel to the Bafe. 

Corollary IV, 

257- TT 18 manifeft (by CnroL i.) that if any two Points {Aj M) of Fic iji* 

^ two oppofite Hyperbola's he join'd by a ri^t Line, then that 
Linei will &U within th« laid Hyperbola's $ and if the lame be both 

2 ways 
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wajs coDtimi^d, it will fall without them : for diawii^ tiie Sidei if i^ 
Sm^ tfaro^ the Vertex (S) and the Points AjM^waA drawing a Pkni^ 
through thole Points and the Yertei hoth wajrs indefinitdif otendect 
from Si then it is evident, that that Part oiF this Plane indnded i» 
die Angle ASM^ wherein the Line ^ ilf fiills^ is contained between 
thole two Suporfides; andlikewilediatthePartoftfaefiiid Plane in-- 
• duded between the two adjoining Angles, ( wherein are the ContiBi»' 
tions of theline^Af )fiulsMrithintIx>(e two Snperfides. And be* 
caufe the Line yf Af is the common Sedion of the Plane Sam^ and 
that of the two oj^polite H]rperbola's $ therefore, &c. 

COROLLAtYy. 

258. tT is manifeft by the 2d and 4th Corolhries, that a right Line 
^ can meet a Conick Seftion, or the oppofite Seftions^ in two* 
Points only, and act more. 

PROPOSITION n. 

Theorem. . . T 

r ' 

120 ^T9* 7^ ^^^ ^ ^^ ^^ tKff^i^'^ Stftrfcm been by a Tlane onzy p0- 
-* ratteltotbeBafeOyxYi I Jay, the Seaion maie ly thai Ftam^* 
and the Conick Stifer fetes, is a Grcle 5 ani the Point o, wherein that Plme 
meets the Axis S O, ( produced on the other Side the Vertex S, if necejfarj) 
is the Centre thereof 

For if through any Point X in the Bafe, there be drawn the Radios 
XOto the Centre 0, as alfo the Side XS from the Vertex S, meet- 
ing the Plane ow x j> in the Point x ^ then the Lines OX,ox^ will be 
parallel to one another : Bccaufe-thcy are the conimon Sedlions of the 
two parallel Planes OVXT^ovxj, and the Plane SOX (produced^ 
on the other Side the Vertex, if neceffary) therefore the Triangler 
OS X, oSx, will be fimilar, and confequently this Proportion will be. 
had always, viz. SO :0 X ::So: ox. Now becaufe the two firft 
Terms of this Proportion are (landing Quantities, therefore the fourth 
Term ox will be a (landing Quantity, let the Point x be taken any^ 
where at pleafure ^ and confequently the Curve vxy is the Circumfis 
rence of a Circle, and the Point is the Centre. ■ 

Co^OKLLARY. 

^60. TI E N C E the Bafe of a Cone may be put In any Place delir^d; 

^ * according as it is found moft proper {o to do. And fo when 

the SeOion is a Parabola or Hyperbola, it is placed commonly (b 90 

ta 
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to cut the Seftion •, but when the Seftion is an EUipfis, it is fbmetimcs 
placed fo as to cut the fame, and fbmetimes fo that the Ellipfis be 
above it. 

PROPOSITION III. 

Theorem. 

261. IF through any Point A, tahn in the Parabola FAG, there he drawn Vig. x30i 
* the indejinite right Line A B in the Plane thereby within the Cone^ 

parallel to the Side S D, and paffng through the Point D, wherein the Di- 
reSrix D E touches the Bafe 5 //iy, that Line ABfaQs entirely within the 
SeSion, and being infinitely produced towards B, will never after meet the 
fame. 

For if the Plane SAB he drawn thro' the Vertex (S) of the Cone, 
and the Line A B •, this Plane will form two Sides of the G)ne by its 
Concurrence with the Superficies, one of which will be always the Line 
SD, becaufe ^B is parallel to it-, and the other, the Line Sa which 
pafTes thro' the Point A. But the Plane DSa^ contain'd between the 
Sides S D, Sa, infinitely produced towards D, a, does fall within the 
Conick Superficies: And confequently ^ the Line ABj which is always *^rt. a 54. 
in that Plane, being parallel to the Side 5D, fhall fall wholly within 
the Parabola, and will never after meet it, tho' infinitely produced 
towards £« 

PROPOSITION IV. 

Theorem. 

262. JF through any Point A tahn in the Parabola FAG, there be drawn Fic. i30» 
-^ the right Line A M in the Plane thereof within the Cone^ not being 

parallel to the Side S D, pajling through the Point D, wherein the DireSrix 
D E touches the Bafe*^ Ifay^ that Line A M will meet the Parabola in fame 
other Point M. 

For if the Plane SAM he drawn through the Vertex 5, and that 
Line •, then this Plane will fall within the Conick Superficies, and will 
not pafs through the Side SD 5 and therefore the fame will fo^m ^ ^Art.z^'^y 
the two Sides Sa, S m of the Cone, one of which, as Sa, pa lies thro' 
the Point A ^ and the other S w, is not parallel to the Plane of the - 
Seftion, beraufe {Hyp.) there is no Side but 5D, which is parallel 
thereto. Therefore the Side Sm being produced (if ner eflary) will 
meet the Plane of the Parabola in fome Point M, which the Line 
A iW, formed by the Concurrence of the Plane aSm, and that of 
the Parabola, pafles throt^h. And it is nianifefl, that the Point M is 

T in 
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in the Parabola FAQ, becaure it is both in the Plane of tiie SeOko, 
aad iu the Superficies of the Ck>ae. Whence, &c, 

PROPOSITION V. 

Problem. 

Fic. 155, 263. nrO dratp a Tangevt^ as AF, from a Point A given in a Cornel 

1341 13J' -* Seaiofi. 

Through the Point ^, and the Vertex (5) of the Cone, draw the 
right Line S A, meetiqg the Pkme of the Ba& in the Point a, and 
draw the Tpngent £«/to the Poiot a in .the Safe i then.theline AF, 
made by the Concunience of the Plane SEuf { produced hejond the 
Vertex, if neceflary ) and the Plane of the Sedion will be the Tm- 
gent fought 

For becaufe the Tangont £«/ falls entirely without the Baft, the 
Point a therein being t^xoepted ; therefore the Plane iS JEa/, inde£mtc« 
ly ])roduced both ways from the Vertex S, will m^t the oppofite So- 
pernciesonly in the line Sa both ways indefinitdy Modnced, and all 
the reft of that Pl^ne falls quite without the SupmScies. And confe- 
qucntly the jLioe A Fj form'd by the G>iKunrence of the Plane SEaf^ 
and the Plane of the Se^ion, hath only the Point A, wherein the 
Line Sa meets the Plane ^ the Sedion, ccmmon to ekher «0f the op- 
polite Superficies ^ and does fall wholly without the Sedion, that Boiot 
being only excepted. Therefore, &c. 

Corollary I. 

264. T>Ecaufe there can be but one Tangent Eaf drawn to the Point 
^ a in the Bafe of the Cone, therefore alfo there can be but one 
Tangent A F drawn to a Point (A) given in a Conick Sedion. 

Corollary II. 

i55. "p R OM hence arifes the Manner of drawing a Tangent AF, 
^ parallel to a right Line (3^1 N) given in Pofttion in the Plue 
of a Conick Sedion, or the oppofite iSedions. For i( SE be dnwn 
through the Vertex (S) cf the Cone, parallel to MNj this Line will 
either meet the Diredrix Di in fome Point jS, or elfe be parallel 
thereto ^ becaufe this Line S E will be parallel to tlie Plane of the 
Sedion, and will fall conlcquently in the VUneSDE. Now if iS£ 
meets D E in the Point £, falling without the Circular Bafe of the 
Cone; draw the Tangent £a/ from the Point E to the Circle, and 
then it is manife^ that the common Sedion of the Plane SEaf^ and 

the 
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the Plane of the Seftion, vh. A Pis 9, Tangent, and will be parallel to 
the Line MN^ becaufo the two Sedions (AF, SE,) of the parallel 
■^ Planes MAN,SE D, made by the touching Plane SEafy are paral- ♦ jg^^ 
kl to <me another, as well as * SEj MN. 

Corollary III« 

^66. T^ H E fime Things being premised as in the laft Corollary, it Fig. i^. 
-*■ follows, 

1. That in the Parabola, the Problem is impoflible, when the Line 
iMA^ given in Pofition, is parallel to the Side !s D palling thit)ugh the 
Point A wherein the Dire£triz D E touches tlie Bafe : For then, 
imce the Point £ falls in D, there can be no Tangent, but the Dire- 
driz D £ drawn throi^h that Point: And iince the Plane pafTuig thro' 

the Vertex, and the Diredtrix IJ£, is ^ parallel to the Plane of the * Def. 9% 
Parabola, therefore there can be noTangent fbrmM, becaufc thefe two 
Planes cannot cut one another. But when the Line given in Pofition 
is not parallel to the Side S D, there maj be drawn always one Tan- 
gent A F parallel to that Line, and namore: for the Point £ falling 
then without the Bafe of the Cbne, we can draw always Eaf^ EDLy 
to that Bale \ the latter of which coinciding with the Diredtrix, is of 
no ufe for forming a Tangent in the Plane of the Seftion 5 but by 
meam of the former Eaf^ we may find always (bme Tangent y^ JP by 
the Concurrence of the Plane SEafj and the Plane rf the Sedion, 
and that will be the Tangent (ought. The fame muft be underftood 
when the Line SE is parallel to tne Diredrix, for the Tangent E af 
will then become parallel to the Dire^ix § and fb becaufe there can 
be drawn but one Tangent parallel to the Diredrix, fince the Dire« 
Gtx'iT itfelf touches the Bafe in the Point D, therefore, &c. 

2. In the EUipHs, there can be drawn always two Tangents y< F, Fic. 134. 
B G, parallel to the Line MN given in Pofition, and confequently 
parallel to one another. For becaufe all the Points of the Diredtrii 

D E fall without the Bafe 5 therefore there can be drawn always two 
Tangents £«/, Ebg^ from the Point £ to that Bsfe, not coinciding 
with 'the EHreftrix; and by means of thefe and the common Se£lion^ 
of thePknesiS£tfr/, SEbg, and the Plane of theSeftion, the two 
Tangents AF, BO, will be form'd parallel to ill iV: The lame muft 
be underftood, when the Line 5£ is parallel to the Direftrii 5 for then, 
instead of the Tangents £a/, Ebg^ drawn from the Point £ in the 
Diredrix, you need only draw two Tangents parallel to the Diredlrix, 
ivhich is polKble always. '' 

' 5. In the oppofite Seftions, the Problem is impoflible when thepic. 135, 
Pcrint £ falls within the Bafe of the Gme becaufe thferi there dtx no 
Tang^t be drawn from that Point to the Bafe. But when the Point 

T 2 ' £falls 
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li falls witljout the Bafe, then there may be found always two Tan- 
gents Ah\ BGj i^rallel to the Line MiV given in Pofitions for be- 
caufe the Direftrix cuts the Bafe, there can be drawn always two 
Tangents £a/,ii//^, from the Point E to the Bafe, falling cm both 
Mdes the Diredrix, by means of which the InterfedHon of the Planes 
SEaf, SEbg, and the Plane of the Seflion, will form the two Tan- 
gents AF, BG fought. The fame muft be underftood, when the 
Line SE is parallel to the Direftrix DE-^ for inftead of the two 
Tangents Eaf, Ebg, you need only draw two Tangents parallel to 
the Diredlrix, which is always poflible. 

In this laft Cafe it muft be obferv'd, that the parallel Tangqits 
AFj BO^ appertain always to the oppofite Hyperbola's, and never to 
one and the fame ^ for this is evident, becaufe the Tangents (Eaf^ 
E bg ) to the Bafe do fall neceflarily on both Sides the Dire^iix D E. 

Corollary IV. 

267. TT follows from the laft Corollary, (i.) That in the Parabola 
^ and Hyperbola, there cannot be two Tangents parallel to one 
another $ and contrariwife, in the EUipfis and oppoute Sedions, if 
any Tangent AF he given in Pofition, there can always be drawn 
another (B Q) parallel to it. 

(2.) It the Line M N given in Pofition, be bounded by a Qmick 
Seftion •, then, in the Parabola, there can be drawn always fbme 
Tangent A F parallel thereto ^ and in the EUipfis and oppofite Sedti- 
ons, two Tangents A F, BG \ becaufe the Line SE, drawn through 
*Jrt.ii6. the Vertex (S) parallel to M iV, will "^ meet the Plane of the Bale, 
either in fome Point E without the Circumference, or be parallel 
thereto. 

Definitions. 

12. 

fic. I}}. In a Parabola, if through any Point A you draw the right Line 
A B within the Cone parallel to the Side 5 D, paffing through the 
Point D, wherein the Diredlrix D E touches the Bafe •, the faid Line 
AB 18 call'd a Diameter^ and the Point A the Origin [or Vertex3 
thereof. 

I?- 
Vic 1)4, In the Ellipfia or oppofite Sedions, any right Line AB^ joining the 
•3 J* Points of Contadt ot two parallel Tangents AF^ BG, is calTd a 
Diamiter } and the Points ^^ £ are the Extremities thereoC 

14- If 
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14. 

If through any Point P, in any Diameter {A B) of a Ccnick Sefti Fic ijj, 
on, there be drawn the right Line M N, (meeting the Sedion in the i34> »55' 
Prints M, Nj) parallel to the Tangent, paffing through the Origin (A) 
of that Diameter in the Parabola, and through either of the Extre- 
mities thereof in the other Sedlions 5 this Line M N is an Ordinate on 
both Sides to the Diameter A By and either of its Parts P My or PJV,, 
is an Ordirtate to that Diameter. 

15. 

That Diameter, which is at right Angles to its Ordinates.^ i$s 
called an Axis. 

Corollary. 

268. tT is manifeft by Def. 12. (i.) That all Diameters in a Parabo- 
-■" la are parallel to one another, becaufe they are all paralleL 
to the Side of the Cone SD, drawn through the Point D, wherein the 
Direttrix D E touches the Bafe. (2.) That there can be drawn but. 
one Diameter through a Point given in the Plane of a Parabola, be- 
caufe there can only one Line be drawn through that Point paralleL tix 
tbe Side SD. 

PROPOSITION VL 

Problem* 

26$. j4^^ Diameter AB of a Cottick SeSiott^ together mtb its Ordi- fjc^ i^&t, 
•" ftate PM, being given^ to defcribe the SeSion. 1371 ij*^ 

Draw any Plane ( the Plane of the Scheme AVM excepted ) thro* . 
the Oidinate PM, and draw the indefinite right Line Va through the 
Point P in that Plane perpendicular to PiW, and defcribe a Circle, 
about any Point C in that Line with the Radius CM. This beings 
done, 

1. When the Sefdon is to be a Parabola, From one of the Points j^^ „ ^^ 
a, D, wherein the Circle cuts the Perpendicular P Ay viz. a, draw * * 
the right Line a A through the Origin (A) of the Diameter A B, 
meeting the ri^ht Line D S drawn from the other Point D, in the . 
Point 5 J then it a Conick Superficies be defcrib'd with the Point 5, for 
the Vertex, and the Circle D Ma N (or B, Bafe: I lay, the Concurrence 
ot that Superficies, and the Plane APMy will form the Parabola MANT 
fought. For if the Lines D £, af^ U drawn through the JExtremities v 
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of the Diameter D J parallel to PMs then it is manifeft, that thcfe 

♦ Hyp. Lines will be Tangents, becaufe P M is * perpendicular to Da. But 

the Plane SDE paffing through the Vertex ot the ConeiSi and the 

♦ Hyp. Tangent D E, is parallel to the Plane APM^ fiuce SD, D £, arc * 
*D^. 10 parallel to AP^ PM: therefore * the Seftiou MAN^ foim'd by the 
and iz. ' Plane APM in the Conick Superficies, will be a Parabola, and th? 
*Art.z6i. Line A By a.Diameter thereof. Farther, the touching Plane iS a/ forms * 

the Tangent AF^ in the Plane APM^ which Tangent will be paral- 
lel to PM 5 becaufe A F is the common Seftion of the two Planes 
Saf, APMy which pafi through the Parallels a/, PAf j and confe- 

♦ Def. 14. quently "^ the Line PM will be an Ordinate to the Diameter AB. 

p,^^^ ,.. 2. When the Conick Seftion is to be an EUiplis cr Hyperbola. 

158. ^ ' Draw the right Lines aA^bBj from the Points a, 4, (wherein the in- 
definite Perpendicular Pa cuts the Circle ; through the Extremities 
Aj Bj of the Diameter A B, meeting one another in the Point S. 
And then if a Cone be defcrib'd, with the Vertex 5, and the Bafe 
aMbN'^ I fay, the Plane APM will form the reouir'd SeSion 
MANj in the Superficies of the Cone. For if S 73 be drawn parallel 
to AB the Diameter of the Sedion, meeting ^ i the Diameter of the 
Bafe in D 5 and if D£, a/, bg^ he drawn through D, and the Extrc* 
mities a, i, parallel to PM 5 then it is manifefl, that the Plane SDE 

♦ Def. 9. is parallel to the Plane A PM, and fb 7) £ will be * the Diredlrix. 

But in the EUipfis, the Point D falls on the Diameter a b produced 
without the Circle-, fince the Diameter (AB) of the Sedton, falls in 
the Angle aSby form'd by the Sides of the Cone 5 a, Sb^ and con- 
trarivvife, in the Hyperbola the Point D falls within the Circle, be- 
caufe then the Diameter (AB) of the Sedion falls in the Angle aSBy 
adjoining to the Angle aSb. Therefore, hy the loth Definition, the 
Setlion MAN is an Ellipfis in the firfl Cafe, and an Hyperbola in 
the fecond. Farther, the Tangent AF, palling through the Extremi- 
ty (A) of the Diameter A Bj being the common Sedion of the 
touching Plane Saf, and the cutting Plane APM (palTmg thro' the 
Parallels aj\ PM,) will be parallel to PM. In like manner, the 
Tangent JSG, being the common Seflion of the touching Plane Sbg, 
and the cutting Plane APM ( palling thro' the Parallels bg^ PM) 

♦ J)ef 1: ^^^^ ^^ parallel alfo to PM 5 therefore the Line yi£ is * a Diameter, 
^fid 1 4. and PiM is an Ordinate to the fame. 

In the EHipfis, it may happen that the Lines Aa^ B bj be parallel 
-between them felves 5 in which Cafe, you may take any ether PoiiH 
in the Line^ by for the Centre of the Circle aMbK 
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Defikition. 

16. 

\ Tangents D H, EK, be drawn thro' the two Points ( D, E) p.^. lao. 
the Diredrix cuts the Balb, vihen the Section is an Hypdrbo« 
if two Planes SD fl, 6 £ JC, be drawn through the Vertex 1^ 
b two Tangents 5 the- two indefinite right Lines CH^CKf 
' the Concurrence of tfaoTe Planes, and the Plane of the Hjr- 
ere call'd Afymjtotes. 

COROLLAmV. 

»ro'the Point of Contaft D, there be drawn the Side 2)5, 
definitely produced both ways from S \ then it is evident, 
l ane SDH will touch the oppofite Superficies in that Line ^ 
. the Points of the Tangent D H^ except D, do fall without 
raference of the Bafe. «it the Plane SDE pefling through 
I S^ and the Diredrix D £, being ^ parsdiel to the Plane tff p^^ 
tre HyperbolaX the common SeSions SD, CF, of thofe 
»SD,CH, and the Plane 5 2) /f, will be parallel between 
s ^ and therefore the Afvmptote CH will rail ^oite without 
^«n) the oppofite Superffcies, and <:onfequently will both Mrayi 
oppolite Sedions entirely without meeting theai. The 
^ te prov'd of the other Afymptote C/C, becaufe the two 
«s CH,CK, aie form'd by the Pknes SD H, SEK, fellif^ 
LcJes the {ame Conick Superficies, and the Superficies oppofite 
rcfore all the Points of the Hyperbola FA G, are contained 
rigle HCKi and all the Points of the oppofite Hyperbola 
gle vertically oppofite thereto. 

PROPOSITIOK VIL 

Theorem. 

tit right Live B A &e irmpn throwgh any Poht B, uhn in inte Fxg. 159^ 
4fjfnfUte CK, parallel to ike other Afymptote CH \ I fay, this 

meet one of the of^fte Hyperbolas tn Jome Point A only^ and 
^nitely prodMicedj mU be ever after vkbin the fame. 
fc the Lines BAjSD^ are parallel to the fime Line CH, they 
^rallel between themfelves-, and fo both of them will be in 
J Plane cutting the oppofitte Superficies, fince that Plane muft 
High one Side S D of the Cone, and make an Angle with the 
DH^ which toucbea^ Che Gene, in that Side SD. Therefore 

4 the. 
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•4he Plane of the Parallels BA^SD, will form two Sides of die opm- 
iite G)ne8 $ one of which is the Side SIX^ aiid:the other the Side S«^ 
nurhich neceflarily (hall cut the Line <B ^ in fbnie Point Af beamie 
the fame is fituate in the Plane pafling through the Parallels S D^ ji^i 
^ and does cut' 5 D in S. Whence, becaule the Point A is in oneoi 
tbe Conick Superficies, and' alio in the Plane of the oppbfite Seftibnik 
^is Point will be one Point of the Hyperbola. Moreover, becaole 
the Liiie B ^ being indefinitely produ^ towards A^ &Us wtadlhr in 
the Plane DSa^ contained between the Sides DSj Sa^ when the rant 
A appertains to the Kyperbola FA G, «nd in the vertical Angle ASi^ 
when the fame appertains to the onpofite Hvperbola & therefore the 
line A B falls whoUjr widua one or the Conick Superficies, ai^o 
feguentlv alfo within the Hyperbola, which. is the Sedion thcKpC 



* 4 



CoSOLLASY, 

HE N CE it appears, that no Line can be drawn between 
Hyperbola FAQj and its Afym^e CH naiaUel to 
nrtote. And becaufe the Line BA divido the HvnetbQia 




Ij within the Space contained between the Parallels BAf CH i «..,««- 
tore the more CB diminilhes, the more does the Point A advance bi 
that Portion, even until CB becomes lefi than any given Magnttnde i 
that is, if an Hyperbola and its Afymptote be indefinitely oontindTdL 
they' will approach always nearer and nearer to each other, till at laft 
their Diftance will become lels than any given Magnitude, and yet 
♦^fri. 170. they will ^ never meet. 

PROPOSITION vra. 

Problem. 



-* mtb any or.e Voint F therein beivg givev^ to defcribe the Hjpit'^ 
boh. 

Draw any right Line HK through the given Point F, terminati|tt 
in the Afynipt(/tes, and draw any Plane (except the Plane HCK S 
the Sciicme ) thro' that Line, in which draw MN from the Point A 
the Middle o^ H K perpendicular to HK 5 and about any Point O 
therein, as a Centre, and with the Radius OF, defcribe a Circle FMK 
Fn3m the Points H, Kj draw the two Tangents HD, JIC£ to that 
Ciide, and through the Points of Contad D, E, draw the Lines D Si 
SE, parallel to the Afymptotes Ci/, CKj meeting each other in the 
^oqtt S. Thm if a Conick Superficies be defoib'd with the Teitn 5. 

and 
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the Bafe FMN^ I fay, the Gcacurrence of that Conick Surface 
and tt» Plane HC K, will form the Hyperbola FAQ re<niir*d ( 

For by the Property of the Circle FMN^ it is manifeft, i. That 
the Chord PG is bifeded in the Point P bv the Diameter M N being 
^ at right Angles to it^ and therefore, (becauie PH = PA, by Con- « n^ 
SttaSdoa) FHia = O Jt, and QH = FK j and confequently QHk ^'' 

HF=FK*KG, 2. GH»HF = HD\9ndFKnKQ = ini\ 
and fo HD =KE. 9« If the Tangents HD^ KE, be produced meet- 
ing one another in the Point ^, the Parts BSj ESj will be equal to 
one another-, and fo D^iE^i'.DHiEK. Whence it appears, 
that the line D £, joining the Points of Contaa: of the Tangents 
HD, K By will be jpaialld to the Line HK, and the Plane SDEto 
the Plane C JET JC: Therefore the Line D£ will be ^ the DireOriX) and*Si^.f; 
becanfithe fiune cots the Bafe in two Points, the Conick Se^ou FAQ 
wSl be * an Hyperbola. It is farther manifeft, that this Hyperbola * ^- >«• 
wUl pals tiiroDgh the given Point F, becaufe this Point is both in the 
Conick Snperficies and in the Plane HCK, being the Plane of the Hy- 
periMla^ and the Lines CH, CKy will be the Afymptotes of that 
Hyperbola, 8» being * the Common Sedions of the toochii^ Planiec *^* if* 
5 D H, f £ JC, and the Plane of the Hyperbola. 

It may €0 happen that the Tangents DH, HK, be parallel to ona 
another, and then it is mani&ft at Sight, that the Lines D E, HK, will 
be parallel to one another, becaufe thofe Tangents are equal j and the 
icft of the DefBonftration is the lame as above. 



PROPOSITION DC. 

• " • ■ - 

Theorem. 

274, T F there be two Bight Lines M N, A B, termnativg in a Cornel f? o. 141^ 

'^ SeSionj or the oppoKte SeSions meeting one another in the Point P ^ Hi* 
€nii if thefe Lines be parallel to two other Lines SE, S D, given tn Pofition : 
IfajtbeKeaMgkMP n?li totbe ReBangUAV hVB, wiUieinapven 
Estto ^ that iij the Ratio of thefe two ReQangks mil be always the fame^ 
lei the Lines M N, A B, beany where drawn. 

JDiaw two Planes thro' the Parallels ^£; MN, md SD^ AR, then 
tlieie Planes willferm two Right Lines Enm^Dba^in the Plane of the 
Bafe, and the Sides of the Cone SMm^S Nk, SAa^SBb, and their 
coinmon Se£lion will be the Line SPp^ which meets the Plane of the ; 
Bafe in the Point p, wherein the two Ri^ht Lines E m, Du^ cut one 
another ^ throogh which Pbint draw the Right Line H JC in the Plane 
SM N, parallel to M Nj and the Right Line J'G in the Plane 5^5, 
paralldto^A This being done« 

17 Becanle 



^4'^ 7he S I "x I H B o o K. 

' B<scaure the Triangles SPMy SpH-, SPN, SpKv SPjt, Sff 

SPS^ Sp G, are fimilar, therefore MF» PN: fl> « /» J ; z'sf' sf: . 
AP» PB:Fp»pQ. And theteBm wehtircMP*PNiAPmPA 
: :Hp 'pKiFp *pQ. And the Ratio of Hp *pK»to Fp »pQ^ 
is compounded of the Ratio's of Hp *pK to mp *p », and of aio ■ 
p n, or, by the Property of the Circle, ot ap x pb to Fp *p G, Bat m- 
caufe the Triangles Hp »ySEmy and JCp ir, SEn, are fimilar, tfiere- 
Tore Hp :mp i:SE :mE. Am p K: pn i 'SE: En, And niiiki>. 
plying the Antecedents and Conlequents of theie two Ratio's, we- 

have Hp » p K : mp » p » : : S E im E » En: In like manner, beduilc 
the Triangles Fpa, SD a, and Gpb, iSD ^ are fimilar, theceibre ap % 

pbiFp*pQi:aD»Db.SD! Whmoe it is maaifefi, that die Ra- 
tio of MP X PNto AP » PJJ, is compooBded of the Ratio rfSf* 

to »£ V £«, and of aD'^D^ to SB. Which tw& laft RatioX iff, 
the Property of the Circular Baft of the Cone, always are the v^ut 
vrheEeficKver the Lines MN^AS are drawn,. becau& tHe Paints EtDio 
Hot vary. Therefore the Redangk MPxPN to the Reaugk 
^PxPBisinagivenRatia V.W.D. 

C O R O K L L A K Y« 

Pic, 143, 27?. TjENCE, in any Conick ScdHon, or the oppofite Sediona, if 
144- -*^ there be any two parallel right Lines MNyOR^ meeting a 

third right Line /^J5 bounded by tte Sedion, in the Points P, ^ : I 
fay, iWPxPiV;0^<^K::^PxPB: :>4^^^5. 

PROPOSITION X. 

Theorem. 



f ■; 



Fig. 14;. 27^. iF the right Line AB be drawn thrvvgh any Point A in a ParmUf^ 
. i or Hyperbola MAN, parallel to the Side SDoftbe Cone, mlM, 
if the Seiiiojt be a Parabola, pajfes through the Point D, nfberein the JDi- 
reSrix touches the Safe -, or, if an Hyperbola, through owe of the Bdnts 
wherein the fame cnts the Bafe ; and ij the Line M N ^f drawn tbroMgh 
any Point P in the f aid Line AB, parallel to the Line S£ given in Poftin^ 
and terminating in the SeSion, or oppojite SeQions^ as alfo aiwther Une F G, 
parallel to the Line V a, the common ikSion of the Plane S A B, and the 
Plare of tlje Bafe, and terminati)tg in the Sides Sa, SD^ / fay^ the Rf* 
Sangle MP nPH to ihe ReSMngle F P x P G is pven, that is, it will U 
always the fame in whatfcever Part of the Li)te AB the Point P be takgjL 



v.. 



Of the Cqf|i^ >$e$ipn$ cmfider^din the Solid. fij^f 

If a Plane be drawn through the Parallels SE, MN, this will form 
the right Line Etim in the Plane of the Bafe 5 the Sides SMm^ SNn^ 

Line meets the fiafe in the Point p, wherein the Lines E m, D «, inter- 
left one another j and thfpugh this Point diaw the Line HK in the 
TfhineSMNj parallel to«M M This being laid dwn, the limilar 
Triangles 5 Pilf, 5]? Hj SPN.SPK, SPF, Spa-, SPG, SJPD, will 

give the following Proportions, MP n fN: 'Hp « pK\ : SPiSp:: 
FP K PO : ap ^pD', or mp - pw (by the Property of the Circle.) 
And therefore we hav^ Af P ^:F^x FP ^ IQ i : Hp y^ p K : mp x pn. 
But the Ratio of lip %pKio mp ^pnis compounoed of the Ratio of 
Up to pm, and of pX to l^w, that is, (by the Similarity of the Tri- 
«ngliB'«rjp m, SEm, ahd kpn.SEm) of the ^imioMSE^o Em, ixA 
vMlSEtA^Mm 1 4ii[id conftgiiecMly Up up JC xmf kpn^ or MF » PN: : 

>1P « PO : 5?:.»i^rff ^». WJiepcebicanfe A^ Poftion of the P jnj 

^ Is 1lhe1lme» let ^e Point JP t>e tak^q »t vkiUxt^, ^nd a^ j^e t^- 

angW K4*i ic En, by tfie t^atitfe^ of tfee-Cirdle aife^Sqfaal to one ^(f- 

thcr 5 therefore MP ^PNis to FP^PGim given Ratio. W.W.D. 

• " • • . 

277. TJE N C E, in a Parabola or Hyperbola (MAN^) if a Diame- Fic. i/^. 

-" ter (AB) be drawn tl^^ugh any Point A in the Parabola, 
or the Line AB parallel to one of the* J^mptflt^ inthijl^^ 5 
and if the two Parallels MN^OR, are drawnTrom any two Points P^, 
in the Line AB, terminating in ,the Seftion or oppofite Sefticns 5 
tjjen welhaU.hav^ this J^roportioWt MP » PNiO^* S^R : lAP: 







For draw the Plane "SAS forming the Sides of the Cone 5 D, Sa, 
luchj that : D may pafi through the Point wherein the Diredrii 
touches the Bafe, when the Sedlion is a Parabola, and through one 

:>ibMlt wii«veiti ^ Om^ cuts the Bafe, when the ISeaion is an 
Hyperbola: Alfo thro* the ^oinl* P, ^, draw the right Lines f(7, 
TK, in the Plane SDA parallel to Da 5 then it is evident, ( by the 
laft Proportion) that MP x PNiFP^PG ::0^*^R: T^^ © r. 

o4M fkMP^PI^':0^^1^-.:FP*PG:TS^-^fr. >liMt f G, 
iJ^K .thr?iP«te'©f fth^iAxPPO^ JV^ arc equai to we another 5 be- 
canfe the Lines AB^ SD^ iwre .pi»»llel. And therefore MP^ PN: 
O^n ^R ::FP:T^: : APiA^ihy the Similarity of the 
Triangles APF, A ^t. Whence, &c. 
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CHAP. n. 

Of the Elliffis ottty. 
Definitions. 

Pit, 147. JF ^7 indefinite right Line 5Z, whidi is without tiie Plane of the 
^ Circle VXT^ moves about the Qrcumfaenoe of that Circle always 
parallel to it felf, until it be returned to the lame Place fix>m wtiich it 
went I then theConvex Superficies delcrib'd bj the Motion of the Line 
SZ, is call'd a CjUndrick Superfcies^ or the Superficies of a Cylimbr. 

18. 

That Line SZ being in anj di£ferent Pofition, is called always s 
Sde of the Cylindrick Superfiaes. 



19- 



The Circle TX T is the Safe. 



20. 



The indefinite right Line COj drawn from C the Centre of tfic 
Bafe parallel to the Sides, is the Axis thereof. 



11. 



The indefinite Solid comprehended under the Bafe VXT^ and the 

Cylindrick Superficies, is call'd a Cylivden 



22. 



If a Cylinder be cut by any Plane not parallel to its Bafe, or Ac 
Sides thereof', theii the Curve A MEN formed thereby in the Co- 
nick Soperficies, is called a CjUndrick SeSiofi. 
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CJf the Conick Sedions confider^dm the Solid. 14^ 

PROPOSITION Xt 

Theorem; 

'278. jTmj Cylinder be€»hja Plane ( v x jr ^ parallel to the Flane of^ , - , 
^ -* the Bafe (VXY); then the Seaim vxy mllbeaCtrcle, the ' ^^ 
Fcnnt c wherein that Flane meets the Am^ the Centre y and the Line c x 
aqnal to the Radius of the Bafe C X, the Radius thereof. 

For if the Side of the Cyiindridc Superficies xXht drawn thro' any 
Point X in the Seftion v xjr, this Side will be * ptrallel to the Axis ^ j^^^^ 
Cc 5 therefore a Pknc may be drawn through thofc two Lines farm- *^' 
ing the two right Lines C JT, c x, in the parallel Planes CVXT^ cvxjr, 
parallel between themfelves \ which moreover will be equal to one 
another, as being included between the Parallels Cr, Xx. And be- 
caule this is fb always, let the Point x be taken any wherefberer in 
tilie Section v xy ; therefore all the Lines ex, drawn from the Point :i; 
to the Points x in the Sedion vxj, are equal to the Radii CX of. the 
Bafe ; that is, the Sedion v xy will be the Circumference of a Circle, 
the Point c, wherein the Plane v xj meets the Axis of the Cylinder, 
tiie Centre, and the Line Cx equal to the Radius (CJT) of the Bale, 
the Radius thereof, nr. Tf. D. 

PROPOSITION XIL 

Theorem. 

279. J^VeryElUpfs mcQbe conjtdered as the SeSion of a Cylinder Fic. 14^5. 

-t-* Draw the Diameter ab in the Bale of a Cone, wherein is 
I^roduced any Elliplis, meeting the Diredrix D £ at right Angles in 
the Point D $ alfo draw the Sides Sa^ Sh, of the Cone meeting the 
Plane of the Elliplis in the Points ^, B •, and draw the right Lines 
j4 By SDj in the parallel Planes A MB, SDE. This being done, 
alTume (DF) b, mean Proportional between aD, Db, draw >4G, 
S H, parallel to S F, and delcribe a Circle upon the Plane of the Cone's 
Bafe, with the Line GHfor a Diameter, as alfo a Cylindrick Superfi- 
cies with that Circle as a Bale 5 and the right Lines AQ^BHy as Sides. 
This beii^g premised. 

If a right Line be drawn through any Point Pin the Line A By pa- 
rallel to the Diredrix Dif, meeting the Conick Superficies in My and 
the CylinJricP S.iTerficies in ^ then, I lay, the Points /land 
will coincic'c, or fall both in one Pant, 

Foi, if li P .tne be arawn through that parallel Line, parallel to the 
Planes of the Bafe of the Cone and Cylinder 5 this Plane wU lbrm^*^r^.ay^ 



4r 
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the Circle JC/f L in the Conick Superficies, whofe Centre will be the 
common Sedion of that Pkne, ^Rcl the Axis of the Cone, together 

*Art.zlZ. with the Circle'^^MR in the Cyiindrick Superficies, whofe Centre will 
be the common Sefkion of the aforefiiid Plane, and the Axis of the 

*Def.6. Cylinder. But the Plane Sah does pafs through^ the Axis of the 
Cone^ %nd tlie ViMM MQHS -( coxncidiqg . with tbe Pkne of ^ 

^ Def. 20. ttisi^hS^i) iJiroijjgh "^ the Axis ^f tiieCyJiodeir^ aad coa&qftcnAj 
the Iaucb KLy ^tU hQiog the commoa &£tiia« of thoSb twa Piaoo^ 
and the Plane parallel to the Bale paifiif through the Line PQ M^ 
will be Diameters of the did two Circles ; and the Line fO M will be 

"^ J^> perpendacular to thofe Dcametecsi hecauCe the iame is ^ parallel tf 
Hyp. D £, and DAh^ perpendicular to ^i and G ff ( 4oth bang ia tfaf 
Hyp. ianae ^ ftrait Line) and the Diameters KL^ ^R, ( beiog bath in tbb 
(kmt ihait Line) are parallel to n ^ aad Q H. Moreoirery the Lines 
A B^SD, being the comoion Serious #f tv^ parallel Planes, aad the 
VlnmSha, vk. the Plme£DE, and the Plane df the £Uipiis^ luO 
be equal to .ooe aoodief . This heuig weU^iadecAood, 

1. In the Cone, wefiav«PMV=: J[P« P£, bf ^ M«iiire «r the 
<:Hrcle KML^'mA fcecmrfe the Triangle^ ^ F ITj UDm, oikT PJ£, 
SDb, are irmflar, we ftaH fet this Proportion, A'Pt KP : j*P : mtf. 
And PB : PL :: SD iDb. Tlwrfore APnPS : J[P«PXdr 

P7i*: : SD: aD^Db. 

2. In the Cylinder, we have PO = ^P x P/J, by the Nature of the 
Circle ^0 /? -, and becaufe the Triangles AP^, SDF, and PBR, 
S D h\ are fimilar, we Ihall get the two following Proportions, viz. 
AP: P^i'.SD :DF', and PB :PR::SD:DF', therefore ^4 P x 

PB : ^ Pj<^ ^R or To': : S]D*: DF'ot uB^Db^ and coufc- 

quently P m'= P0\ and PM — PO. Whence the Points M, 0, 
coincide, or both fall i\\ one. And becaufe this happens always, let 
tiic Point P be taken any wherelbever in the Line A 5, therefore the 
Plar.c of the Ellipfis meets both the Conick and Cyiindrick Superficies 
in tiie Hune Points, and fo any Ellipiis may be conJGderM as a Cyiin- 
drick Section. 

AdVERTIS£MENT. 

Recanfe a Cylinwler is inore fimple than a Cone, in having all the 
Sides tiicreof j^arallel to one another, whereas the Sides of a Cone do 
all terminate in tlie Vertex ^ therefore we fhall confider an Ellipfis in 
tiiis Chapter, as bciny tae Sedion of a Cylinder, and demonftrate the 
Properties of i(s Diameters from the Cylinder, which may be very 
. . .■ • eafily doiie ; and aficiwardfi, in the next Cliapter, we Ihall ftiew the 
. . extreme 



Of the Confek Seflioiw eonftdeidiri tfjt Solid. i fi' 

tUttevn Facflity in proving the feme Properties of thij Diameters of 
the Pirabola and Hyperbola^ by fiippofuig Cones to. have EUiptick 
Bkfa inftead of Circular ones. 

PROPOSITION xm. 

m 

Theorem. 

280. J^^ Diameters of an Ellipfis do cut on$ another in one Taint onljy Fic. 14^^ 

•^ viz. that Voifit wherein the Plane of the Ellipfs meets the Axis of 
th Cjliniery and are hifeSed in that Ptn^tt. 

. And conirariwiff, aH Lines drawn through that Pointy and termivativg 
both ways in the Ellipjisj are bifeSed in that Pointy and are Diameters of 
the Ellipjis. 

Note, The aforefaid Point is call'd the Centre of the Ellipfis. 

I. Let AS ht any Diameter, and C the Point wherein the Plane 
of the Ellipfis meet3 the Axis of the Cylinder. Now if the Lines 
A a, Bb^ ht drawn parallel to the Axis Cc^ then it is manifeft, "^ that ♦ Pff. 20. 
the fame will be Sides oftheCylindrick Super jScies, and the two Planes 
FAoj QBbj palling through thele two Lines, and the two Tangents 
AF^BOy (which by the Uefinition of Diameters muft be paral- 
lel to one another^ will be parallel between themfelves, and touch the 
Cylindrick Superficies in the Sides Aa^Bb\ whence thofe two Planes 
will form the Lines a/, b gj in the Plane of the Bale, parallel to one 
another, and touching the Bafb in the Points a, bj wherein the Sides 
Aa,Bbf meet it. But it is demonfhratedy in the Elements of Geo- 
metry, that the Line a b joinine the Points of Contaft of two paral- 
lel Tangents (afj bg) to a Circle, pafles through the Centre c 5 there- 
fore the Plane AabB will pafs through Cc the Axis of the Cylinder -, . 
and the Line A Sj which is the common Se£lion of that Plane, and 
the Plane of the Ellipfis^ will pafs through the Point C, wherein the 
Axis meets the Plane of^ the Euipfis. Moreover, becaufe the Lines ^ 
Aoj Bby Cc, are parallel 5 it is manifeft, that the Diameter A B of 
the Ellipfis is bifefted in the Point C, becaufe the Diameter a /^ of the 
Cirde is bifefted in the Centre (c) of the fame : Which was to be dc^ 
ttionfirated in tiie firft place, 

2. If the Lines Aa^ B i, be drawn through A^ B, the Extremities 
oF any Line AB^ ( paffing through the Centre C, wherein tlie Plane 
of the Ellipfis meets the Axis (Cc.) of the Cylinder) parallel to that 
Axis 5 then it is manifeft ( by Def 17.) that thefe Lines wil be Sides 
of the Cylinder, and the Plane AabB will pafs through the Axis Cc. 
Therefore the Line a b being the common Seftion of that Plane, and the 
Plane cf the Bafe, will pafi through c the Centre of the Bafe 5 and 
fo fihcc the lame is bifedted in cl tli Line A£ will be bifefted alfo 
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ia C. Moreover^ becaufe the Tangents a/, bg^ pafling thnii^* the 
Extremities of the Diameter ab^ are parallel to one another | there- 
fore the touching Planes faAjgb B, will be parallel to one anothiery 
and form two parallel Lines AF^ BG^ in the Plane of the Ellipits, 
which will touch the feme in A^ -8, the E;^tremities of the Line A B^ 
and VoAB will be a Diameter of the Ellipfis. Which wu to U k^ 
fnovjirated in the fecovd place. 

Corolla KY. 

281.TYEKCE there can but one Diameter be drawn throng a 
-^ given Point (hcMes the Centre) in the Plane of an EUipGs. 

PROPOSITION XIV. 

Theorem. 

Fic. 149. 282. ZpVery Uve M PN belvg an Ordinate an both Sides to awf Diawu- 

^ ter A B, is bifi3ed by that Diameter in the Pciint P. 

And contrarivifej ijanj right Line M P N, terminating in an JSUiffs^ 
and ftot pajfing through the Centre C, be htfeUed by the Diameter Ah in the 
Pcint P -, then that Line will be an Ordinate on both Sides to that Diameter. 

Draw the Sides Aa,Bb,Mm, Nn^ through the Points A^ B^M^N^ 
parallel to Cc the Axis of the Cylinder, and meeting the Plane of 
the Bafe in tlie Points a, &, w, w ; then the Line P p, being the com- 
mon Sedlion of the Planes AabB^ MmnN^ will be parallel to ^e 
Sides of the Cylinder, becaufe all the Sides are parallel to one ano- 
ther. Moreover, the Plane Aab B will pals through Cc the Axis of 
the Cylinder, becaufe the Diameter A B pafles through the Point Q 
wherein that Axis meets the Wane of the Ellipiis •, and confequently 
does form a Line a bin the Plane of the Bafe, which pafles througa 
(t) the ( entre, that is, a Diameter. This being laid down, 

Becaufe the Line MPNj (by Suppofition) is an Ordinate both 
waj^s to the Diameter AB^ the fame will be parallel to the Tangents 
AF^BQ, paiFmg through the Extremities of that Diameter 5 and 
conlequently the touching Planes FA a.QBb^ will be parallel to the 
Plane M mnN. Therefore the Lines that thofe three Planes form in 
the Plane of the Bafe, viz. the two Tangents af, bg, and the Line 
m r, will be parallel to one another •, and f ) the Line m n will be 
l^rpendiciilar to the Diameter jt, which confequently divides it into 
two equal Parts in the Point p. Therefore, becaufe M wi, Pjp, A^ w, ate 
parallel, the Line M N will be bifected likewife in the Pomt P. 

N w for proving the Convcrfe. draw two Tangents AFj BOj in 
•♦.^/.:^7. the Plane oc the Ellipfis, parallel "^^ to M N-^ then if the Diameter 

AB' 
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AB ht drawn through the Points of G)ntaa $ it is manifefi ( by the 
ijdi and 14th Definitions) that the Line MN will be an Ordinate 
both ways to that Diameter ^ and confequently, by what has been al- 
ready demonfiarated^ is bifeded in F by the fame. And becaule there 
can be drawn "*- but one Diameter through P, therefore if any Line *^rf.i%u 
M Nj terminating in an Ellipiis, and not {)aillng through the Centre 
Q be bifefted by a Diameter ^ £ in the Point P^ then Uiat Line MN 
will be an Ordinate both ways toAB. 

PROPOSITION XV. 

Theorem. 

283, IN my EUipRsj if there be two Diameters AB, D E •, and if one of^to. 14^* 

^ tbemy asVE be parallel to the Ta9^enti A F, B G, pa^ng thro 
the Bxtremties of the either A B ; then reciprocalfy^ I faj^ the Diameter 
AB will be par am to the Tangents pajlvg through the Extremities of the 
Diameter u^. 

The two Diameters AB^DE^zxt called Conjugates to one another. 

Draw the Sides {Aa^ Bb^Dd^Ee) of the Cylinder through the 
Points A^ Bj Dj £, which meet the Plane of the Bale in ^e Points a, 
hyd^ei then the Planes AabBj DdeE, Ihall pafi throu^ Cc the 
Axis of the Cylinder, becaufe the Lines A A D£, are Diameters of 
the EUipfis ; and consequently will form two Diameters ab^ de^inihc 
Plane ot the Bafe. But the touching Plane FA a» being parallel to 
tl^ Plane I)i^£, will form aTansent a/ in the Plane ot the Bafe 
parallel to the Diameter de^ vrfaidi Diameter will be confequently 
perpendicular to tbeDiameter ab. Whence, if theTangent dh be drawn 
to the Circle^ it will be parallel to ab^ and the Plane hdD parallel 
to the Planed a ^iB s therefore the common Sedions of thofe two 
Planes, and the Plane of the Ellipiis, vrx. the Tangent Di7, and the 
Diameter ^ £, are parallel to one another. We prove the fame with 
regard to the Tansent paffing thro' the other Extremity {E) of the 
P^eter DE. Therefore, &c. 

COROLLAaYl. 

384.TJENCE, in an Ellipiis, if AB^DE, be two Cmjugate Di. 
<Kl> ameters ^ then the two Planes^ nalEnK through thofe Diame- 
ters, and the Axis Cc of the Cylinder^ mall form two Diameters a b^ 
4 e, in the Plane of the Bafe ^ which will be perpendicular to one 
^Jtnother : And contiariwiie« 

CoROtLAKY n. 

28^. TT is manifeft moreover by this Propolition, if the double Or- 

-*• dinate MPN be drawn to the Diameter AB, through any 

Point Pin the &me^ that MP^will be parallel to the Diameter DE^ 

X whicK 
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t7f. wkkli tt ft ODtQ^ipte to ^ A ; alid lb ^ ftdl faili « iUiVMptftfii^ 
AC. Fmn wtaace «e met PMiAP^FBal^iAltiitDS, 



tt DBz^ACiMABiiiattk, the S^oUfc cf ifij CWiillle ( if A 
a Dioneicr C^J} is the BaBbda^ idFKpm attierilMMltf 

MKiJMiiMiBr,BiiiiKgiqHMei»tiiei iiainwcr xl,fiWMgl<aiq^p^ 
timeiDy to tile Sqoue of die Dtamengf j4 A 

PROPdkttlOK Xtt 



. 266. |Pd»«ftlart Attf Mhfk£l%|&AMl, ti«»kJhMi*lS» 

IWM» F, G I />h PM :M G : : AfTbG. 

Onv tiie Sklci of the Orlinder Aa, B *, Afa, tfaraqrfl tht PriM 
orCutaa^,j;M|inl kt thm VHoKt FAm,aMi^FMm,a 
Gilfai«6tlM*lk tiiBft Sidcsi and tfakTaMm iXTJ^IO^PD) 
the* it » vl•il^ tttt tfa« caninM SeOkM Pf, GA rf IhetimUl 
Fknfiik and the iMid, wSO be |>nlkl hmneattrntrnkm^ adi tolhA 
Steef Ae Qr^iAr^ fiv fin the two Phnei PiT a^ ^41% jt 
ttm^theSnEi Mwtf Jfa^ wladi are panUn to one MMtneri ttw 
coaunon SeOko Ff, will be jpatallel to thofe Kdes) ind W^ fioto 
RcaRii G e, the comnwi ScOmo of die two Fknet QBii, uMwi, will 
be {wnll^ to the Sides Bk^Mm. Moreover, the Iiaes«/, kg, wUch 
the i«i«Uel toudiingFlabeB FAm^ Bh^ fennin the Plane otdielkifi^ 
will be parallel Taneents to the Bafe ^ end /as kt^, the Piuta of te 
third Tangent formed in the Phvie of the Bafe by the third CotodiiiK 
Plane FM ai. or G Af a, fliall be eqaal (by the Nature cf d» CSid^ 
to the Tangents •/, *; } vis. /ai =fa, and « ^ =f A. This beiag 
premis'd : 

fiecaufe the Lines A*, Ff, Mm, Gf, Bi^ utASbAF,B03 uA 
*fy ^/> ar« parallel, thetcfoce FM :MG: :f My or fa : »r, or i( : t 
FAiGB. 1K.¥'.D. 

CoKOLLAtY I. 

187. tF a Diameter ABhe drawn diroogh AyB, the Pohits of Coo- 
•■- ta£t of two parallel Tangents AFyBQ^ mcetiog the Taeeeut 
FM O in T} and it the Ordinate iM P be dravni to tlut Diameter ) 
then it is manifeft, ihiitAP:PB::FM:MG::AF:BG ::ATi 
BT. Jaidi!oFB'^AP:PB:iBJ'-AT,asAB:BT. 



CoftOL. 
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C P R O ;, L A It Y II. 

a88.TJENCE arifes the following Wajr of drawing a Tangent 
"*^ itf Tto touch an Elliplis in tne given Point M, by having a 
Diameter A £, and the Pofttion of the Urdlnates to the {ame given. 

From B, one End of the Diameter A B^ draw the right Line B M 
to the given Point M j then having drawn the Ordinate MP to the 
Diameter AB, and taken PH=^A in the Diameter AB towards 
B, draw HK parallel to PM, meeting the Uue B^ in J(* through 
which, and the other Extremity A draw A K. Finally, draw M T 
parallel to AK, and the 5imi will be the Tangent requir'd. 

FprtecwifriJJP.^K, fnd><^,^T;arei>araUeli tljei»&« fiP: 
P8, or P4 : .PM.MK :: BT:T^ 

<^0ft9LLABY IIL 

389. TN «n EUipfis, if there be two Tangents MT^ NT, meeting 
•^ one another iii the Poiitf Tj I &y, the Diaipetcr^B pafling 
^luR^ii^^the Middle of the Line ^i^Joioing the two Points of Con- 
tiiO^ W(V p&fs likcwife through -the point 7^ For F i^, F ^ are each 
Q^iijas4fi9 fo the JDianieter AB-y and cqi^egqentl^ *. the 'tangents «^^,iS^, 
M Tf fif will each meet tliat Dwoeter in one Point T, being mcfa, 
^t fM^^P-P£--4B:BTi tha*i«. in the lame Point. 

:C p ^ p -L I. ♦ a Y IV, 
C90. TjSi M jESU^ if Jl .y, the Poiofts of Contaa of two Tangents 
*■ MFtNti bejoindl:7(i^2bt ]LineilfiV} andif Ibmeuiird 
Taqgeut FAlhc ofupllel to MN; 1 &J, FA,AU the Farts of 
ditf «^ 7iU9genf tftken between the Point of Conu& A^ and the two 
£rt Tuigonfi^ A19U be equil yto one auother. For draw the Diameter 
AM throbgh the Point of Contaa A. then it is mani&ft that the 
Line iH ^ is an Ordinate both ways to that Diameter, becaufe the 
4«Iie iil pHsUel to the Tangent FX, palling throi^ A the Extremity 
tberettf'; and fi> AB bifefte JX W in F, and con&^ntly palles * thro' *jrt. 1S9. 
% the Point of Concurrence <^ the Tangents M F, NL j or elfe will 
be pfuallel'to tbem, if Uie Line ^i^Tbe "^ a Diameter. And in both *AH.%i%- 
. Gales it is evi(iHit, that FL will be hifeOed by the Diameter A B 
iv the Pfsnc A \ b^ufe M Nis btle^ed by the ume Diameter in the 
P^P. 
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\ CHAP. III. 

Of the faitahola and Hyperbola anty. 

PROPOSITION XVIL 

Theorem. 

Mm^ jp. 291. IN the Tarahohj everj Oriittate (MPN) hdhwajs to theDumutir 

^ AB, isbifeSei by that Diameter in the Fointr. Aftdamtrmi- 

wife. 

Draw an Elliptick Plane through the Line M N^ and this will tarn 
a Tangent DE in the touching Plane SD E (parallel to the Phi»of 
the Parabola) parallel to MN. Farther, the Plane SjfF drawn 
through 5 the Vertex of the Cone, and the Tangent AF^ palling tiuo* 
A the Origin of the Diameter A -B, will form the Tangpnt etf^ mibt 
Elliptick Plane ^ and the Line D a joining die Points of Gtmetft of 
the two Tangents DEj afj fhall pafi through the Point P$ becauie the 
Diameter ABjz parallel to the touching Side SD. This bei^ hsl 
down: 

♦ Def. u^ Becaufe the two Lines AF^MNj hv Suppofition, * are parollel to 

each other, therefore the Tangent a/, being the common Sedion of 
the two Planes which pafi through AFjMNj will be ^aralldi to MN^ 

"^Def. I}, and confequently parallel to DJ?. From whence^ it appears, that 
the LiiiC Day which joins the Points of Contadt of the two parallel 
Tangents D£, afj is a Diameter of the Elliplis •, and (b the Line 
MNj which is parallel to thofe Tangents, and bounded b/ the ElU^ 

♦^ff.a82, jfi$, will be bifefted ^ in the Point P. 

Now for proving the Gonverfe : In the Plane of the Parabola, dtuw 

^-Aft, iCq. ¥ the Tangent AF parallel to the Line M N, and the Diameter A B 

♦ Def. 14. thro' the Point of Contaa Av then the Line MNvnW be * an (Drdi- 

nate both ways to the faid Diameter, and will be bifedked thereby in 
the Point P, as we have demonftrated. And becaufe there is but od5» 
'^jfri. 258. Diameter only, that can ^ pafi thro' P the Middle of the Lin# M Ify^ 
therefore, &c. 

Corolla ry. 

2^2. IT E N C E, if tiirough any two Points P, ^, in the Diamettr 

^ A B, there be drawn two.Ordinates MPN.O ^R, on both 

Apsides thereof^ it is mamfeU^ that we 0^U have always ^ Huk 

^■ ftopor- 
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Proportion, vk. MPxP Not FM\o ^y^ SRot ^\ :A P : A^^ 
That is, the Squares of any two Qrdinates PM^ ^0, to the Diameter 
A By will be always to one another as the Parts A P, A^ of that 
Diameter taken from the Origin ^ to the Points oi ConciirieBce of 
the &me Ordinates^ 

PROPOSITION xvni. 

TheoKm^ 

293. Tp through any Point Mtna Parabola^ the OrdhateM P be irctmn Fic. i^u. 
^ to any Diameter AB, ^ alfo the Tangent M T meeting that Dia- 
meter (produced beyond A) in the Point T \ then^ Ifay^ the Parts ( A P, 

AT) of the fold Diameter^ witt be equal to one another. 

The uime Conflrudion remaining as in the ]aft Propofition, thro* 
the Vertex of the Cone iS, and the Tangent ill T, draw the touching 
Plane STM^ which will form the Tangent *MH in the EUipticfc 
Plane, and meet the Diameter Da of the EUipfis in the Point H thro' 
which Ae Line 5T will pafi^ alfo draw the right Line TO parallel 
toSA. Thi3 being well underftood, we fhall have * this Proportion, *Art. A-u. 
DH:Ha::DP:Pa, und (alternando) DH\DP::Ha. Pat But 
becaufc^J?, SD\ and iS^df, TG, arc Mrallel 5 therefore DJV : D P: : 
SHiSTi.HaiQa. And lb HaiPa xxHa.Qa. Confequentljr 
Pa^Qay9XifiAP=^AT. JK.W.D. 

PR o p o sm o N- XIX;, 

Theorenx 

294. TN the oppofie Se3ions^ every Diameter AB^ pafes through C, the Fic. isu. 
* Poijtt wherein the two Afymptotet cMt each otber^ and it PiJiSed by- 

that Point : Andeontrarimfe. 

This Point is called the.Gfwtrft 

Let HSh be one of the two common Sedibns^ of a Pbne parallel to^ 
the Plane of the Hyperbola ^ and^ the oppofite. Superficies •, and let 
JPQ be an Afymptote formed by the Q)ncurrence of the Plane of the 
Hyperbola, and that-Plane which touches-tbe oppofite Superficies in the. 
l^tHSh. Aifb through the parallel Tangents AF, BG^ (paffing 
through the Ends* of the Diameter AB, and meeting the Afymptote^ 
FQ in the Points FQ) let there - be drawn two paraUel ElUptick 
Planes-, then thefe Planes w^form the parallel Tangents Ff/, G A/i 
in the touching Plane paifing thro* the Sdde HiSilr, ayodthej^rallel! 
Tangents A f , afi in the touching Piane & A^F. 

This being premis'd, the^ ParaUelS' F A, G&, beuig included. be*^ 
tiveni the twi> P^»Ucl9^ J?C7f j92^.wiU.beL.e9]al to one anotlaeti and: 
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' .BF-.if-.-.SFisf-.-.FA^t. And therefore Hf; 
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*^.t(9-fjiiibhfmi'.*hQtQB. MibpatHF^hG, it follow! 
tl*t A F=BO, *ni jtC—CM, beawftfbtTriaseles AC F.BCQ, 
aie funilar ; that is, the Aiymptote FQ pules tlm||MJy^^^M| 
of the Diameter A B. After the Suae vxf we pqHHIH^^H 
Aiymptote will pafi thmiKlvC Wbeacp it«|pe«n,^^tSelSimeitf 
^BpaflesthiD*CtheInteileaionaf the A^o^cotei, iniiiln&aed 
bj the lame. 

Nmr let the Line AS, {nffiDEthni^thelntaleaiaii (C)of ds 
A(7mptotes, meet the o^dkeSeaicQi iatiieftsiiiivl^B. Andif 
the Tangent AFb^ dnhrn tfaron^ ^ Point 4, withe Tai^em 

*.Af,k<^l»G, be drawn* to tbeomofite Vfype^Ot ^viSkHt^AFi then ft 
ia flnOeat (ai hu-been denaoflaced befiiige} lint fbe Line A D, 
wUdi jtdaa die Potnli of Gootift (f Ac TaoBmi ^ K p G, being a 
Dnineier/wiU pafi throish C die fiotecftQioa pf 4e Afymptotes. 
And theicfiMe the lame will coincida widi tittXioe ^^i, which paf- 

*X^ ik^likevBiedinwghdiefinietwvpQuiti^Cs-dwtif, the Point Z> 
. win c^Ki^ wkh dwFoivtB. 'Wtnxs the Uoe ^B wiU be 1 
I)iunetar. aad co■l^aea^ fnU be InftOol ia d* B^ C 

COKOLLAXT. 

997.TTEMCE it appears, that there can be diawolmtooeJMainr 
■^ ter through a given Point within an If jrpaiiola ; becaa& 
there can but (»ieLine oul/ be drawn through that Point and die 
Centre. 

PROPOSITION XX. 
Theorem. 
Fie. ij;. ^96- JN the appo/Ctr SeSitmty every C^dtnate (MPN) betb werffto^ 
^ Diameter A B, is bjfe3ed by that Dimmer » tbt Af«t F. Ak^ 
covtrariwife. 

Draw an Elliptick Plane tinotigh the line M W, which will ficm 
two Tangents af, bg, in the toochii^ Planes SAF, SBG,, and the 
Line a b, joining the Points of Couta£t of tho(e two Tangents, beiK 
the commnn Sedion of the Elliptick Plane, and the Plane SAB, 
will pafs through the Point P. But bccnufe the two Lines A F, Mi<f 
are parallel to one another (hy Suppofitjon) therefore the Line */, 
which is the common Se^on of the two PUnes pafling throogh AF, 
M N, will be pRiallel to M N. Bj the fame Reafon the Tangent ig 
being Che common Sedion of the Elliptick PUne, and the touchii^ 
Plane ^V B G, which pafs through the two Parallels MN, B G, will 
be larallel to M N. Thereiare the two Tpngents af, bg will be tm- 
* Ptf- !]■ rallel to one another : Wbeiux it follows, that the Xjne a ^ "* is a Dili- 
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SMter df tbeEUiplis ^ dnd fo theline MN"^ it bifeaed in the PbihfrE *jt^.%%t^ 

Now for provii^ the Converfe^ dmvr^ twot Tangents AF^ SQj in 
tbe Fkne or the Hytmrbola^s, ptiaUel to the Line i)fi\^boiindedbf ^^•^^7*. 
tbe Hjrperbola i and dnw the Diameter A B tiuough their Pointt of 
Gmtad I then it is manifeft ( hy Def. 14.) that M N will be an Or- 
dinate both ways to that Diameter, and will be bifeded by the &me 
la P» as we have proved already^ and becaule there is "^ only one £>ia« *'^^^9> 
meter that can pais throoeh that Point, therefore if the Line M N^ 
boimded by an Hyperbola, bebilcdted in P I^ the Diameter ABytbi^ 
laid Line MN will be an Ordinate both ways to tiutt Diameter, 

C o a o k. L L A R Y. 

f97.tjENCE, if two Ordinatcs (MPN, 0^) be drawn (on 

^^ both Sides) to tiie Diameter AB^ welhall have always ^ ^Atuxjy 

MVnPNoT Fm\0 ^^ §^R ot'^^i.APxFBiA^n^B. 



I 



That is^ 

PROPOSITION XXL 

Theoreoi. 

f$ii. JF thr^h mij Boint M hi an Hjperboh^ there he irawn a Tattgettt Fig. xj^ 

-i M F G, meeting two other parallel Tangents A F, B G, in tbe Pointt 
F,Gvr/tfy, MF;MG::AF:BG. 

Draw two paiallel Elliptick Planes thro' the Tangents AF.BQ^ 
thefe will form two parallel Tangents HFjhOy in the touching Plane 
SMQ-j and the EUsptick Plane palTing through £G, will form the 
Tangent a/, in the touching Plane SAP, which ftiall meet the Tan- 
;ent 6 G in the Point jT, wherein the Line FS meets that Elliptick 
^lane. This being laid down, the Tangents a/, B G, fhall be parallel 
to one another, becaufe they are each parallel to the Tangent AF^ 

andthewfore* w«fliallhaveJJG:Gft : .^tf/:/i::><F:FH; (be- ^Art^iiik 
caufetheTriangJesSi/, SHF, ^tASaf, S ^F, are fimilar) whence 
BOiAFiiOb :FH: :MQ : MP (becaufe the Triangles MG by 
M FH, are fimilar.) JT. W.D. 

It is mamfeft, that the fame Corollaries may be drawn from thia 
Propofition as in the Ellipfis in the 287th, 28Sth, 289th, and 29Qth 
Articles, and (b I (hall here omit them. 

PROPOSITION XXIL 

Theorem, 

2:95. jFifwjf right Line F G, terminating in the Afymptotes of an Hyper-^ p^^^ 1 j5j^ 

-* bohf touches tbe fame in tbe Point A •, J/oy, that Live will be hi- 
feSedbj the Point li^ Djasa 
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c 

. A l)mw two PlftMs thcoqgh ff the y ertn of the Om^ 
"• 2Vf. i«. Afymptota CF, CO, which (htU touch ^ the Qini 
Sides 5 ^, 5 iV; wheiein the FUne 315 JV^ jpu^ 
Plane meets the fime. AUb draw an Elliptic Plane throogh the 
lUghtLine JO^ which Pkme wm fonn two iWents Af F, NG^ in 
iht touching Planes, and in the Plane MSNj the Rij^t Line M N 
- pagdld to FO^ which joins the Points of Contad oTthe two Tan- 
gents ilf£; J^^G. This being done, it is manifeft that the Line fQ 
^Jn.t9o. IS ^ biiedal in the Point A\ becaule the iame touches the Ellipfii ss 
wellas tteHjrperbola in that Point 

COROLLAKY I. 

BOO. T) Ecaule there is but one LineFOonl/, which pafling tfaroKh 
^ « Point ^ given widiin the Angle FCO^ and being bonn£d 
br the Sides thereoC can be bifeded bj that Point jt^ therabce if a 
Kight Line JPG terminating in the A^mptotes of an Hyperbola, 
meets the Hyperbola in the Point jt^ dividing that Line FO into two 
^gualParts, the fiimefhaU touch the Hyperbola in that Point. 

COROLLAKY IL 

3oi. IJEKCE if it be required to draw a Tament F^G fioma 
-■-* Point A given in an Hyperbola, whole AfymptoCes C F, 
CG^ are given; thai you need only draw the Line A D parallel to 
^ne of the Afymptotes CG^ and terminating in the other: For if 
D F be taken equal to CDj and the Line FAQ be drawn, the fime 
will be the Tangent fought For becaufe the Triangles FCG^ FDA^ 
% jEf/f. ^^ fimilar, the Line FGy (hall be bifeded in A 5 fince CFis * in 

JL/i 
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Corollary III. 

302. T F any two Points My N^ of an Hyperbola MAN he joyned 
-'^ by a Right Line meeting the Afymptotes in the Points H, JC^ 
then the two Parts of that Line MHj NK, contained between the 
Hyperbola and the Afymptotes, are egual between them (elves. For 
if the Diameter CP be drawn through P the middle of M N^ and tl^ 
Line FQ through the Point Aj wherein that Diameter meets the 
Hyperbola, parallel to At Nj and terminating in the Afymptotes; 
*Afi*i96. Then it is "^ manifeftj that FG will be a Tangent in the Point A 5 and 
^.^.ajj- fo will be ^bifeftcd m the fame. Whence becaufe the Triangles CAF^ 
CPHj and CAG, CPK are fimilar, PH is = PJC 5 and roMH = N K. 

C O R O L- 
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Corollary IV. 

503. TF through the Point A^ given in an Hyperbola, there be draw* p^^,^ ,^^^ 
" ■■• two right Lines AF^ AQj terminating in the Afymptotesj 
and if from any other Point M of the fame Hyperbola, or the op- 
pofite one, there be drawn two other right Lines MH^ MKy likewise 
terminating in the Afymptotes, and parallel to the two former Lines 
AF, AQil&y FA»AQ = HMnMK. 

For I. When the two Points^, M^ be in the fame Hyperbola % 
then join them by a right Line meeting the Afymptotes in P and ^, 
and the iimilar Triangles PAF.PMH, and ^MK.^AG, give 
die following Proportion, AFiMH : : AP: MP"^: : M;^: A ^* Art. ^oi. 
tiMKi AG. And fo by multiplying the Means and Extremes, 
thBttmrtsFA»AQ=HM^MK. 

2. When the Points A^ M, are one in one SeQion, and the other in 
the oppoiite Seffion ^ draw the Diameter AB throiigh tl^ given Point 
Aj and the Centre Q and draw the right Lines BDyBE, parallel to 
AF^AOj and terminating in the Afymptotes ^ then it is manifeil, 
that the Triangles CAFj CBD, and CAG, CBE, will be funilar 
and alio equal, fince "^ CA is = CB. Thciefore S D =:AFj and ♦^it.294. 
BE^AGi androDBKBE — FA^AQ. But (by the laft Qfe) 
KM^MH—DB^BE. ^mitactz\SoFA*AG=:RMnMH. 

Advertisemeiit. 

I fhali omit the other I^operties of the Afymntotes and Conjugate 
Diameters, becaufe thefe arue from thofe on a Plane, as is ihewn in 
the third Book : My Deiign here having been only to fhew the Ufe- 
fulnefi of coniidering the Conick Sections in the Solid, and demon- 
firating immediately without any Calculus, thofe Properties of the 
Diameters, Tangents, and Afymptotes, iirom which all the other 
Properties may be taken : Which I have done (in my Opinion } after a 
very eafy and new manner ^ in not having us'd Linesharmonically divi- 
ded!, as the modem Geometricians after M. Pafcbal and Defargues have: 
F^ this obliges them to have recourfe to a great Number of Lemma- 
ta, whofe Demonfbrations alone (feem to me) to take up more room . 
^n this whole 6th Book. 

Tie End of the Smh Book. 
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BOOK VU. 

Of Ceometrkk Loci. 

DeFIHITI0N9. 



I. 



Fiq. 15S, T F ^^^'^c t^ *^^ unknown and indeterminate right Lilies, AP, PM^ 
ij^ * I making any Angle (A PMJ with each other at pleafiuce v and i£ 
the Beginnmg of one of them, vitl AP^ ( whiph I c^ always x ) he 
fixed in the nint As and the laid AP indefinitely extends it idf 
along^ a right Lineeiven iaPbfition^ and the other Pill (whick £ 
call jf ) continually aTterS; its Polition^ and is always parallel to it felt 
(That i^, all the P ifef : being narallel to one another) Thea if there 
be an E^tion, wherein are ooth thofe unknown Quantities % and j 
niix*d with known ones, which eiprefles tne Relation of every AP 
(x) to its Correfpondent P M (y), the Curve paQing thro' the Extremi- 
ties of all the Values of ju that is, through all the Points M, is called 
in general a Geometnck Lociti^^ and in particular^ the Locus of that, 
Equation. 

Fic. 158. For Eiam^ple : Let us fuppofe that the Equation jn = — expteflis al- 
ways the Relation of the Line AP(x) to FM (y)^ which make any An* 
gle v4 P -Af at j^leafiire with one another • In the Line A P aflume 
AB=a, and from ^' draw BE=zb parallel to PM^ and on the 
fame Side 5 then the indefinite Line AE is called in general a Geome- 

trick Locus 5 and in particular, the Locus of the Equation j> = ^. For 

if the right Line iW P be drawn from any one of its Points M paral- 
lel to jB£, the fimilar Triangles ABEj APM^ will give always 

this Proportion, viz. AB {a) :BE (h) :: AP (x) .PM (y) = —• 

And therefore the right Line AE is the Locus of all the Points M. 
f iG. ij^ Moreover, if yy :=L:aa — x x cxprefles the Relation of yi P to PM^ 
and the Angle APM be a right Angle 5 then the Circumference of a 
Circle, whofe Radius is the right Line AB=-a taken in ^P, is 
called in general a Geometnck Locus^ and, in particular, the Locus of 

the 
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fli* Iqnation jf jf =: « tf — x^. For if the Perpendicular MP^) be 
drawn from any Point ^ of the Circumference 5 then, by the Nature 

of the Circle, we (hall have always I'M(yy) =JDPitPJ5 [aa—xx) 
fuppofing B D the Diameter of the Circle. Therefore the Locus of 
all the Points ili is the Circumference cf a Qrcle. 

. ' S c H o L I tr M, 




that tlieir Values from Pofitives ( which they are fuppos'd to be when 
tending towards ^ will become Negative, and Co we Ihall have PM 
r^; -— V-, moreover, if the Points P be fuppos'd to fall from A towards 
]B, and afterwards the contrary way, as itom A towards D 5 then all 
the AP* on this Side A^ will become Negative, and conftquently wc 
lustre AP^= — X. And a Geometrick Locus muft pais through the 
Eitriemities of all the Values (as well politive as negative) of one 
of the unknown Qpantities y^ which anfwer to the Values both pofi- 
tive and negative of the other unknown Quantity x. Therefore, if 
the right Line ^AG be drawn parallel to PM, a Geometrick Locus 
may he found in the four Angles BA^jB AG, QADy D A^ as 
in the fecond Example {Fig. 1J9.) or only in fome of the Angles, as 
in the firft Cafe ( Fig. 158-) For in the fecond Example, fuppofe that 
AP be z=:xj and P-M=>, the Point M being firft taken on the 
Quadrant ^B •, then if the Point M be taken afterwards in the Qua- 
drant G J5, we Ihall have aP^=x^ and PM = — j 5 if itf be taken 
oil JDG, we Ihall have AP=^ — x, and PM = — y^ and finally, if 
iMbc taken onD^ we fliaU have^P=: — x, and PAf =jf5 and 
in all thefe Cafes ( by the Nature of the Circle ) there will come out 
ihp iamti Equation 313^ =aa '— x x-, becaufe the Squares of A^y, and 
4-x, are the lame in all Cafes, viz. yy and xx. Moreover, in 
the firft Example, if you make^P = x, and PM=.y^ in firft ta- 
king the Point M (oxi the fame Side as £j upcm AEj in the Angle 
^A Pj and then if the Point M be afterwards taken on EA (^produced 
towards A) in the Angle GAD^ we ihall have ^P = — x, and PM 
=— J-, and fince the Triangles >tf 5 jB, APM^ are fimilar, the fol- 
lowing Proportion will be formed, viz. A B, (a) BE (b)\ : AP 

bx ' ' ' b X 

( — x) : PM ( — jf ) z=: -<- — V and therefore ^ = — . Which is the 

iame Equation as was form'd by fiippofing the Point M to fall in the 

Angle B A^ ' 

• Not^ When wer are hereafter to' conftruft* tTie Locus of .a 
given Egiiation, we always fuppbfe:^ P ^x) ^^ PiMt>/pt)fiti\/fe, 



,^^ Jbe S E V B N I fl Book. 

that is, all the Points M to fall in the fame Angle Bjl^ And that 
Part c^ the Locus contained in the Angle jB ^ ^ we take £>r the Lo« 
cus of the given Equation* 

The ancient Geometricians did call jiUn Loei ioch that are right 
Lines or Circles •, and folid Locij thpfe that are Parabola's, Ellipfes, or 
Hyperbola^s, But the Modems do diftinguifh Geometrick Loci into 
different Kinds, or Degrees : For under the firft Degree are compre. 
hended all the Loci, wherein the unknown Quantities x, j^, are found 
in Equations only of one Dimenflon y under the (econd, all thofe where* 
hi thofe unknown Quantities have two Dimenfibns^ under the third, 
all thofe wherein the unknown Quantities have three Dimenfibns, and 
fo on. Where you muft obferve, that there muft be no ReOaiKle, or 
Produ£l of the unknown Qpantities x and jf in the Equations tor the 
Loci of the firft Kind or Degree ; and in Equations tor the fecoud, 
thofe Quantities muft form a Product as x jf of no more than two Di* 
irienfions ^ and in Equations for the third,, a Produd xxj^ot xjy (d 
three Diuienik)ns, &(l, 

T. 
The Terms of the Equation of a Loos are (aid to be dTSfeicnt^ 
when either of the unknown Quantities x and y, or both of them to- 
gether, are found therein of different Dimenfions: So in the firft D^ 

gree, if this Equation be proposed ji — \- c = o, the Terms j, — 

t X 

. _, c, will be different Moreover, ia the feeond Degree, if yoa (up* 
pofejrj+ 2cy h^x + 6 x — i6 + // = o, then the 

2bxy fxx 

Ternw y y, — ,_2cjr,— ■'— , gx + ix, — ii + //, Ihdlbe ere* 
ry one of them different. 

Advertisement. 

I (hall here only explain particularly the Loci of the firft and fe. 
coiid Degrees \ but what I fhall fay thereof will give a great Inf^t 
into the Conftrudion of more compound Loci in particular Gales wai 
n-ay occur ^ feme EiampTes of which will be found hereafter: 
Therefore my Defign in this Book, is to give a general Nbthod for 
conftrudting the Loci of given Equations of the firft and fecond !>> 
grees ^ and to fliew that the Loci of the firft Degree are ftrait Lines 
«nly •, and thofe of the fecond, cither Parabola, Ellipfcs, Circles, 
Hyperbolas, or the oppqfite SeQions* 

Pot TIT* 
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Postulate. 

groj. ^Rant that any given litteial Quantity, be it never fo com- 
^^ pounded, may be reduced to a fimple Fradion in its lead 
Terms. 
For Example ; i. Grant that one may take the fimple Fraaion 

— = ^^ + — , wherein the Letters a,cj,g^ denote given right Linesr 

2. That one can find a right Line s = ^r-r^ wherein the right 
Lines a, 3, c, e^ /, g^ are givenw 9. That one can find a Square r t = 5 j. 
-, wherein the Lines Oj b^ c, ^,/, i, x, are given •, fo that its 



M-M/ 



Side t be = ^ 5 1 — - . We (hall fliew the manner of doing 

diis^ in the Beginning of the Eighth Book. 

PROPOSITION I. 
Problem* 

306. j^N Equation of any Locus of tbefrft Degree being givett^ to con% 
■^ flruS the Locus. 
When the unknown Quantities x and jf, have but one Dimenibn in 
a given E^tion, and their Produdxji is not in the fime^ then 
the Locus of that Equation will be alwajrs a ftrait Line, and it may* 
be reduced' to ibme one of the four following Formida^s. 

bx bx . bx bx 

l.j=.— , 2.j^=:— + C, 3;j = — — #, 4.jr = fi— _, 

m all which we fiippoie the unknown Quantity j^ to be fireed fiom 
Fra&ions, and atfo that the Fradion multiplying the other unknown 

Quantity x be"^ reduced to this Exprefllon — , and all th# known ♦^rf. jo5i 

Terms to this, vix. c^ 

The fame Things being premisM a» in the firft Definition, the Lo- 
ci of the three laft forms may be conftnifted in the following manner j 
for the Locus of the firft Form has been eonftru£ted in that.Definitionr 
already. 

b x 

Now to conftradl the Locus of the fecond Formula ji =: — h c. In Fic xd«,* 



Ae Line A P aflume ^ £= ^ ^ and draw the right Lines BE^ 4, AD 
s= Cy parallel to PM^ and on the fiime Side ^ then if the indefinite 
Yight Line ^£ be drawn, as alfo the right Line DM parallel to 
AF. I fay^ this Line D M^ contained in^the Angle P-^ ^, ( made. 
*" "' ■ ----- . ^j. 
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« * * 

b]rthe Eine >[f^, drawn sftQillel to PAr^Tgnd cm tiie fame Side) 
will be .the Loqis of tlje fitia Egoation oir FprmuK .For4f ,tfaioqg|i ^fqi 
one of its VoiattM, tiie Liae iKfPibe drawn parallel to AS, aaeet* 
ing ^BinFj then the fimilar Triangles ABE, AFF, will gi«^ 

:t]us Pcoportipn, A1i(a)tBE (h) : : ^PCr^ iFF :s i^l: And dnns 



fbie P/f 0) = FF Q^^ + Filf <c). 



r\Q.uiu TbeLocos of the third Formuhjf = — <—€; mty be eodflraael after 

the following mannier: Aflame ABzsia^ and dnw the lig^ linet 
J}£ = i, ^D=:^, paraUd toPilf-, T;iz.JI£on the faine^ideaf 
Jl ^ wA, ^D on the contrarjr 8ide ^ aUb thro' the Points ^, £^dnw 
theLine ^ £ of an indefinite length towards £, and ^o' the Point h 
the Line Dilf parallel to AE, meetiiugthe Line Af in 6. I fi^, the 
dndefinite right Line G ilf, contained la the Apgle IPA^ wUl (e the 

Xocus fought For we have al>irays PM(j);=z pp^J.\ — j? jn 

.Fig. itfi. Laftl/, To conftrad the Locos of the fourth Formula jf = c -^ -^ 

In JtfP aflume AB = n, and draw the right Lines BE r=(,>f^==i(^ 
ffndklio PMi vk. JB £ on the cootruy Siik that A^U, ia&AD 
on the'&me Side \ then through the Points ^, £, drawtbe Lhi^ j<£ 
df an indefinite Length towards £, aiid tiirou^h the Point J) the Line 
D\Af parallel toAEj meeting the Line AP in G. I fay, the rigb^ 
Line JD Q, contain'd in the Angle PA ^, will be the Locus (bughtj 
For if the Line M P be drawn from any Point At thereof paraUel to 
A^ and meeting -rf£in P, we fhall have always PM(j) = FM 

If the unknoMfn Qoantity x be not multiplied by a Fraaion^ then 
the four foregoing Formula s will be changed into thefe h^re : 

I. Jktx, 2.j^=*f -+■ c^ 3.y=:x— X, 4. jf ='C — IP, aU of which 
may be conflxuded after the fame manner as before, only obfervine 
to take the right Line B E equal to A £, which he&xe was tfikea w 
.any Length at pleafure. 

— S C H O L I V U. 

107. TT may happen that the Locus of an EqoaticHiinay be a flnig^ 
-^ Line, altboogh there be but one of the unknown Qiiantities x» 
y, contain*d therein} and fixua henoe ariles thefe two new Fannub% 
«ndjr=c; 4 . 

• • • , 

Dow 
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HkM to coiiflruft the firft Formula /=c, thefame things being always Fic. 165-^ 
premifed, as i» Def. 1 5 fhromgh the fi»d Point A araw the Right 
litte AD c parallel to P ilf and towards the fame Parts, and then 
draw the indefraile Right Line i5Af parallel to^P: I f^ty that Line 
^ DM, will be the Locus of the proposed Ewation. For if the Right 
Line M P be drawn from any Pbint M of the fame, parallel to A D \ 
then it is manifeft that we Ihall have always FM{y) ^^AD (c). 

Again, to conftnift the fecond Formula x = c Aflume APzi: cr, and Fie. 1^4. 
draw the indefinite Right Line PM making the Angle APM with 
A P, which is either given or taken at pleafure: Then I fay, PM 
will be the Locus of all the Poiuts M. For if the Ri^t Line M^ 




affiim'd of any Length whatfoever. 



A D V E. A T I S E M E N T. 

" Here it will not be amifs to givt the Learner an Idea of the Me- 
thod I am going to ufe, in conftruding the Loci of the fecond De« 
gtee. And this Nfethod conliUs firft in conftruSing a Parabola, and 
afterwards an Ellipfis and Hyperbola being foch, that the Equation ex- 

Ereiling the Nature thereof,witb regard to the DiametersandAfy^mptotes, 
e the moft compounded poffible ^ and this far nifhes general Equations 
or FormulaV Then I ezaimne die ]f articular Parts of thefe geneial Equa- 
tions, tfcat fivan Equation being proposed, I tJMy know? which of thefe 
general FornraVs to compare the fkme with ; this being known, and 
all theTerms of the Equation comparM with thoie of the general Formu* 
la, I gather irom thence the G)nftrudion of the Locus ofthat Equation, 
in obferving certaiu Remarks ferving for all the Formula's. But all this 
will be HHich better undecfibod in the following Lemmata and Propp- 
fitions. 

Tbd F u N D A. M E'N T A L L E i^ M A /Zv f i&tf Conftru3ion of Locijs 

mhich are Paraholas. 

308* T ET there be two unknown and indeterminate Right Lines Fig. ids, 

^ AP,{x)\Pm(j) (as in Def. t.)^ alfo let there be given k^^. 
Right Lines, as w, w, p, r, s. This being premifed. 

I. In the Line APj aflume ^ £ = w ^ and draw the Right pic. 1^5.; 
Lines BEzrzti^ ADz=r, parallel to PiM, and towards the fame 
Rttts, alio through the Point ^ draw the Right Line AE which I call 
«, and through the Point D the indefinite Right Line DG parallel to 
^ if J and m BQ a£[iime JD C »is' on .t^e fame Side as P^, and 
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with the Diameter CO, having its Ordinates parallel to Pilf, anfl fti- 
f^jri. i6i. rameter CH =:p, defcribe ^ a Parabola C M tending towards the fame 
Parts as A P. Now I fay the Portion of this Parabola contained in tibe 
Angle PA LI, ( form'd by the line A P, and a Line A D drawn thro* 
the fixed Point Aj parallel to F M, and towards the fktnc Parts ) is 
(lie Locus of the following Equation or Formubi. 

*MI JV 7» Iff 



— .1 



m 



x + P«. 



For throQgh any Point (M) ci that Portion of the Parabola, diair 
the Line M P, making the An^le APM (either given or taken at 

Jleafure ) with A P, and meeting the Parallels AE^ DQ,va. the 
oints Ft Qi then the fimilar Triangles ABE, APFy will give tbde 

two Proportions } AB (m) :A E (e):: AP(x) \A For D G =r— .. 



And AB{my.BE{n)\ : >4P(x; :PF=— . And confequently G Jf 

Iff 

orPM— PP— FQ=^---— f, and CO, or DQ — DC^^ 

Iff m 



* ^ff. X9- "^ *• ^"^ ^'^^ Parabola gives "^ Q M= CQnCH. which Equation will 
be the fame as the proposed one, by putting for thole Lines their ana- 
lytick Values. Therefore, &c 

«?ic. i66. 2. From the fix'd Point A^ draw the indefinite Line A ^ parallel 
toP^ and towards the fame Parts, in which afnime^£=ifi, and 
draw JB £ = w, parallel to A P, and towards the fame Parts as PM^ 
and through the determinate Points A, £, draw the Line A £, which 
I call e ; then if in A P you take ^ D = r on the (ame Side as P^ 
and draw the indefinite Right Line D G parallel to A £, and if in 
the fame you take DC=j, likewife on the ftme Side asPAf, and 
afterwards with the Diameter CGj whofe Ordinatesare mrallel to^P, 

#^y^ i^i^and the Parameter CH=:p^ there be defcrib'd "^ a Parabola CM, 
* tending the fame way as A^ I fay the Portion of this Parabola 
contained in the Angle B AP^ will be the Locus of this fecond Equa- 
tion. 

m mm m 

For if the Line M © be drawn from any Point M thereof, parallel 
to APj and meeting tHe Parallels yi £, D G, in the Points F, G j 
Chen the fimilar Triangles ABE, A^F, will give thefe two Pro- 

XX)rtions 
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portions, AB {m)'.AE(e): : A^^ or VM(y) .AT ot DQ = 
L\ And AB (w) : BE (w) n A^Cy) : ^F = '^. And 



confequent ly GM or ^Af — ^F — FG =x r, and 

CGorDG— DC = — — i. But the Parabola gives GiJl' = CQ 



m ^ ^ f» 

/» 

K CH, which Equation will be the lame as the propoled one, by put- 
ting for thole Lines their Analytick Values ^ therefore, &c. 

Corollary. 

309. TT is manifeft, (i.)That in the former of thetwoEquationi,orFo^- 
•'" mula's, the Square yy is found without a Fradion, and in the 2d 
the Square x x. 2. In both tne Formulas the two Squares x x and yy are 

found with the lame Signs^ io that the Squared — ^ of half theFradion 
which multiplies the Plane xy^ jmultiplies x x and yy. And io if 



an 
m 



the Plane xy be in neither of thole two Equations, then the Square 
— , or — will alio be not in them, becaule the given Fradlion — 

mm mm ^ m 

will then be equal to nothing. 

PROPOSITION n. 

Problem. 

310. T^O conftruQ tie Locvs of a given Equation^ wherein if the Flane xy 
•* be not^ there willUkewife be but one of the Squares x x ditd y y 5 or 
elfe if the Flane xy be found in tbefoTne, the two Squares xx and yy are 
alfo therein both with the fame Signs -, fo that the Square of half the Fra3ion 
multiply d byxyybe equal to that which multiplies the Square of one of the 
unknown ^antities : Suppojirg alwajjs one of the Squares xx oryyj^n the 
given Equation to be free from Fradions. 

Compare each Term of the given Equation with that Term anlwer- 
ing to it in the firft Formula of the foregoing Lemma, if the 3quare 
jf J happens to be without a Fradion 5 or with that Term anlwerinc to 
it in the fecond Formula, when the Square xx is without a Fradtion. 
Then by comparing thefe Terms, get the Values of the Quantities w,, 
«r,p, r, s •, by means of which, if a Parabola be delcrib'd according as 
is direded in the Lemma ( uling the two following Oblervations ) 
the lame will be the locus required. 
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511. i.T^ H E Line AB (m) may be taken of any pofitive Ma«ii- 
A tude at pleafure. 2. The Lines A B («), B E (n) bong 
given, the Line A E (e) is given alfo, becaufe the ibigje ABE ia 
given. 3. When«= 0, the Line >4 2s fells in AB^ that is, in^P 
in the Cooftni&^B ^ the firft Fonnula, and in A^ ia that of the 
fecond 5 then we fhall have A B (m) - AE(e):, becaufe the Points 
jB,£, wiU coincide. 4. When the Valne of one of the Qoantitics 
w r,j, is negative, then the Line thatthe feneexprefles mvft be talm or 
drawn on the contrary Side A^ with regard to FM^^ whereas when it 
is pofitive, it muft be drawn on the fame Side, as it is in the 
Lennjoia, 

R B M A R K n. 

3 1 2. tF the Value of the Parameter CB(v) happens to be Dcntivc; 
•*• then the Parabola muft be drawn the contrary way toroat in 

the Lemma $ that is, on the oppofite Parts to whidi the indetenninate 
Line A P, in the Conftrudion of the firft Formula, and the indetcr* 
minate Line A ^inthe fecend, tends. All this wiU be mamleft by 
the following Examples.. 

E X A M P L £ L 

313. T ETthere be a given Equation jj^-— 2tfjf — tx-V^c=i^i it 
-*-^ is required to conftrud the Locus of the fame. 

Becaufe the Square jyn here without a Fradtion, therefore I chufe 

^AftAo^.^ the firft Fcrmula of the Lemma ^ and comparing each Term there- 

'^^ '• of anfwering it in the proposed Equation, (1.) I have— — o, becaufe 

the Plane xj being not in the propofed Equation, that Plane may be 

efteem'd as multiply'd by 9 \ from whence I eet w = 0, and confequent- 

♦-if/. 3 1 1. ly ^ « = f : Therefore, if all the Terms in the Equation affbded with 

a. 

-- be fbruck out, and ai be put for e the Value thereof, there will anfe 

jy — 2 r J — p x-\-rr'\f$'=:o. 2. By comparing the corrcfpondent 
Terms — 2 r jf and — 2 a j^, as alfb — f x and — bx^ I get r^^a^ and 
j7 =^. 3. By comparing the Terms not affeded with the unknown 
Quantities x and 7, I have rr + p 1 =^ t c ^ and fo if a audb be pot 

for their Values r and p, there arifes s = *, which is a negative 

Value when a exceeds c, as here fuppos'd. There is no need of compa- 
ring the firft Ferms y y, becaufe they are eiaftly the fame. Now the 
^j g Values of w, r, p, s, being thus determined, I conftriift the Locus by 
ttfj * ^"^g ^^^ Confti uclion t T the Equation *, and obferving the firft ♦ Re- 
vk, after the following manner. Becaufe 
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Becaufe B£(w)'^ o, therefore the Points ^, £, do coincide, and 
the Line A E falls ^ in yjf P^ whence thro' the fii'd Point>4, 1 draw firft * An. ^ii. 
the Line AD{r) — a parallel to PM,and on the lame Side AB, as ?M^ Fic. 1^7. 
becaufe the Value thereof is pofitive : Then I draw D G parallel to 

AP^ and in the fame afliune DC=s^^^ = — s on the contrary 

b 

Side to PM', becaufe i is ~~^, which is a negative Value. And laftly, 

h 

if a Parabola ^ be defcribed with the Diameter C G, ( whofe Ordinates Mit. 161, 
are parallel toPM) and Parameter CH(jf) zszb-. I fay the two Por- 
tions OMM, RMSj contained in the Angle PAD, (made by^P, 
and the Line y^ drawn parallel to PM^ and towards the fame Parts ) 
will be the Locus of the given Equatioa 

For if the Line ^ P be drawn from any Pbint M of thefe two Por- 
tions, making with A P the Angle APM either given or taken at plea- 
fere, and meeting D G in the Point G •, then we ha ve G Af r- v — a, 
wQ Mz=:a — y, according as the Point M be taken above or oelow 

the Diameter CG 5 and CG or D G + CD ssx + ^^ 5 and there- 



fore, by * the Property of the Parabola Q M (jj — 2ay + aa) =•* Art. 19, 
CG nCH (b X -^ aa — cc) that i^, yy — iay'^bx'jrccz=:d, 
which is the £guatio|i giyen. Therefore^ &c. 

S c B o L I T7 w. 

3x4* tF ^ be produced on the other Side of ^ towards X, then ob* 
^ ferve, 

1. That the indefinite Portion S AT of the Parabola, coi^taip'd in the 
Angle SA X, will be the Locus of all the negative Values erf the un- 
known Qpantity jf, an^ring to thfs pofitive Value^ cf tl^ othe|r u^^^ 
koown Qpantity x in the given Equatioq. For U AP b^mv^'^ 
gi^eater thaa AS^ aud Pill be drawn paralleji to AX, apd towards 

the fame Parts, meeting the Portion SM in M^^ then w^ (hall have t *Art.foj^ 
PM=^y^ and fo the right Line GiW or GP+ f^ = a—;, and 
by die Property of the Parabola we Ihall get the given Equukion , ^ ^4 
again, as above. 

2. The Portion R CO of that Parabola, which Ms hiiht Aftgle 
TAO vertically oppoHte to the Angle SAXj will be the Lorus of 
all the pditive Values of the unknown C^ntity j^ in the given Equa- 
tion, anfwering to the negative Vjaluesof the other unknown Q.uaiiti- 

ty x^ for if you make * ^ P = -^x, we Ihall get the givfeii'EqliahoA ^Art.^-^ 
again- , 

3. If a Portion of the (aid Parabpla fklls m ipp Angle ^A J^ ver- 
tically opfoiite to the Angle PA{)t the fame wjill be &9 Lecus pi all 

Z 2 <VA 
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the negative Values of the unknown Quantity ji, anfwering to the 
negative Values of the other unknown Quantity x. So that that Pa- 
rabola is the compleat Locus of all the poiltive and negative Values of 
J, aufwering to all the pofitive and negative Values of x, in the given 
Equa^tion jfjf — 2a y — bx -{-cc =0. 

•Hence it appears, that iu this Example there are two pofitive Va- 
lues (PMt P-^0 of the unknown Qiiantity y, which anfwer to the (amc 
pofitive Value (a P) of the other unknown Quantity x, when the Line 
V AP is Icis than A S ^ that there is one pofitive Value P My and a ne- 
gative one — PMy when AP exceeds AS^ that there is but one pofi- 
tive Value f 5 T) of J, the other being = 0, when AP=^ASi that 
there are two pofitive Values (P M^ PM) of y^ anfwering to the fame 
negative Value ( — AP) of x, when AP is lefler than AT-^ that 
tfaofe two Values will become each equal to the Tangent TC, when 
AP:=^ATi and finally, if ^P(—x) be taken greater than AT^ 
iheu PM apply^d to A P, will not meet the Parabola at all, and fo in 
this Cafe there can be had neither a pofitive or negative Value of y^ 
timt can anfwer to the negative Value ( — AP) of x ^ that is, the 
Valoes of j^ will then become imaginary. 

^U this muft be underfiood after the fiime manner in all the follow- 
ing Examples, as well in the other Conick Se&ions, as the Parabola : 
So that the Conick Se&ion defcrib'd, will not be only the Locus of all 
the pofitive Values of j, with regard to the pofitive Values of x •, but 
the lame will be likewife the Locus of all the pofitive and negative 
Values of y^ with regard to all the pofitive and negative Values of x. 

Example IL 

3iy.J^ET JJ + ^*xj + ^xx+2cj — ix + cc=ro, be an 

Emation, whofe Locus is reauir'd to be conftrufted. 
* Becaufe the Square jpjf is here found without a Fraftion, therefore 

^Art.imi.l chufc, (as before) the firft Formula ^ of the Lemma 5 then by 
^ • comparing the Terms thereof with thofe anfwerhig to them in the 

firopo^d Equation^ I have i. — = — — 5 from whence making * m 
= #, there arifes^ » = — b. 2. — -=:--i from whence there comes 
out, as above, « = — i. 3. r = — c. a.'^^—z=. — ^tandtheie- 

iare f = —^ , by putting a, — t, — c, for w, m, r. 5. rr + /> j= 

€ t, and fo « = o, by fubftituting c c for rr. Now the Values of Kt, 
»» ^f, *, Being thus determin'd, I conftrua the Locus of the Equation 
( fcf nfuig the Conftruaion of the fixft * Formula; after the followii« 
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In the Line AP aflame AB (m)z=:a^ and draw the right Lines Fic 168, 
JS=^b= — w, AD=^c=2 — r parallel to PM, and on the con- 
wcy Side, becaufe w = — b, ana r = — c, which are negative Va- 
les. Then through the determinate Points A^ £, draw the Line AE 
j -which is given, and through the Point D, the Line DO parallel 

^£. This being done, fince D C(5) is =0, the Point C I'alls on 
5 therefore if a Parabola be defcrib'd "^ with the Diameter DGj*^rt.i6t. 
hole Ordinates are parallel to PM, and the Parameter DH (jf) = 

^— 5 I fay, the Portion M thereof contain'd in the Angle PAK^ 

herein all the Points M are (uppos!d to fall, will be the Locus of the 
ouation given. 

tSFot if me Line ilf P be drawn through any Point M thereof, ma- 
SSfig the Angle APM either given or taken at pleafiire, and meeting 
be Parallels AE.DGj in the Points F, G \ then the fimilar Triangles 
4BE, APF, will give thefe two Proportions, AB{a):AE (e) : : 

it,'T(x}iAFotDQ=^^. And^JB (a):BEQ>)i\AP {x) : PP 

dr^. And confequentljr QVMor PM + PJ^^ FOzzzf-Y^-^ + Ci 

Sot By the Property of the ^ Parabola GiJf*= Q Dn DHi that is, ♦^rf.i^ 

bjr putting the Analjrtick Values, jj + — x > + — x x + 2 rj — • 
t X -^ c c so. Therefore, &c. 

Scholium L 

^1^. jFtiie Line AP Ihould not cut the Parabola, But touch or fell Fic. !«• 

-*" quite without it 5 then not one of the ftught Points M 
would &11 in the Angle PAH^ as we have fuppos'd in ue G)nfirudi- 
00 $ and lb thete could be no pofitive Value ot x, that would anfwer 
to the pofitive Value of j. 

This Obfervation is general for all Examples of the like Nature, 
not only in the Paarabola, but alio in the other Se£tions< 

SCHOLIHM IL 

3-17. TJ E R E^ it is neceflary to take notice, that if ^J5 {m) had beea 

*" aflum'd of any other Length befides a 5 then the Values of 

B E (v)^ and AE (e) would indeed vary : But the Ratio's of 

— , — will remain the fame always 1 becaufe in the Tri-» 
angle ABE^ the Angle ABE is given, as alfo the Ratio of the 

AB, BEj viz. ]^ = "7 *" *^^ Example. Now, becaufe there 

are 



^174 ^^ Seven t h Book. 

are only Aofe two Ratio's of — , — , that can be found in the Vt^ 

lues of p, r, i h therefore thefe Values do remain the feme always, let 
Ae Line A B (») be taken of any pofitive MagiiituJe at pleafure : So 
ibatm was taken eaual to a only, tor rendring the ConftmdioQ moie 
iiiople) which mviSt be always oblerv'd hereafter. 

Example III. 
^iS.TT is required to find the Locus of this given Equation, xs 4- 

9i ,lh ^ . , the 

Becaufe the Square xx is here free frmi-Fradions, I diufe the (eoond 
M9#.}o8. Formula ^ of the Lemma ^ then in ccMnaparing the conttyxAem 

^** Terms, I hare i.— = — — 5 from whence making m=:a, I get 

nn hb 

ii = -*-^. 2. — =— i andfb(fin€e«ic5a)wehaveiis-.i. aabcfime. 

3. r=c. 4. ——zzzb-^—^ from whence p s —• ^ I by fi^ 

ftituting a^ — b, c, for their Values m^n^r. $. r r + p 1 = o, becuie 
there is no Term in the given Equation entirely known, which can be 
compared with the Term r r -f px of the Fornuila | and (b we bave 

5 = — — = ^, by fubftituting c and — — , forr and p. Now Aeft 

pub € 

Values being thus determined, I conibruft the Locus required after the 
following manner, by ufing the Conftrudion of the fecond Formula 

♦^rf. 508. * of the Lemma, and eiaftly oblerving the 311th and 3r2A Ar- 

»• *• tides. 

Fig. idp. Through the fixed Point A^ draw the indefinite right Line Afl^ 
parallel to PM, and on the fame aflume A B{m):=:.a\ and finom the 
roint B draw BE=^b~ — n parallel to A P, on the contraiy Side 
to P My becaufe the Value of n is negative 5 moreover, through the 
determinate Points A-^Ej draw the Line AB^ (e) which is given. This 
being done, inAP take A D (r) = c in from A towaros PM^ and 
draw the indefinite right Line I) G parallel to AE^ in which afliime 



e^c 



*Art. 161. DC(s) '=^~- on the fame Side A Pas PM. Then defcribe * a Paxaboli 
with the Diameter CG, whofe Ordinates are parallel to A P, and 
♦^r/. 3 1 2. parameter the Line C H z=:— 1= — p, tending * the contrary way 

to what whicli A^ tends, becaufep = — — which is a negative Va- 

lue 
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lue. I fay the Portion OMRof that Paiabola, cotttaiaed is tke An- 
gle fAB^ will be the Locus fought. 

For if the Line M^ be drawn through any Point M thereof^ pa* 
ralltl to A P, and meeting the Parallels AE, DGy in the Points f , 
Q 5 then the fimilar Triangles ABEy A ^F, will give thefe two 
Proportions, AS (a):AE{eJ: : A^orPM(j):AFotDG = 

*JL. And AB (a) :BE(b) : \A^(y) : ^F=?^. And confequent. 

h i 

— ^M) = c — — — ;p, according as, on which Side of the Diametes 
CJ> the Point iHfillsjandCGor CD — X)G=:!^' — ^. But by 

__^» 46^ a ^ Art. 19^ 

the Property ^ of the Parabola, QMzdCQ »CHv that is, by fubftitu- 
ting the Analytick Values of thoft Lines, xx+ — jfx + — jfj— -a 

cx + *j— —/=«> which is thegivenEquatioa Thercfcirt, fi^c^ 

Scholium. 

^19. tF it fiiDiild happen, in comparing the Terms of the given Eqoa^ 
^ tion with thole of the Formula, that p is = 5 thai it is ma-* 
aiftft; that the CdirfiTOdion of tiie P^bcda, which ought to be the 
I^ocns of the Equation, would be impc^ible \ and that E^puition may 
always be brought lower, ib that the Locus theniof will bea flMit 
Eine ^ as will appear by the l^ormula's ^ of die Lemma. For Tasmr^jri.^^. 
pie \ if all the Terms af&ded with p in the firfi; Formula be ftruck 

out, there will arife jj — — ^J + zz*^ — arjf + -j]^x-Vrr5=a ,. ^^^ 



•^ the fquare Root of which being extrafted, will bejf — r = o^ 

III 

or jf =: — -^ r, whofe Locus is a ftrait Line^ and may be conflxuded : 

by Art. 306. The fame thiug will happen alio in the feoond Formula % 
of Art. 308. 

£ X ▲ M p L B ly, 

320. T ET there be an Equation xx — tf j = 0, it is required to find 
^ the Locus of the feme. 
Becaufe the Square xx is free from Fraftions, I chufe the fecond 
Formula * of the Lemma j then by^ comparing the correfpondeut^^^-^^*-* 

4 1w»&;!^^'^^ 
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^iaaii l\aiYt i.^=o, becimfe xjris not in that Equation $ whence 

^Af** 411. 1'S^ « =0» <u^ xxmfiqneiitiy 9 ^=: r. 2. — =xo, becaafi the Sguait 

vjf is notin the Eqpiationi ibm whence I get ag^in « =«. 3. r :=^ 
becaufe the unknown Qpantity x is not found, in the propofed Eqpa. 
tion, c^ one Dimenfion : Therefore ftriking out all the Terms in the 

Formula wheiDeinare— and r, andfubftitutingsifore) then there 'ar£- 

fesxx — pjf+P^^^^'f whole Terms remain to be comparedwith 
thofe anfwering to them in the propofed Equatbn. 4. B7 oompttin^ 
fte Terms *-^y and — aj^ Igetp — a. ;. Becaufe there is no Term 
in the propofed Equation entirelj known to compare with the Tcna 
1 ) therelore p s =<>, and &stB=o. Now the Values of «, r, f, 1, 
Ming tluis determin'd, the Locus remired maj be coufbroSfid in the 
following Manner, regard being had to the Conihrudion of ihc feoond 
Formula of Art. 308, and Art. 911. 

Fis. 176. BecBufejB£(if^=o, the Line ^ £ falls ^ in ^ ^ drawn patallel 

^^*t.Sii*to,P;M towards the fiime Parts^ m alfb D*'0, heoMtA D (r) r=: a. 
A^becaufeCD(0=othe PointC&llsonD, andDon^ Then 

«^wc« ifaPhnbtk be defcribed'^ with the Diameter ^#, whofe Ordinatei 

"^ are Right liines M^panlkl to >« P/ and W 

£kj 4he indefinite Portion ( ^ iU ) thereof -eontainM in tne Am^ 
I!A$j is the Locus fbflght 
For. if through any Point M thereof, you -draw the Right Linei 

♦.^•«.x>.WP, M^ paralld to ^^ and u4 Pa thenby* the Property of the 

Fhrabote, wefhallhave,^%x) ==y«^K ^H(tfjf)5 andthertfixe 
xx---#j =^j wMchistheEguationpropoIed. JT. XT. 2>. 

Tie Dcmoffflraticm of the Problem. 

^An.xot.t^^*l^ inftead- of m^v.r^s^p, in the general Formula, ^yoofiib- 

-■" ftitute the Values found by comparing the Terms thereof 
with the Terms of a propofed Equation, be it what it wiU, provided 
the fame to have the G)nditions denoted in the Problem ^ then it is 
nianifeft that that general Formula will be changed into the propofed 
Equation : And there&re if thofe Values be taken alfo in the Gn- 

«M^3o8* ftru£lion of the ^ Lemma, then the Locus of the general Formubi will 
be changed into that of the propofed Equation. And this is what hath 
been taught in the Problem, as appears fully in the foregoing Examples. 
Therefore, &jc. 



Tkt 
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The Fundamental Lemma, for the Coftjlnffhn of Loci, 

which are EUipfes or Circles. 

322.T ET^P(x), PM(y), be two unknown and indeterminite p^^. 171, 

•■^ Right Lines (as in the firft Definition) and let m, f/,p, ;•, j, f, 
be given Lines. This being premifed. 

In the Line AP, afliime j4B=^m, and draw the Right Lines 
BE=: w, AD =r, parallel to PM, and on the fame Side AP^sPM, alfo 
thro' the Pointy draw the Right Line AE (e) which is given, and thro' 
the Point D, the indefinite Right Line D Q parallel to A £, in wliich 
airumeDC=i towards PM-^ and the Parts Cii, CL, on both Sides 
C, each equal to t. Then if an EUipfis be defcrib'd "^ with the Dianie- *jirf.i6u 
ter LK {2t) whofe Ordinates are prallel to PM^ and having HK^p 
for the Parameter 5 I fay the Portion OM R thereof contained in the 
Angle PA D, made by the Line A Pand the Line AD (drawn ihro' 
the fixed Point ^parallel to pilf, and the fame way) will be the 
Locus of the foUcnving general Formula. 

jy xy-^ XX — 2rjf+ — x-^-rr-o. 

immt im$ ^t 

For if from any Point M of that Portion of the EllipfTs, you 
draw the Line MP, making (with ^P) the Angle A PM either 
given or taken at plcafure, and meetihg the Parallels AEjDQ, in the 
Points F, G 5 then by means of the funikr Triangles A BE, AP Fy 

we fhall have yi J^ or DQ = ^,and PF=^. And therefore Q M= 



m m 

njs 



J ^ J^ — r, and CQ=:— — s. And by the Property ^ of the El- ♦^rf. 
li^fk, KL (2t) : KH (p): :LQ n Q K OT CK—CQ (jt-^ss^— 

):GiW(jr/— —«jf — 2 rjp-V-— ** + -'*+'• '•J = 

f!L=Pfl+^^-.^J!L, Therefore. &c. 

If it happens that the Diameter KL(2t) and its Parameter KH 

(p ) be equal to one another, we fhall have always G M=^L.G xC K*^ 
fixim whence if the An^le (7 Q Af be a right one, it is manifeft ( by the 
Elements) that the EUipfis will be then changed into a Circle, whofe 

Diameter is the Line iC jL. 

A a C o *^ o V- 



lj%. The S 1 V £ M T H B d O X. 

CoXOXLLAlt T.. 

323.7X18 evident that die two SqiuuM jy Md x x ha ve alwajt tiie 
^ fame Signs in that Formnk $and wlien the Plane xj happcoi to 

he therein, then theSqinM('^of half the Fnffioik^ arakii^ii^ 

that Planfr, mnft he kfier then theFnftian ^+ ^ aiiidtiplfiBi die 

Sqnare x x. 

P ROP08IT10N HL 

Pi 



'■ • 



4^ ' -f 



-^ ^gmp-^s yy^ani X t, iai«xf iSi /mt S^i^ mhhmt A$ tUm 
XJ, or^witb ft, g tbeSansre ^ hMtU FraahnmMplpm tyjmmk 

UfiibantbeFraaitmmuhipl^gtheS^^ SwgftfugaeStmnjf 

to be almafs free from FraSians. 

Compare the Temi« of &St |^¥en.J£atfkioa imltli iMe Tcnna 
. anfwerinR to them in the eenenrKirmiihi ^flf the aicXteGud LeBuna | 



from whence get the YhnkoE the Qpmtities % «»/« r, i» t» bf ) 
of which deicribe an EUipft -aetoidin^ to the Diteaions of ttie 
ma, ( obferving exadlfvie 3 1 ith Artide ) and the fame will be the 

Locus ibught. 

ExampljbI. 

92^. T T i^re^r'd to find the Locos of thii EqaMton^j^ 4* jrj ^ j 
-1^ X X — -2 # Y -^ ^ X + -^^ cs 0, in mbidk the fijnm of | *die 
Fra£tion i or i, wmch multq^ly's ay^ is kis then the Fxadion | ¥rbktk 
multiplies x x. 

Kow by comparing each Term of the general Farmula of the Lem- 
' ma "^ with that anfwering to it in the Equation, we fliall hmt i» 

i^ =-^ 1, for finc^ the Kotit xykiKit multiply'a hy any IktMd 

FraAioD, the iaHie m^ be confider'd as being midtiply'd hy uni^or 
I : And confequently if 70a make m = a, we ihall have n =:•— | a, 

2. — +-^ = jj from whenceweget— rr'^^^^^^^^:^ =^, bj ivbftitii- 

mm 2mmt " ^ t ee Zit ^ 

ting tf, — |tf, for at, x •, aod confequently p = — . 3. r = Oi 4, 



art _ 

?^=i^ J whencepdtting a^ — .jd, a,— , for their Vahies w, «, r,^, ioi 

3ia# SM ^ 

there ariicsi= ""*^"^^ > J*rr— — +— =^^: And I faei t fowf ta: 
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tt+— — — = ii + 4i?e — ^ by putting— for-^, r. Now the 

Values of m^ w, r, 5, to, being thus found, the Ellipfis fought maj* be 
defcrib'd after the following Manner, ufing the Condrudtioa ot the 
Lemma * and the 3 1 ith Article. ♦^rf. 511. 

In the Line AF afiiime ABXm)r=a, and draw the right Line Fig. 17s. 
AT^ (ry^^a parallel to PM, and on the feme Side, as alfo the light 
Line EE= \a = — n on the contrary Side, becauCe ir = — i a is a 
aentive Value ^ moreover, through the Point A draw the right Line 
An (e) which is given, and through the Point D the right Line D G 

Jiff I j-it 

parallel to AE*^ in which aflume DC= — ^ — = — s on the 
contrary Side to PMy as aMb CK9 CLj on both Sides C, each equal to 



^^■W««»w*«»flP«> 



Aft** 



t « ^ J ,4. 4 ee— ^' Then if an Ellipfis be * defcrib'd with the ♦^^^ j^, 



er L JJL, whole Ordinates are parallel to VM^ and Parameter 
the Line KH (p)=:^. I fey, the Portion (OMR) thereof, con- 

tain'd in the Angle PA D» will be the Locus of the given Eqpatipn. 
For if thro* any Point M thereof, you draw the Line MP^ making an 
Angle (APH) with A P, cither given or taken at ploiiiire, and meeting 
the Parallels AE^ ZX?, in the Points J^, Q ) then the limilar Triangles 
ARE, A PFy will give thefe Proportions, AB {a) : AE (e) : : AP (x) : 

^F or D.(?=y. And ^JB («) : BE {i a) i -. AP {x) : 
PP=ix. Therefore we have Q^=;;jf 4- rx-^a; and CQotDQ 
+ DC = J — *, becaufe DCsz — s. But by the Property * of the ♦ ^rf. 55, 



Ellipfis KL (it) : KH(~) ■.■.LQ*QK orCX — CG*(tt--ii+ 



«mf 41. 



iriience fiibfiituting ^ee — ^f!! and — ^^' infteadof tf — ** and*. 



— '-— ^^ : G^ (yy-Vxy — 2ay-^ixx — ax '\- aa.J From 

l^and-'-^**' 

aa a 

fuod alterw«rds multi^ying the Ejtr^mes and Means, and dividing 
both Sides by 2t, we mall get again the proposed Equation. There- 
fore, (^c. 

SCROI,IT7M. 

31^. If 11 + 4^* ihoild ha equal ir left than ^^^ tlien it is evi- 

aa 

deot, that the Value of t will be nothing or imaginary ; in which 
Ca(e it wiS be impoifiUe tp cwftrui^ the CUif^ ^t oi^t to be the 
Locus of the ^ven Equation. And llnce this Equation neceflarily con- 
tains GogoditionSp thereibre it is poflible for the fame not to have any 
Line for the Locus thereof ^ that is, all the Values o^ 5 ^Xi^w wxv^X'^ 
all ^ Values of jf, may be imaginary. X a a 'Ts;^^^ 



i8o Tibf S s Vkn TH BodK. 

*Art. it*. . This will appear plain .in the general Fqnmda *.of die Leann, 
which, by tranlpofingfbnic of theTerms, will becomejjp — -^ * jf — 2 r 



• » 



. ,,^. - ,,4-^ + ^^ = ?!^ + ^«^. in which. R 



1 • • r 



miff i» ** 

qoation the firfl: Member (or Side) is the Sqmre of j — ^x — r| Mnl 

the fecond, the Sqmt of twhmi the Squaie of t — ?^, nudtiplf'd 

by the Fraaion — . Mow it is evident, if the Yaloe of theSqoatc 

r > be nothing or negative •, then the Valoe of the lecond ^Btnli^ ^ 
the Equation will be negative •, and fb in both Cafes we (bdL bftve a 
Square, vh. the firfl: Member, having a negpitiveyalue, which 
be. 

ExakflbIL 
S.27. j.p •, required to find the Lqcus of this Eqoation jj J^^^ « j ^ 



xx^cj'k'fx^agzzzo^ iawhicklfiippofe (according ta MlaA 
323.) that — IB lefi than the Fraftion ^ or i multiplyiDg the SgoHe 



X X •, vh. that h is lefi than 2 tf. 
^Art.x%%. ^ comparing the Terms of the general Fbnnuk * with thofe an* 

fwering to them in the Equation proposed, we have i. — = — ^^ _ • 

to- M 

whence making m = a, and then » will be= — ri, 2. — + -2 



= I 5 from whence putting a^ — {b for », w, and we fliall have i-.= 

t 

: And fop =^1-- . 3. r = — |c. 4.5= f-. 5^ 



are 2ft 



flian. 



^~. From whence arifes the following 



Fig, 175. 1" the indefinite right Line ^ P, aflumcyijB (m) =a, and draw 
the right Lines BE = Tb = — n, AD=tc = — r, parallel to Pilf, 
and both on the contrary Side 5 alfo through the Point A draw the 
right Line A E (e) which is given, and through the Point D the right 

Line DG parallel to AE-^ in which affume DC (s) = ^-^ fiomD 



towards P/W, if 4 c exceeds 2 af^ fas it is here fiippcs'd to do) and the 
contrary way 3, if the famebe lels ^ then on both Sides the Point C, 

afliunft 
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* • 

afliime CK and CX^ each equal to t = y^5x+^~^. This 

being done, defcribe * an Ellipfis with the Diameter LK (2t) whole ^j^f^^^^ 
Ordinates are parallel to PAf, and Parameter the Line K H (p) = 

IffZ— . I fay, the Portion ORoi this Ellipfis will be the Locus off 

the proDofed Equation. 

For drawing the Line M P from any Point M thereof, making tha 
Angle APM with M P either given or afliim'd at pleafure, and meet- 
ing the Parallels ^ £, I X, in the Points F, G ^ then we have PF =^ 

— • and ^ jF or DO ss — i from whence wc get'itf G or MP 4- PF 
-V yQ=:y + ;f + Ttf, andCG = ^ — 1, orx — — . But by the 

• * 

Property ^ of the Ellipfo L JC (21) : KHQ~^^ : :LG ^G K(tP*Art. 55, 
from whence, ( if ^^L-i^' and ' ^ • ^! be fiibftituted for 1 1 — ss. 

' ^ 4iM — bb 444 — 6» 

and Sj and then you multiply the Means and Extremes, and divide by 
2 1) and there will arife the propofed Equation. 

Here it is neceflary to obferve, that if the Angle AEB be a right 
one, then will the Angle CGM be fo likewife, and the Diametes 

LK(2t) equal to the Parameter KB, Q^^!tZ^\ becaufe e^=:aa—^ 

•? bb^ lince ^ £ B is a right-angled Triangle. Therefore, in this Cafe^ 
th e EUipfis will b e a Circle, and the right Line CK 01 CL (t) = 
^ss-Y^cc-Y^gy will be a Diameter thereof, and DC (s) will be> 

= I from whence arifts a much fuwpler ConftraSion-. 

£ X A M P L £ HI*. 

328. T E T it be requir'd to conftru£t the Locus of this Equation yjr 

By comparing the Terms of the general ^ Formula with thofe an- *An.ii^ 

Iwering to them in the given Equation, we have ' 1 . ~ = 0, becaufe 

'tit 

the Term xji being wanting, the fame muftb^b conceived as multiply'd 
by 5 from whence we get nz=zo: and therefore m = e^ 2. 






^ -^ = I \ that is, —=1, by fubftitutin^ andc fi>K n and nt;^ 

4. ^^ 
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and thereibrep = a t. 5. r =: o ^ becaufe the unknown QpandiT y 
n6t being fotifld of one Dim^niion in the eiven Bqqatiou, nay htUt^ 
pos'd aifo as b^ng multiply'^ by ^ therefore, if all. die Terms where* 

Kirf.zii. in are -^ and r in the general Fwmula ^ be ftnidk out, aodmand ibe 

fbbftituted for e and ^ , then that Formula will become this, vk^yj 

+ XX — 25 X — tt +jjz=o, whole Ttrms remain to be compared 
with thofe of the ptt^xw'd Eouation. 4. 2 x -• a ^ and therefore s z^ 
la. y. 5 J — r t = • $ becaule there is no known Term in the given 
Equation: and therefore^t :=iJ=:Ttf^ 5 andfot = Ta, hv extaift. 
ing the (quare Root of both Sides. Now the (aid Values being tiius 
found, the Locus may be conftmded after the following manner. 
Fic. 174. Becaufe B E (n) = 0, therefore u<£ falls in A?, and -4 P in D G 
likewife, fince ^D (r) = j fo that the Point D falls in A. There- 
fore in y4 Paflume AC{s) •= ;« towards PM^ as alTo CK, CU <» 
both Si. les the Point C, each equal to t = x a (the Point L here coin- 
cides with A ^^^ ^^^ ^^ Diameter AK, whofe Ordinatesare pa- 

♦ if/. 161. ^"^^^^^ ^^ ^^» ^"^ Parameter the Line AH ^) ~ 2 1 =a, defcribe * 

* an EllipfiS) and the lame Ihall be the Locus fought* 

For if the right Line ^ P be drawn through apy Point M thercol^ 
making the Angle ATM with A? either given or taken at pfca- 

* Art. 55, fure ^ then we (hall have "^ AR (a) : KH(a) i.AP^ PR (ax-^xx) ; 
*'^' 4 » • p^j /y ^, J From whence arifes j/ > + x x — ax~ 0. 

If the Angle APMhea right Angle, then the EUiplis will become 
a Circle, and the Line AKzi^a will be a Diameter thereof. 

Scholium. 

329. T^H ERE may happen two Cafes, wherein the Locus of a 

^ given Equation is a Circle. 
Cafe I. When the Squares 3131 and x x are both found with the fame 
Signs and without a Fradtion, as alfo the Plane x ji in a given Equa- 
tion ^ and when the Angle ^ ££ is a right one (which happens when 
AF being drawn perpendicular on PM, the Ratio of P /^ to APj 
bei fig the fame as the Ratio of ^ £ to y4 £, is exprefled by one half 
of the Fradion multiplying the Plane xy): Then the Locus of that 
Equation will be always a Circle, as appears already in Art. 324, and 
the Reafon thereof is evident by the general Formula. For com- 
paring tlie correfpondent Terms afiecled with xx, and we ihall have 

this Equation — -f - ~ — 1 1 and fo ----= =:: i, llnce the 

Triangle AEB being right-angled, the Square mm^vn'^- ee. Buc 
2 becaufe 
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bccaufe the Angle AEBisfk right one, the Ai»le COM being that 
made by the Dmimter 1 JC ^ypclthe Qrdinfltes thereof, will be a right 
one alfb ; and fo lince the Piameter LK i$ equal to its Parameter 
KH, the Elliplis will diea beqottie a Circle^ 

Cafe 2. When the Souares ji y and x x, are both found with the fame 
Signs, and without ft rra^on, in an Equation, wanting the Plane xy^ 
and when the Angle ^PiU is a right one: Then the Locus of that 
Equation will be always a Cirdi^ as hatjii )l]9f«;«|i^(^'d in jirt. ^iSy 
and this may be proved by n^ns .0f the general Formula. Fpr be^* 
caufe the Plane x j^ Ss net hi fhe prtypord I^^pttfion, ite Fra.^n 

"ittthat Pormtfla \^ be^^jAnd thwffiareiC^ 

nNMnnrlimce it ftik^m, i.thtt ^DiiQiejter tftU p»i«^l to th^^ 
Line ji P, and fo the AA^ ^'^ilT made by tiie Btrtit and itsOidU 
nates, being €fual to tbe Afligtey^Pii; irillM a right Angjk. 2. that 

the Fraction — + -3L which multiplies the Square xx in the For- 

xnula, becomes-^, from whence we bare 1. ^ j: Tljat ia, the 

meter X JC wlQ 1^ iBgwd tp 4ti l^cvnetar XM ThoAaUt 
lipfis whidi is theXoo^ of the given fouatioiii will be a Qrcle. 
becaufe the general Fornola in.this Cnif is> 

Ibu may 
ybmtila, wi 
meansthe 
^e. Loess df the jprppoi^ £^u9|ion« 

The Fundamental LRUUhfbf^haCbnflrtafiom^LoUf, 
which are Hyperbolas refpeSing their Diameters^ 

33a np H E famethings being laid down as iii the foregoing Lemma Fig*. itj^ 

A for the Ellipfis. With the Diameter LK(2tL whofe Ordi^ 17^ 
nates are parallel to PM^ and Parameter KH{p ) defaribe "^ an Hjr- ^j^ j^^ 
perbola or two oppofite Se^ons. I Iky ike Portion or Portions ^OM) 
thertof, contain d in the Angle PAD tnsiAe hy the Line^tf Ps^nd the 
I^ >f Dckawn through the fixed Pbint Amt^\\d to PiM towards. 
tite iamc FartS) will beiht Locus of the Wmnti^ Equation orf on- 
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Ill M 2W 

-—xy-V — XX-' 7 ry + — X + rr = o 
im«it sort — 1» 



in which you muft obferve that — is affirmative, when L K is i firft 
Diameter, and negative when the fame is a fecond. 

For if the Lme ^IP be drawn through any Point /W of that Portion, 
making the Angle A PM, with A P, either given or taken at pleafioe, 
and nieeiing the Parallels A £, D G, in the Points F, G j then by the 
Property * of the Hyperbola, we fiiall have KL(2t):KH{p) ■ 

CC ±CK(~ -!^+ . . i n ) : Q3i =.'^ -'£' +&4- ^' 

— jj — -^ xy — 3rjr +;^*Jc H x+rr=::;o. Therefore, ©"c. 

If the Diameter KL fit) and its Parameter /CHfrj be equal be- 
tween themfelvcs j then the Hyperbola will be an equihteral one. 

Corollary. 

371. tT is nianifcft, i. That the t\ro Squares ^j and x x have always 
A different Signs in that Formula, when the Plane xy happens 




not to be therein , or even when it is in the feme, if -^ exceeds - 
2. That the faid Squares may have the fame Signs, upon Conditioa: 
that the Plane X y be not in. the Foroiala, and the Square (—)ofo«' 
lialf the Fraaion multiplying x^, be greater than the Fn^ion 



PROPOSITION IV. 

Problem. 

532. 'T'O conp'vB the Locus of a given Eqvatiov, wherein the Sqaartsyj- 
* airdxt have diferh.t Sigrs, or even the fame Sigtts, npotiCon- 
dhi(n that the TlaM x y does vot happen therein, ayid the Square of one half 
the FratHon miiltiplyivg the faid Plane ly, be greater tfxin the FraQion mtd- 
i'lplyiyg ll>eS(i>'a>e ix. Si'ppojirg the Square y y to be free from FraSiomt^i 

The 
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The Locus of the Equation being an Hyperbola, mufl: be con- 
ftrufted in the lame manner as the EUipfis was m the laft Problem, as 
ihall appear in the foUowing Examples. 

Example I. 

Let there be an Equation ^^ +~xj+— xx + 2 cy'—2gx 

— hb:=:oj whofe Locus it is requir'd to conftruQ:, fuppofing the Square 

— therein to exceed •^* 

Gmipare the Terms of this Equation with thofe anfwerir^ them in 
the Formula of the Lemma, and then we have i. -- = _ — , 



m a 



and therefore if you make w = a, then n will be r=: — h. 2. ~ 

immt 

— = — , and fo — = i, and p = :!-. 3. r = c. 

4- — + — =: — 2g. from whence fubftituting for w, w, ;• —, their 
Values already found, and we Ihall get s = "ii-f^. 5. 4! t f r=:ji 

= J X -n—j- y ^t being affirmative when the Square 

s s exceeds ^-^ — -^, and negative when the lame is lefs, becaufe the 

bb — af 

Square 1 1 muft be pofitive 5 from whence there are two Cafes. Now 
the Values pf m, w, r, 5, t,f , being thus determined, the Locus of. the 
Equation may be conftru^ed after the following manner, ufing thj 
Confl:ru£lion of the Lemma. 

In AP, afliime AB=^a, and dr^aw the right Lines BE=:b=:^^ Fig. 178, 
V, AD =c=: — r, parallel to PM, and on the contrary Side o^ AP 
in refpeft to PM •, alfo through the Points A^ £, draw the right Line 
A E (e) which is given, and through the Point D the indefinite right 

Line DG parallel to A E, in which alTume 7)C = --f-— ^:=: — s 

from D towards PM, and onjboth Sides the Point CafFume'CLjC/i', 

, , eecc — eebh eecC'\'eehh ,. 

each equal to t ■= ^ ss rr- — - or 4/ -r; — ^r- — ss, accordnig as 

^ ^ bb — af ^ bb — af ^ 

5 ^ is greater or lefs than -rr — ^. This being done, wit'i the Diame- 

ter L if, whofe Ordinates are parallel to P AT, and Parameter the 

B b lix>R, 
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Line KH (p) = ****~*^ , defcribe an Hyperbola, obferving that £l 

muft be a firft Diameter (Fh. 177 J in the former Cafe, and a ikond 
(Fig. 178.; in the latter Cafe, Then the Portion Oil! of that Hyper- 
la will be the Locus fought. 

For if from any one of the Points thereof, as My the Line ^ P be 
drawn parallel to^^A meeting the Lines ^£, AE, DO^ kk the 

Point&P,/;G5 thenwefhall have PF = —j and AF or DQ = 
-. And confequently MG = i + — 4- c, and CG or DQ + CD 



a 
ex. 

a 



= — —J, becaufe CDz=: — s. But by the Property of die Hyper- 



.» ih , b b . Tbc 



tt) :GM (yy -{ — xjf + 2cjf -\ — xx -^ — x -{■ cc) which gives 

the given Equation by fubftituting ^^^^^ *nd —^^^\ for theirVa* 

lues 5 5 4- 1 r and j, and multiplying the Means and Extremes, and 
dividing, by 2 1. Therefore, &c. 

Scholium. 

2:^4. Tf 55 be = ^''^^'\ . then it is mamfeft,that the Value of ft will 

be zn 0, and fo the Conftrudion of the Hyperbola will be inipoillble. 
In which Cafe it muft be obferv'd, that the propofed Equation may al- 
ways be brought lower, fo that the Locus thereof, which ought to be 
an Hyperbola, or two oppofite ones, will become one or two right 
Lines: For in our Example the propofed Equation may be reduced to 

this Proportion, viz. ee \ b b — aj :: + ^^:h^t:jjF + — 

xy-^ — XX + 2 cy + — x-^ccy from whence ftriking out 11-=^, 
multiplying the Extremes and Means, and extracting the fquare Rcot 

cf both Sides, and there will arife ej + — + ^ c = -^—s^bit-^l 
that is, (putting -^i^' for — j, and dividing both Sides by f ) this 

EqiMtlOnj^ + - + Cz::i—^— + =-~roiy=: ^ 1 x + 
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~-j= — c, which will be chang'd into this y — P — — x (by ma- 

king— = — ^ — ^, andp = — — c) whofe Locus is a ftrait 

Line, and may be conftrufted by Art. 306. 
The Reafon of this is evident by the general Formula of the Lem« 

ma : For if the Term ^ — , be flnick out in that Lemma, becaufe 1 1 

-=. ^ then by tranfpofing (bme Terms, and eit rafting the (quare 

Root, we (hall have this Equation jf x — r=: ^-/f; or « 



0i 01 



— — ^ — , wherein the unknown Qiiantities x and y, are but of 

one D^menlion, and confequently thQ Locus thereof will be flrait 
Lines. 

Example IL 

33?. T^H E Locus of the following given Equation is requir'd, viz. 
JJ — XX '\- 2ay '\' ax::^o. 

m mm 

By comparing the correfpondent given Terms, we have 1. — = a, 

tn 

becaufe the Plane xj^ is not in the propofed Equation •, from whence 
we get » = 0, and fo w := ^. 2. ~j = 1, and therefore p z=i 2 t. 

3. r= — tf. ±.^^z=zax whence! =!«• J. rrT- — — r^ = ^ h 

* xt * %t * * 



irrt 



and (b4-tt = ii = — iaa^hy putting —a, i, t a, for their 

t 

Values r, — , J 5 from whence we know, that -— 1 1 muft be taken in 

p 

the laft Term in the Formula, and not + 1 1, that fo the Value of t e 
may be pofitive. Now the Locus may be thus coiiftnided, 

Becaufe AD{r)-=z — <i, therefore through the Point A draw the fic. 17M 
right Line ADzzza, parallel to PiW, and on the contrary Side of AP 
with regard to PM 3 and becaufe B E (n) =: 0, therefore through the 
Point D draw the right Line D Q parallel to A P, in which alTume 
DC (5) = i a from J) towards PM •, alfo afTume C/C, CL, on both Sides 
the Point C, each equal to t = ^ | a a. This being done with the fe- 
cond Diameter LK { becaufe — tt was taken in the lafl Term of the 
Formula) whofe Ordinates are parallel to PM, and Parameter the 
right Line KH fpj = 2 t = L X, defcribe an Hyperbola. Then the 
Portion M thereof will be the Locus fought. 

For if iWPbe drawn thro' any one ofits Pointsitfpai al lei to AL^^ meet ing 

Bb 2 ^Vi^ 
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the right lines A P, DG, in the Points PjG , then we Ihall hare MG=j 
-\-a, CG or iy3—DCr:zx— \ a ; and by the Property of the Hyixrbola, 

LK (it) : KB (21) :;CG"V CK' (x x — ax-^- iaa -^Jt) -.QM 
{jy ■>r 2 ay + a aj ; which givesthe propofed E<juatioii y j ■+ 2ay — 
xx-Yax^o, by putting ; a a for it. Hence it appears, that the 
Hj*pcrbrfa is an Equilateral one. 

Scholium. 
3i3ii.tTTHEN the Sijaares yy and ax happen to have difftrcnt 
»» Signs, and without Fraitioiis in an Eqnation, wherein the 
Pbne;<; is not^ then the Locus ol that Equation will be al«-ajrs an 

Eqaiiateral Hyperbola : for the Fraflion (—J of the Formula will 
be =05 and therefore BE (n) =z 0, and }tt = e. Confequently the 
Fraftion — —, which multiplies the Square ;c ;v in the For- 

mm immt 

mula, will becboie — — j and fo we Ihall have — ;^ = i , that is , 
the Diameter L K will be equal to its Parameter KHi or, which is the 
Jlimc thing, the Hyperbola will be an Equilateral one. And becaufe 
the general Formula will then be changed into this j 

yy — XX — 2ry-\-'2iX'\-rr~a _^ ,^* . ■ ^ 

— 1 1 
therefore the Values of r, i, t, may be iirft gotten from the feme 
and afterwards the Equilateral Hyperbola being the Locus of the pro^ 
pofed Equation may be conftrufled by means of thofe Values; which 
will very much fhorten the Operation. 

The Fundamental L e -m m Aj for the Conftru3ion of the 
Loci of Equations, which are Hyperbola's between their 

Afyniptotes. 

337. T E T there be (as in Def. 1.) two unknown and indeterminate 
-L-' right Lines^P(x), P^, >, making the Angle APM with 
one another either given or taken at pleafure j alfo let m, v, p, r, x, be 
given right Lines. This being fuppns'd ; 
Fic. 18c. I. In the Line Al', alTume AB = ni, and draw the right Lines 
BE=v, AD = r, parallel to VM, and both on the fame Side A? 
with regard to PiM; then through the Point ^ draw the right Line 
A E (e) which is given, and through the Point D the indefinite right 
Line DG parallel to ^£i in which aflame D C = j, CK = e, both 

tending 
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tending from D the lame way as A? tends, and draw the indefinite 
right Line CL parallel to ?M, and on the fame Side AP-^ and laftly 
draw the Line KH^^p. Then delcribe -^ an Hyperbola betv/een the ♦^r/.i3o, 
Afymptotes CLjCKj pafling through the Point H. I fay, the fame 151. 
will be the Locus of the following Equation or Formula, viz. 



n m s ^ ns n/rs 

X y XX y + — -^H =0 

-^ m e "^ e e 

— rx — mp 

m ' ' m 



W9J9 C Jm .^ 

ForGiW=ji r, CG = j, and by the Property of 

the Hyperbola "^CG^G Mf'^—sy— '-!^-t- ^-^'Il^rs) =CK *Art.iou 

^ tfi mm m m y 

*KU (ep) 'j from whence freeing the Term xy from Fradions, and 
putting all the Terms in order, there will arife th6 fame Equation as 

abote, vtz. xy xx— ^ — y &c. 

'^ m e 

2. Through the fixed Point A draw the indefinite Line ytf^paral- Fig. i8t* 
lei to PM and on the fame Side A P, with regard to P AI 5 then in 
A ^aflume AB = 7n, draw BE — n parallel to A P, and towards the 
ferae PartSj and join the determinate Points^, f, by the Line ^i £ (^) 5 
moreover m aP affume AD — r from A towards P M, and draw 
the indefinite Line D Q parallel to A E^ in which affume D C==j, 
C K^e tending the lame way as P jtf tends, and draw the indefinite 
Right Lines CL and KH=p both parallel to >i R (on the fame Side 
thereof zsPM). This being done between the Afymptotes CL^ CK, 
defcribe ^ an Hyperbola which pafles through the Point H. Then I ^^1^.130,. 
lay that the fame will be the Locus of the following Equation or For- i Si- 
mula, viz. 

n nts . ns ^ mrs 

m € e € 

For if the Line M ^be drawn from any Point M thereof, parallel to 
'^P,andmeetingtheParallels^jE;', jDG,in the Points P,G \ then the fimilar 
Triangles ABE^ A^^ will give thefe Proportions AB (m) : AE (e) : : . 

A^oiPM(y):AFovDG = '^ , and AB (m) : BE(n) i:A^ 

0)-^^ = -^- AndconfequentlyGiW=x— ~ — -r, C G = ^^ 

— s. But by the Property of the Hyperbola, CG ^ GM:=^CK y^ KH\ 
from whence, by fubftituting for thefe Lines their analytical Values, 
and freeing the Term xy from Fraftions, the fecond Formula afore- 
going will be had. Therefore, &€. 
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COKORLLARY. 



j^e. T T 18 mamfieft, i. That the Term xy is found alwayi in both 

Jl. the Forfloola's ^ fince the fame bein^ mdtiiA^d bj no Fn- 

£tion cannot be iiippoled cqaal to nothing, m order tw that Term to 

vanim or be flbrock out. 2. In either of the Formufau there is ooiyQae 



of the Squares xx and jj, which will vanilh if the Ftaflioii— molti* 
plying the fame be equal to nothing. 

PROPOSITION Y. 

Problem. 

9i9.nrO fni tbi Locus of « gnmn EqtMhm^ vhenm is tim tUm xj^ 
^ mthon ehber of toe Sqmres xx^jj^ or onfy mA 0m of tbs 
SqtutresxxoTYj. 
Free the Plane xjf from Frafiions, and compare the Tecma of the 

S'venEquationwitfathofethataiifwar toit inthefibrftFomu]]^ wha 
e Square x x is in the given E^tion, and with dioie of tbe Ceoand 
Formula, when j^^ is in the fame 3 and finally either of them at 
ploafiire, when neither of the Squares x xandyj aie in the given Eqot- 
tion. By this Means, get the Values cf tlie Quantities a^ n^f^ r^s^ 
and then by means of thofe Values defcribe an Hyperbola between its 
Afymptotes, according to the Diredlions in the foiegoing Lemma, 
always obferving todcaw the Lines whofe Values are negative, on the 
x:ontrary Side of AP, with i^G^ to Pil^ and aflume tho£e whole 
Values are fo likewife, tending the contrary way to which A P tends. 
The following Example will make this manifeft. 

Example I. 
540. 1 T is required to find the Locus of x^ — — xx cy - o. 

Becaufe the Square x x happens to be in the given Equation, there- 
lore chufe the firft Formula, and then comparing the Terms thereof 

with tliofe of the propofed Equation, and we have i. — =L , whence 

m M 

ffiakingw=fl, andwegetw=i. 2.^ = c, and therefore* = *. 3. 
y ^ — ^, becaufe x is not in the given Equation, and therefore 

M^ ^'^, *-P =^» becaufe there is no Term in the propofeJ 

Equation quite known : And therefore p =-= ^. Now becaufe the 

€ as 

Values 
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Valuesof ^P^«;, BECn), CD (*), AD(r), KHCp)&teAll pofi. 
tive, the Locus moft be conftradied m the very fame manner as in the 
Lemma ( Fig. 1 80. ) obferving to ofe the Values of the Lines as here 
determin'd. 



FotGM=y-.— — — , CQoc DQ—DC='-^^^^y and byFw. »«^ 

the Proijer ty of the Hyperbola CQ *GM=:CKy^ KH, that is, by 
fbbftituting the analytick Values^ the propofed Equation; Therefore^ 
&c. 

Example II. 
E T xj^ + "jy — cy — f=^o, be an Equation, whofe Lo- 
cus it is required to conftruft, 

BecadTe the Square yy is in this Equation, therefore chufe the fecond 
Formula, and by comparing tiie TernB thereof with thofe of the 

propofed Equation, we have, i. — = — — v and making w = a, we 
get «= — b. 2. — = 0, and therefore x = o. 5. r = c. 4. wp=/, 

and therefore p= — . From whence ariles the following Conftruaion. 

Through the fixed Points draw the indefinite Right Line^^Fic. 180^ 
parallel to PiW, and on the fame Side A P, and in ^^aflume A3 
(m) — a, and draw BE = b = — n parallel to ^ P,. and tending the 
contrary way to ^ P5 alfb through the determinate Points A^ £, draw 
the Line AE(e). Thi« being done, in AF, take AD (r)=ic 
from A towards PiW, and draw the indefinite Right Line T>Q paral- 
lei to AEy and becaufe the Points D, C, do coincide, fince D C(s)z=z 0, 
therefore in JD G afTume D K^=e, tending the feme way as Pilf, 

and draw the Line KH(p)=^— , parallel to A P, (and tending the 

lame way) as alfo the indefinite Right LineDL, which here falls 
in A P\ thendefcribe an Hyperbola between the Afymptotes Di, 
D X, which paffes through the Point H. And the fame will be the 
Locus required. 

For if the Right Line Mj^he drawn from any Point M thereof, 
parallel to A P, and meeting tRe Parallels A E^ DQy in the Points Fy 

G 5 then we fhall have GiHor iW^+^F— jFG = x + -^ — c, 

DGor ^F=-^, and therefore DGnGM =^+'^ — "^ = D JC )r 

K H (^ \ From whence by freeing the Term xjf from Praftions, there 

wilB 
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b 



will ftrife the propofed Equation xy + — ^J^— <?jf— jf =^7. 

Scholium. 

342. TF for the arbitraryQuantity AB (m) be taken fomeValuc greater 

-L.or Jefi than a, then the Values of CK (e) and KH (p) 

will alter, but the Values of the Redangle CK^K HUp ) and of 

the Right Lines Al)(r)^ CD (s) will remain always the fame : For in 

the Expreflions of thefe Values are contained only the Ratio's—, -, — 

met 

which do not vary, becaufe in the Triangle ABE, the Ang}e dBE 
is given,as alfo the Ratio -- f which in this Example is^^of the Side 

AB{m) to the Side B E (tt) . And becaufe the Hyperbola which 
^jirt, loi. "1^ P^ through the Point H, fhall be the fame * always, let the 
'Magnitude of CK(e) and KH (p), be what it will, provided the 
Redtangle CK^KH remains the fame, therefore the fame Hyperbola 
will be conftrudled, let the Magnitude of the arbitrary Qyantity A B 
(j«)be whatit will. 

Example III. 

545. T T is required to conftruft the Locus of the given Equation xj 

— ay'\-bx'\'cc =0. 
Becaufe neither of the Squares xx^yy, are found in the propofed E- 
quation, therefore chufe indifferently any one of the two Formulas, 
ibr Example, the firft, and comparing the Terms of the fame with 

thofc of the propofed Equation, we have i. — = 0, and there- 
fore n — 0, and vi =* r, and make vi = ^. 2. — or 5 = j. ^. r = 



Fn.. 1S3 



— /', becaufe — := 0. 4. r 5 — 7?ip = cc^ and therefore^ = — !? — 

-^, Now tlic Values of 7w, ?/, ;*, 5,p, being tluis deteiminM, the Lo- 
cus of the propofed Equation may be conftruclcd after the fjllowin^ 
manner 

Ikca-r* ^ D 0) = — l^y thercf)rc draw the Line AD =^b paral- 
lel to IM aiid oii tlie contrary Si.ie o[ yl p with r'.:;:«rtl to PM • anJ 
l\caull' /; /. ^-•; ^=0, tlicvctr.ic ciraw tlic iiulciiijitc ri;j^r Line / (J p.. 
lalicl to yll\ ar.d in tiie lame aflumc /; l (v) = j, CK ,c) ^r^ m ^ 
a tciiJing tlie lame way as AP : Alfo draw the iiidcliuiiC ligiit Ll:^.c 

4 CL 



'» »■ — ~ -» 
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CI, and the Line KH = b'\'^'^='--p, both parallel to PM, and 

tending the contrary way. Then defcribe an Hyperbola op- 
pofite to that, whofe Alymptotes are CL, CK, and which i)afles thro* 
the Point H. I fay, the indefinite Portion M thereof contained in 
the Angle PAS, fonnMby the indefinite right Line AP, and the 
Line A 5, drawn parallel to PiU on the feme Side AP, fhall be the 
Locus fought. 

FotGM or PG + PM^y + i,and CG or CD— DO =« a — 
X, and confequently CG x GiW== a^ — xj + a b ---bx^CK ^ KH 
(a b -+ e: cj^ from whence, fl:riking out the Reftangle ab from both 
Sides, and tranfpofing, there arifes xy — ay -^ bx '\-cczszo^ which 
is the propofed Equation. The Defcription of the Hyi)erbola pallmg 
through the Point H in this Example is ufelefs, becauie no Point 
thereof can fall in the Angle PAS, wherein the Points AI muft be 
fiippos'd to fall. 

Scholium. * 

344. tN comparing the Teritis of the Foi'mula with thofe of a given 
^ Equation, if it Ihould happen that p s:^ 5 then it would l^e 
impoffiblc to defcribe the Hyperbola that ought to be the Locus there- 
of, becaufe its Powers which is equal to the Redangle p e, will be=»^. 
But then the Equation may be brought lower, fo that the Locus will 
become a ftrait Lin& For Example § if the Term i» p be ftruck out 
of the firft Formula of the Lemma, then that Formula will become 



ms ^ n s mrs 



xy XX — — v4 — X — rx'\ = 0, which being divided 

\>y — — 5 gives ^ r = 0, whofe Locus is ^ a ftrait Line. ♦^r/.jotf* 



PROPOSITION VL 

Problem. 

345?. nrO cofiftruQ the Locus of any given Equation of the feconi Degree. 

Bring over all the Terms of the Equation to one Side, fb that one 
Member thereof be 0, then there may happen two Cafes. 

Cafe I. When the Plane xy is not in thegiven Equation, i. If there 
be but one of the Squares yyox xx therein, then the Locus will be ^ a ♦.ir/.jio. 
Parabola. 2. If both the Squares ^j and xx are found therein with 
the fame Signs, then the Locus will be ^ an EUipfis or Circle. 3. If^ ^^.224- 
thefaidtwo Squares are found therein with different Signs, then the ' 
Locus thereof will be ^ an Hyperbola, or the oppofite Sections, re- ♦^y/. 3 3 2, 
girding their Diameters. 

Cc Cafe 
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tbtSxtkntu 3'attx. 

Cff* s> "When Ae Plme jrj bappem to te igayrenKqiMtw. 
i. U iirither of «lKEqiiueM}>iid««,n'l>iA<neiiniRBi,<tefiMil 



•^M.]!riatluEfKtkil, thn the £ixni«lll1»«aoi 

ArTmpBitti. *.lf AeSgnna;;udx«Mcraidliienin«SthiIit 

•.4K.}3>-fticM SigBi, thai tbe Ia» ImU be * u Hgrpaliah rag^nlaat 

ila Dkmtlm 3. If tW fiid. no S{pu« tare Ao fiat 

tSiewtlKBAIan^ittuftkifiiMdfiunnraew^ uddien die Look 

*-M'S>°-<hSlbe<'>Fan1>ok, whentheSqnueof fadf thcTnakiBaidli^ 

*,Afc)34.iBgir^ k fe^l'fo tlw FVaawm nnltiplTuig x x^ an EUipfii ^ or Cn- 

•.«)^}3>.c£ iriicntlie&i«islefi| end SneU^, •uBypeibolit * or twoay- 

yoMtonn. ngludiilgtiieif Diunetei^ wjwn.tM ftme is groMcr. 

Mow deuribc the Urns, ly.^M. )>«. if Aefuneb* «hnliebt 
tr„<n.314. ifflie&BebeakEItlpSiet CnkilqryAt. j]i. ifit 
beanHTpbboh, or (he ajipoSie SeSimnaidiai'thdrtMiBietaii 
.•ndtaft^, Ii]r;^tt.j3;. itthefiUvK hiw HTpcrwili temea tl» 

AiymptoteS. All thin « hnt a rrtnrinnarinn nf thftfr fi^- *i*H«f, 
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t4J.|>K«rfMMCndclcSeai(tai<niiilkf IhealbnfiilKiikii ade 

14- '(■XonB^iif'aU the pofirin «nd HgitiTeTalna of the » 

"' ' ' T>> ■■■("O^ >» <Ik fpAira and amtm Telaei of 



j^ aonieiag to ilw {pnpra and anitn* Talaei of 
.J in k nnn Eqeelki eftke fannd Degiee s Ihmfite then it ket 
Ihtt SeeUon diliy 'Ihlit «■ be llie IiWW of tie giMi S^liai. 
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BOOK VIII. 
A General Proposition. 



347- nr^O /ifj the Locus of an infimte Number of PointSy bavijtg all Fic. 184. 

X certmn known Conditions ^ provided the /aid Locus exceeds not 
theftcond Degree. 

I. Suppofe two unknown and indeterminate Right Lines A P(x) 
PM(y) making an Angle ( A PM ) with one another, either given 
or taKen at pleaiure, as being known and determinate i and let one of 
them M AP^ have a iiied and flahle Origin in the Fbint A9 and he 
eistended alon^ a Rig^t Line given in Poution ^ and let the other PM^ 
whofe Extremity iH determines one of the Poifits fought, continually 
alter its Pofition, and be always parallel to the fame Line« 2. Draw 
the other Lines that you think convenient for the Solution of the Pro- 
blem, and ezpiels them by Letterq, w. the known Lines by the former 
Letters of the Alphabet, and the ivGikoown ones, by the latter Letten^' 
;. Suppofe the Queilion refolved, and after you have gone over all the 
Conditions tiiereof, {(xcm an Equation containing onl}[ the two un- 
known Lines x and jr, mixed widi known ones. 4. Having formed an 
E^tion, wherein the unknown Lines x and y have not more than two 
Dimenfions^ cosflxudjk the Locus of that Equation accc^rding to the Di- 
re&ions in th^ lad Book ^ aivi then the Locus thus conftru£ted^ will^ 
folve the Queftion, All this w^l be manifeft by the following Ex- 
amples. 

C X A M P L £ L 

348. np H E Angle BAC being given, to find the JPoint ilf in it 5 pic 184. 

•*• fitch that two right Lines MPjMOj drawn from the fame,; 
making the given Angles MFB^ AiGQ with the Sides AB.AC, 
always towards the fame Parts •, the Right Line M F may be to the 
Right Line AIO in a given Ratio, fuppofe as if to i. And becaufe 
there are an infinite Number of fiich Pmnts, it is required to find the 
Line contaimns them all, that is, their Locus. 
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Through the Point iH, which is fuppofed to be one of the Points 
f night, draw tlie Line M P parallel to A C, and conceive the two un* 
known and indeterminate Lines AV {x)y PM(y)j as known and de- 
terminate. Then in the Side AB ^IVume AB=aj and draw the 
Right Lines EC, B D, parallel to M F, M G, meeting the other Side 
AC ( prcduced if neceflary ) in the Points C, D. This being done, 
call the known Lines ACj c \ BC^ f \ B D^ g\ then drawing M 3 
parallel to A B, the Triangles AC B, PMF, and ABD, §MqI 

will be Umilar, therefore ^4 C fc) : C £ (/) :: MP{y)iM F = ^mA 

c 

A B (a) : B D (g) \: M ^ov AP (x) : MG =^ :, and this latisfies 

the firft State of the Problem, lince the Lines M F^ MG^ are 
fuppc^fed to be always parallel to the fame two ftraight Lines BC, JJJ>, 
which make the given Angles with the Sides A B^ AC. Now by the 

fccond Condition remaining to be fulfilled, itmuft heas MF(—^ 

:Mg( -^j ::a:b I from whence there arifes y ="^ which indndes 
all the Conditions of the Problem, and the Locus of the lame will 
♦uiff xo6 ^^^^&q^"*^7^^ ^^^ Locus fought, and may beconftruded thus* 5 

In the Line A P, a flume AH=by and draw HE =y parallel to 

PM, and on the fame Side A P with regard to PiW ^ tnen if the in- 
definite Right Line ^^jB be drawn, I fay the lame will be the Locus of 
all the fcught Points M. 

For through any Point M thereof draw the Right Lines M P, M 6, 
parallel to the two Sides A C, A 5, and the right Lines M F, MUy 
parallel to BC^ B D, which confequently (hall make the given An- 
gles with the Sides AB, AC j then becaufethe Triangles AHEy APM, 

are fimilar, therefore AH(b) : HE(^) ::AP(x): Pitf (^) =^' , 
and becaufe the Triangles A CB, P M Fj and AB Dy^M G, arc 
£milar, therefore AC(c):CB(f) ::MP('-f^) : MF=^- 5 and AB 

(^):BD(,g):: M^otAP(x) MG=^-. And confequently MF 

^^ ): M G (— \.:a:b. Which is the Proportion propofed. 

We have folv'd this Problem by Calculation, only to explain the 
[eneral Propofition, and Ihcw the Application thereof in beginning 
irft with fimplc and eafy Examples •, for the fame may be folvM m 
u much eaficr manner, without any Calculus, tlius. 

Draw 
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Draw the right Lines :/( iC, ^ t, making the given Angles KAE^^^^^ 185. 
LAC^ with AB, AC, being to one another in the given Ratio of a to 
i. Alfo draw the right Lines KM^ LM^ parallel to tlie Sides AB^ 
A C, meeting each other in the Point M •, through which, and the 
Vertex A of the given Angle BACy dra'W the Line yiiVI \ and the 
feme will be the Locus fought. 

For drawing the right Lines £J?, £5, from any Point £ thereof pa- 
Oillel to AK, AL\ then becaufe the Triangles AERy MAKj and 
AES, My^L,arelimilar-, therefore ER : AK :: AE : AM: :ES : 
AL. And therefore £li :ES::AK: AL : :a :b. 

£ X A M P L E II. 

349. nr H E Parallels AB, CBy being given in Pofition 5 to find the ^*^- *^^* 

A Locus of all the Points M fo lituate between thofe Parallels, 
that the right Linei MP^ MG^ being drawn, making always given 
Angles MPB, MQDj with them towards the fame Part 5 the (aid 
Lines MPj MQ may be to one another aUvays in the given Ratio of 

a to b. 

Aflume any Point (A) of the Line A 5, for the fix'd Origin of the 
indeterminate Line^P(x), and the two unknown and indeterminate 
Lines AP(x),PM(y) being fuppos'd known and determinate, draw 
the Lines >4C, AE, parallel to -MP, MG^ then call the known Lines. 
AQc\ AEjfi this being done, produce PM till it meets CDin Fi 
and the fimilar Triangles CAE, FMG, (hall give AC(c): AE (f) 

i:MF(c-'}):MQ = t:^. But according to the Condition of 

c 

the Problem remaining to be fulfilled, it mujft be as MP (y) ; MQ^ 

/rjtyx *^ia :bi from whence arifes this Equation j = j—^ which^ 

takes in all the Conditions of the Problem, and the Locua thereof^ 
which is "^ an indefinite right Line fl iH drawn parallel to ^B, C>*^^'i^T* 

that AH h^ ^= IT P ^^^^ ^^ ^^^ Locus fought 

Example IIL 

jyo. npWO Points // and B being given: To find a third Point iM Fic. 187. 

* fuch, that if two right Lines M Aj MB be drawn to the 
lame, they may be always to one another in the given Ratio of a to- 
h. And becaufe there are an infinite Number of luch Points^ it is. re*^ 
^ir'd to defcribe the Locus of them all 

Here there may happen three different Cafes, according as a ia: 
Ufs, greater, or equal to b. 



ip8 



The Eighth Book. 

Cafe t. IP torn the Point M, which is fuppos'd to be one of the Points 
fought, draw the Line A! P perpendicular to ^ B ( for fiace no Angle 
is given in the Problem, we chufe a right Ai^le, as being more fimple 
than any other) and the two unknown and indeterminate right Lines 
AP(x)j FM(y\ being ftippos'd known and determinate, call the 
given Line yi-B, c^ then becaufe the Triangles >< P Af, BPM^9xt 

right-angled, therefore AM^=^ xx -^-jy^ and BM^=cc — 2^;c + 
;cx + T> But according to the Condition of the Problem, it muft be 

as AM {xx-\-jj) 2 BM (c c — 2cx + xx + ^j^) : : a a : b k 
From whence ( multiplying the Extremes and Means \ and afterwards 
dividing by ^^ — a a) we (hall get this Equation, viz.yy + 

X x+ rr— * — 7r~ = o, the Locus of which will be that foughti: 

and it may be conflruded by means of Art. a 2 2. after the following: 
manner. 

Ftc 187. In the Line AP allume AC =: ^— from A the cantrary 

way to P\ and about the Centre C, with the Radius CD or CE = 

defcnbe the Circumference of a Circle. I fay, the Portion 



{I) MO) thereof contained in the Angle P AOy made by the Line 
AVy and the right Line AO^ drawn parallel to PM, and on the feme 
Side A P with regard to PMj will be the Locus of the Equation found 
as above. 

For ir MP be drawn from any Point M thereof perpendicular on 

A B } then, by the Nature of the Circle, we fliall have CD — CP or 

HP^PI)=:PM'^ that is, the precedent Equation, by putting for 
thcfe Squares their analytick Values. 

Now, if the Points M be fuppofed to fall in the Angle EARy op- 
pofite to the Angle BAO, in which the)'- were fuppofed to be fituate 
*Aft. 504. in the forefaid Proceft •, then if you iwake "^ AP=^ — x, and PM = 
— J, there will arife the fame Equation as above, from the Conditi- 
ons of the Problem and the Property of tlie Portion ( R M E) of the 
Circumference already defcrib'd ^ and therefore that Portion is the 
Locus of all the fought Points M, litiiate in the Angle EA R. And 
laftly, if the Points M be fuppofed to fall in the Angle BAR, and 
afterwards in the Angle EAO, you will find, in like manner, that 
the Portions Z)jR, £0, of the fame Circumference, will be the Loci 
of thofe Points (obferving to make PM = — )•, when the fame falls 
on the other Side the Line A B ^ and A P=^ — x, w'len the Point P 
fills on tiie other Side ot the fixed Point A)-^ therefore the whole 
CircLimfciencc, whofe Diameter is the Line D E^ is tlie complcat Lo- 
cus of all the fought Points M. 

^afe 
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Cafe 2. In reafbning after the fame manner as in Cafe i. there will 
arife this Equation, vi%. yj + xx — 7::::^ + ^7-^^ = 0, whole Lo- 
cos may be thus conlfamSed. 

In ^P aflame AC =: -^^ from A towards PM •, and with ^'c. 188. 

MM bo 

the Centre C, and Radius CJD, or CB — -^^^ defcribe a Circle, I 

hjy the Circumference thereof will be the Locus of all the £)ught 
Points M. We prove this after the fame manner as in Cafe t. 

The Conftnidions in the two laft Cafes may be much Ihorten'd, if 
you confider that the Circumference ( whofe Diameter is D E) whkh 
IS the Locus of all the C)ught Points M^ muft cut the Line A B in 
two Pomts D, £, fuch that AD : DB :: a :b, md AE : EB : : a :b^. 
bedaofe the Point M coinciding with D, the right Line A M does be- 
come AD\ and B M^ BD -^ and moreover, when the Point M coin- 
cides with £, the right Line AM does become A E^ and BM, BE. 
Tor if the Line A B^ produced on that Side (as is neceflary) be divi- 
ded in the Points D, Ej fbthsAADiDB ::a:i, auAAEiEB:: 
0:b^ then it is evident, that the Line DE in both Cafes will be the 
Diameter of the Circumference^ being the Locus ibught. 

Cafe 9. Becauie a is :=: ^ in this Cafe, the afbrefaid Equation will 
be changed into this^ x =: i ^ ^ from whence if J. P be taken equal to ^^* ^^9' 
i'ABj and the right Line PM be drawn perpendicular on AB y the : ^ *- 
Line PM both ways indeiSnitely produced, will be * the Locus of all ^Atl^ot^ 
the ibught Points i)I •, as is otherwiiie maaifeft by the J^lements of 
Geometry. 

Example IV. 

?5St. T F there be two Rijght Lines D £, D N, (indefinitely produqed ejc. i^p^ 

^ both ways from the Point D) given in poiition on a Plane, to- 
gether with the Point C without thole Lines •, and if a given Angle as 
CE Mbe fiippofed to move along fb that its Vertex E be always in the 
line D Ej and the Side E C thereof ( meeting D N'm.N) pafles al- 
ways through the Point C, ^nd its other Side £ M be always a third 
proportional to JVC, CE^ It is required to find the Locus made by 
1^1 the Points M in that Motion. 

Draw CA parallel to D iV^ and CB making an Angle at the Point 
j5withI/£, equal to the gi ven Angle Cfc'iW, on. that Side as is neceflary, 
ib tjiat when CE coincides witn C B^ E M likewife coincides with 
D E. Now this Problem may be diftinguifh-d into three G^fes : For 
either the Vertex. ( E) of the given Angle C EM moves, along the 
tight Line jD E on the.other Side of the. Point B with refped to the 
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Point A \ or between the Points B, y^ 5 or finally on the other Side of 
the Point A, with refpeft to the Point B. 

Cafe I. When the Vertex E moves along the Line D E on the other 
Side of the Point B with refpeft to A s draw the Line A ^towards 
the Point C, making the Angle 5 A ^with DE, equal to tne Angle 
ABC\ and through one of the Points fought, as M (which muft be 
fuppofed as given) draw the Line M P parallel to A ^ meeting DE 
in P i then we fliall have two iimilar Triangles C B E, E P M , for 
the Angles C B E^ EP Mj are each equal to the given Angle CEM-^ 
and moreover the Angles BCEy PEM^ are alfo equal to cue another \ 
becaufe in the Triangle C B £, the external Angle C E P or C E AI + 
PEAI, is equal to the two internal and oppofite Angles B CE, CBE 
or C E M. Now if you call the given Lines AD^a^^AByb'^BQc-^ 
and the unknown and indetenninate ones AP^xi^ PAI^y, AE^z^ 
then according to the Conditions of the Problem, and becaufe D A', 
A C, are parallel, we fhall have thefe Proportions, AD(a) :A E (zj 
mC N :C EmC E: E M: :C B (c) :EP (x-%): :B E (z—b):P M(j) , 
from whence ( by multiplying the Extremes and Mearis ) we get thde 
two Equations, viz. ax — az^=-£% and aj =zz — bz^ which, taking 
/= a -t- c f for brevities fake ) , and getting out z, will be brought to 

this here x x — — x — — jr ~ 0^ containing only the tM'o unknown 

Quantities x and jf, with their Q)efiicients, and the Locus of this 
*v<r/. 3 10. Equation, which is the Locus fought, may be * conflxucled after the 

following manner. 

In AP afliime the right Line AF=^ — on the fame Side A P 

24 

ssPMy and diaw FL parallel to P My and in the fame aflume 
FG = — , on the contrary Side A P with regard to P/11 Then with 
the Diameter G L, whofe Origin is the Point G, Parameter the Line 
O H — -, and Ordinates, are i^arallel to A P, defcribe a Parabola ten- 

a 

ding the fame way asPM. I fay the indefinite Portion (OM) there- 
of contained in the Angle P A^ will be the Locus of all t!x: flught 
Points M. 

For if the Line M^ht drawn from any Point iVf of the fame jiaral- 
lel to A Py and meeting the Diameter CL in L 5 then we Ihall have 

ML or PJF= X — --, and G L = v H , and by the Nature i.f 

. <heParabolam'(*x-^x+ *-^) =LG»GH (Ly^^^-^ 



trcTi 



of Indeterminate Prob lsms. ^oi 

from whence by Tianfpofitiai there arifes the given Equation x x — • 

J-x — — 1=0, which was required to be conftniSed. 

Cafe 2. When the Vertex E moves along -B^, in thi^ Cafe it is mani- 
£^ that the Points M ihall fall on the other Side of DEy becaufe the 
given Angle CEM will be always greater thaci the Angle CEP^ 
whidi ooiitinuaUy diminifbes^ therefore VM=. — y\ and fince the 
&me Equation as above, is found by the like way erf" Argument as 
before 5 therefore the Portion {AOO) of the Parabob already defcrib'd 
fliall be the Locus oS all the Points M^ becaufe the asbovelaid Equa- 
tion fhall be had likewife by the Property of that Portion, 

Cafe 3. When the Vertex moves on the other Side of the Point A^ 
with refped to the Points B \ in this Cafe it is manifeft moreover, 
tbit all the fought Points M muft fall below the Line D £^ and as in 
the firft Cafe, we (hall have AD \ AE :iCN:CEi:CE\EM:.CB 
: £?. And therefore AJ> :CB::AE:EP. From whence it ap- 
pears, that £ P is greater, lefs, or equal to A £, according as CB is 
greater, lefi, or equal to AD -^ and fo producing A ^ below D E to- 
wards Kj all the fought Points M, in the firfl: Cafe, do fall in the 
Angle BAK:, in the fecond Cafe, in the Angle DAK the Comple- 
ment of BAK*^ and laftly, in the third, on the right Line A K. 
iNow fuppofe CB to be ereater than A D •, and becaufe if you make 
PJM= — y (fince the lame falls on the other Side of >4 P) there 
will not arife the fame Equation as in the firft Cafe $ and Vo the Con- 
ftruftion of that Cafe will be ufelefs here 5 therefore calling, as before, 

^ P, X 5 PMjj^ and we (hall get this EquaticMi, wV. x * + — x — — 

jznoj ( wherein^ = c — a) whofe Locus being that required, will be 
the indefinite Portion ( A M) of a Parabola differeiit from the former 
one, and tending the oppofite way Igu tiiat \ and the fame may be 
conftrufted "^ after the following manner. ^a^ , .^ 

hr b b ^'^^^* 

In AP affume ASzu—fovmA the contrary way to PiW,and draw 5T=: — 

parallel to ^ ^^ and on the contrary Side, A P with regard to P Af ^ 
then with the Diameter TS, whofe Origin is the Point T, Parameter 

a Line = ^, and whofe Ordinates are parallel to A P, defcribe a Pa- 
is 

rabola tending from P towards M. And the indefinite Portion (AM) 

thereof contain'd in the Angle PAK^ fhall be the Locus of all the 

Points M in this laft Cafe, wherein CB is fuppos'd to be greater than 

A D. Therefore it is evident, that the fought Locus of all the Points 

M^ confifts of two indefinite Portions of different Parabola's j one of 

which, as ^GOAf, tends towards C, and the other A /Vlt'ie c nt a- 

ry way, and both of them proceed from the Point A ; for when ( P. 

D d \Vft 
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the Sided" the given Angle C£<*I fells in CA, which is parallel to 
D A'i then it is manileft, thai CN will become infinite, and io EM 
is =:; 0, iiure we have always \C iCE ::€£ :EM; that is, the 
Point M does coim ide with the Points E and D : Therefore it appears, 
that yi J^ is an Ordinate to the Diameter EG, and A S to the Diame- 
ter STs and from hence arifes the following general Conftruction. 

In the indefinite right Line WPaiFume BO, BR, on both Sides 
the Point B, each equal lo a fourth proportional to the three Lines 
DA, A fl, BC; and through E\ S, the middle Points o[ AO, A R, 
draw the Right LinesFG, i" T, parallel to A ^, and each equal to a 
third Proportion to ^ A D, and A B, viz. EG cm the c ntrary Side 
ni AP, with regard to the Point C, and 5 Ton the fame Side. This 
being done, defcribe two Parabola's ; one with G E', as a Diameter, 
and F A in Ordinate thereto ^ and the other with T5 as a Diameter, 
and S A an Ordinate to the fame: I fay the indefinite Portions MA 
GO M of thofe Parabola's, will be the compleat Locus of all the 
fought Points M. 

¥acBOotSR = —, and therefore A For iA —ih -^ — = 

IL; 3r,iMoASoTiAR=-—;b=il. Therefore, &c. 

Here it maybe obfcrved fby the by) that if the given Angle whcft 
Vertci moves along the Line />£', Ihould be equal to the Com* 
plement ot the Angle CEM to two Right Angles, every thing cUe 
remaining the fame; thai is, if the Points yVJ ihi^iild fall on the Line 
£ jif produceil on the other Side of the Point £ : I'lienthe Locus of all 
the Points M would be the remaining Portions of the two Parabola's 
above defer ib'd. 

If the Points A, B, C, (hcnld have a different Situation from what 
they are fuppnfed to have in'^e Figure ; two Equations would ftill be 
had, only diftering from the former ones in Pome Signs ; and fo their 
Loci will confequentlv be Portions of Parabola's, that may be de- 
fcrib'd wi;h the faniL ti^fe, as before. 

This Problem wa^ projiofed in the Journal of Parma, for April, id 
the Year, 169;. hy Court Virtimille, which gave Ocralion for Father 
&i;/i/mwjto publifli a fmall Ttaii zt Milan, wherein he acknowledgo 
that he cou a not folve the Problem, th ngh by the Solutions of others 
it fufficiently appears that he is a good Geometrician. 

Example V. 

191. 352- A ^ indefinite Right Line A P being given in Pofition, toge- 

xi ther with two fixed Points A, C, one being in that Line, and 

t)ie other without the famej let tliere be deftrib'd a Parabola A M, 

with 
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with y^ Pas an Axis, whole Origin is in A, and any Linewhatfo- 
iberer for the Parameter 5 and from the given Point C let CM be 
drawii perpendicular to the Parabola, New it is required to find the 
Locus of all the Points M^ whereof it is n.anifeft that there are an 
infinite Number 5 becaufe, the Parameters being indeterminate, there 
may be defcribed an infinite Number of different Parabola's, to the 
feme Axis A ? , whofe Origin is always in A* 

Through the given Point C draw CB perpendicular to A P, and 
througn one of the fought Points, as M, (fuppofed to be given ) draw 
the Right Lines M P, M K^ parallel to BQ A P, and the Tangent 
iMTj then call the given Lines A By a^ BC^ A 5 and the unknown 
and indeterminate ones yi P, x j P/W, ^ 5 from whence we have CX= 
i— T, and M K^^a-^ x. But according to the Conditions of the 
Problem, the Angle CiW T is a Right Angle : and confequentlv the 
Right^ngled Triangles TPM, CKM, fhall be fimilar ^ for if the 
feme Angle K MT he taken from the Right Angles C MT, KMP, 
there will remain CAI K. TM P, equal to one another : Therefore "^ *jrt. n, 
TP(7x) :F M (y)i :C K (b—y): K M (a ^ x) and fo ( multiplying ^^^ 23. 
the Means and Eitrems ) we mall have this Equation y y — by ^ 2xx 
^ 2JM=(?, whr.fe Locus being that fought, will be ""^ an Ellipfis, *^^- 3 " 
and may be ^ conftrudted afrer the following Manner. *Art.^i^ 

Draw il i) = J A perpendicular to A P, and on the feme Side as 
P A/, and draw the indefinite Right Line D L, parallel to A P, and 
in the feme aflbme D £ z= J a from D the contrary wa y to P i^f 5 on 

both Sides the Point £, take E F, E Q, each equal to ^JalT^l b b. 
Then defcribe an Ellipfis with the Axis F G, whofe Parameter is a 
Line G H, being double to P G. I fey the Portion of this Ellipfis 
A MO contained in the Angle PAD, is the Locus of the aforefaid 
Equation 5 and confequently of all the fought Points AT, when they • 
fall in that Angle. 

For producing P iW ( if neceffery ) until it meets the Axis F G in 
Ly we (hall have the Ordinate itf L = 4 A— y, and £i = t a+ x, and 

by the Property of the Ellipfis, FL xX G or £P— "Fl (t** — ax 

_xx): LM(jbb — Ajf+^J') :: FG :G H: : i :2 ^ from whence 
by multiplying the Means and Extrems, and there arifes ^bb — 2 ax 
— 2 XX =i b b— by + yy. Therefore, &e. 

Now if the Point M falls in the Angles BADj B AR, you will 
find always the feme Equation as above, from the Conditions of the 
Problem, and the Nature of the Ellipfis ^ obferving to make APs= — x, ' * 
and PM=: — y, when the Point P falls on the other Side of the Ori- 
gin Aj and PM, on the other Side of the Line A P. From whence 
rt follows, that the Portions of the Ellipfis ( defcribed as above ) con- 

D d 2 tain'd 
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iftin'd in the Anglesfi AD^BAR^ are the Loci oT tlifcVraolB iH 
". Heis it mod: ne obftrved, that iiot one of t)M ftngjit Vontt Jf doei 
All in the Angle PA R, oppofite to the Angle BAD, wfaccein the 
giv«n PointCu fitnate. For if Right Lines « ^ P, MT, bednwB 
ftomanf Pointy taken n the ftidAJn^P^ It wneodiaiWtojfi; 
CM^ then it is phda that the Points P, T, fhall liiirflo tlwteHaUe 
the Point A\ and Cjonfeyently that Line caittnl be a Tanguai in M, 
■as the Qpeftian mjinics. 

ir jtf P(9() be ftppoled = 0, then thefoNeoiogEqpBtiaa, «nK.f>^ 
hj-^ txx-\- «« = • wiUbediangediBtotfaisyy— iftj^csfl^ wnft 
two Roots are jp =39, and 1 = b: From whence it mxf be ntheivd, ia 
drawing >fOparalM ana equal toBC thattbe Loch cCtftelMg^ 
Points if, fhdl pafi thm^ih the Points AwoAO. AAef tiie fine 
manner, if the Poist P be %i»Jled to £41 on the tidier &ide«r the 
Origin^, and you make A fir-x) s:^ Jl f«)j then the fiuneLBOi 
ihafi paisthcoiiigh the Pouns a, C\ va that t)w Sliflii moft be ddcriM 
aboat the Redangle ABCO: From whence arifes tbe ftUoiriag 
new Conflradion. 
Adrt.n6, Pof*" t^ Re£taiigle A B COt and aboot "■ the ftrae delcribe aa 
Ellipits, whofe Axis F Q being paftllel to ^ Sides AB,0€, let be 
to its Parameter QH as i to'2. Then k is flnanifeft diat the & 
liplis will be the Locos feught 

SCROLIITM I. 

3 ?3. T F the Nature of any Curve saAM beerprefled hj the genenl 

*Jrt, 1x9' ^ Equation jr = x" «•—* for * Fbrabola's of all Degrees ( where 

the Letters m, », denote the Indej^s of the Powers cf y and » ) j thca 

.•-irt.»37. we (hall have TP» (-^ * ) : P iH 0) : : C X (*— jj : K iJl C« + «; : 

and therefore jfjr — *j + -rx* +— « * = 0, and the Locus theteoT 

beiug that fought, will be an Ellipfis, which may be drawn acocoiditt 
to the 3 2 2d, orelfcthe 176th Articles, if you obferve that the fi^ 
Elipfis muft circunifcribe the given Reftangle A B COt and that its 
Axis FQ being parallel to the Sides ^ 5, C, be to the Paianieter 
G H in the given Ratio of n to n. 

Scholium II. 

»«. 151. 354. J F E the Centre of the Ellipfis ihould fall on the Origin (A) 

^ of the common Axis (AP) of all the Parabola's yiAI^nM 
the Axis PG of the Ellipfis, in the Axis A P of the Parabola's : Then 
jg»t Ellipfis would cut all the different Parabola's at right Angla 
This Theorem may be exprefled after the following Manner. 

If 
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If there be an infinite Number of Parabola's as A My of any T)e- Fig, ipi- 
ree whatfbever, and the Line A P, whofe Origin is always at tiie 
fame Point yf , be the common Axis of them all 5 and if there be an 
Hlipfis, vrhofe Centre is the Point A^ and whofe Axis TQ fituate in 
A'P^ is to the Parameter thereof, as m the Index of the Power of 
AP(x) to w, the Index of the Power 6[ PM (y) in the general tqua- 
tiony' = x"'<i'"— ^cxpreffitig the Nature of the Parabola's AM: I fay 
that EllipHs (hall cut all tbs Parabola's at right Angles. 

Through the Point iM, in which the Ellipfis cuts any one of the 
Parabola s, draw the line MTto that Parabola, and MS perpendi- 
cular to that Tangent. Then we are to prove, that Af 5 touches theEl- 
lipiis in the Point ill For doing of wnich, draw MP perpendicular 
to Che AxiEt and calling the indeterminate Quantities APjX^PM.yy 
and the given Quantity JG, 2 1 •, tiien by the Property of the Ellipfis ^ 

wcfeali havethis Proportion FP X PG (tt'^xx):¥MCyj)::m \n. 
And therefore myyzizntt — ttxx. But becaule TPMj TMS, are 

right Angles, therefore ^ TP C—x) : PM (y) : :PM (y):PS=^y*Jrt.in^ 
and confeoueatlywrfS or ^P+P5= ""'^'^ =:-hy putting j«»—»*x 

ftX X 

for Mjy. Whence it appears, that ^ P : ^ F : : ^£ : ^S; and & * the *^^5h 
Line M S does touch the Ellipfis in the Point M. W. W. D. 

Example VI. 

^55. T ET there be fiippos'd an infinite Number of Hyperbola's»^^* ^3* 

-*-/ which have all the &me right Lines AP, AO, given in Po- 
£tion, and being at right Angles to one another^ fer their Alynaptotes i 
and conceive an infinite Number of Perpendiculars, as C At, to be 
drawn firom a given Point C to the feid H3T5erbola's. It is reqpir'd 
to find the Locus of all the Points M, wruwein cvctj of the right: 
Lines C M meets the Hyp<a*ola to wWch it is perpendicular. 

Draw the fame Lines ^s in the laft Example, and calling them by 
the fame Names, we fhall get ^ this Proportion, viz. TP(x) : PM (y) *jft.iori 
: : CK {l—i) : KM (»— x)^ from whence arifesyj—i»x--x^ + ax 
z=:Oy whofe Locus may be -^ thus conftrufted. ♦^4^.3 30,, 

In the Afymptote A parallel to PiM, affiune AD=:ib^ and tf'' 335« 
draw DL parallel to AP\ in which aflume DE^={a from D to- 
vrards PM^ and on both Sides the Point £, the Parts £J^, £G, each 

equal to y/ V ^ ^ — t ^ *, or y^ t ^ b — i^aa^ according as ^ is greater 
or lefsthani^. TJus being d^ne, defcribe two oppofite . eqaibunral 
Hyperbola's to the Line FQ^ as a firft Axis in the former Caft, and aa^ 
a fecond in the latter. I fay, the Portions of thefe Hyperbola's con-- 
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tnn'd in the Angle P AO, will be the Locus of the aboveSiJ 
Eqouina, and confcqoently the Locus rf all the fought Points AJ. 

for nodudi^ P^^f ^it" necelfory) to meet the Axis FG in L \ then 
•ji*tir. ^*J*™»te-™I will be =:; : A—;, aitd £1 = k — i a ^ and hy* 
the ftmi C i tT of the Equilateral Hyperbola's tL±^'EF\xx—-ax-^ihh\ 
= l.ir(iW— *i-VjT\ Therefore, t^t. 

U Mhc = h, t.« aforcfeid CoiiftriK^ion will be impofi.hle, becaufe 
the Value ot tlie Scroiaxis i F or i: G will become == o. Aud be- 
cxafe the abo\-efiiid Equatioo will become this yj — ay — *a + a* 
:=«, oryy — J t + iaa — xx — ax + ^ jj; therefore eitradiiigihe 
(^re RooCoTSoihMtles, awl theiearifcs ji — l(i:z=x — ra, or»=x, 
Rfi. !»- ud : « — y =.x — -- «. or^ = a — x: And O if the Redangle ABCQ 
be comfdcated, and the Du^nnals AC, 5 0. be drawn, thde Diago- 
cats mil be the Lnd of all the fought Points M s for the Diagonal 
v< C » t^ L<XTK of tH firft Equation j~x, and the other Diagonal 
2 tbc LooB of the fecond y :^ * — x. 

SCHOLItrU I. 

|^«. !»?. »S* jF tr«NilareoftbeHxpeTbola's,whoreAfyinptotesatetherigl!t 
•^t-xxt. Luies^£,.,4U,beczpfcG*<ibyth<egene[al'*£quitionY*>''r=^ii*-H 

•.•cir- then w«(haU hare » Tpf-^ *) : P.W (;} .-.CK (b~j) -. KM (a~x) 

andthettfoWTi — h — — *»+ ""—**' ^"^"^ *^^ Locus of this 
%Jik|)e^ EiMtion miy be * thte coofhuded. 

Find the Pbmt £, as iuthc Eiample, and in DL both ways from 

JaffiuneBf, if G, each equal to ^iaa — — h t, or ^ ~bb~~^; 
4" ^'' ' 

Kcctudtn^ « *44is greater or lc6 thanaiiA. Then defcribe two oppo- 
iite Sdctiotw with rhe Line FG, as a firft Axis in the former Cale, and 
as a Im-^n-'. in t'lc Lurrr, that may be to its Parameter in the giren Ra- 
tio oi -U to A" ^ and the Portioiis of thefc Seflioos contaio'd in the 
Ai%le A fl. will be the Locus fought 

If « ;/■ ;: ^m : ^it, then the Equation yy — hj — —xx-\- — « 

ttH, will be chained into thisyy — ay y' — *x-f — «x=o, 

**«. »M*«ryy— «J^ ■£ + ~~=^ *'"*»** + «» and eitraaing the 
l^iwt Root of both Sides, and there comes out y — is^ — =x ^ 
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— ,orj=fly^ — — X ^ — .Whence,if theRedangle -4f CO be compleated, 

and the Diagonals BO^AC^ are drawn \ theft Diagonals will be the Loci 
of all the fought Points M. For the Diagonal ACi^ the Locus of the 

£rft Eqfiation j = x y^ — , and the other Diagonal B the Locus of the 



fccondjf=<iA/ — "^ ^ i/ IT* 

•After the fame manner, as in the Ellipfis^ we prove, that the oppo=» Fic. 19 j;. 
CteSedions fought muft be defcrib'd about the given Reftangle ABCO \ 
and becaufe the Axis FG, parallel to the Sides A £, OCy is to its Pa- 
rameter in the given Ratio oi mton^ therefore you may defcribe 
theoppofite Sedlions ( if you plieafe ) by means of the 176th Article.- 

S d H o L 1 u M It 

357. TF the Centre £ of the. Hyperbola B FClhould fall on the Point Fic. i^j. 

-L j4^, and its Axis J^G in the Line A P ^ then that Hyperbola 
\icould cut all thofe \rfiofe A£ymptotes4Ufe^l^ AO^ at right Angles 5 
which may be thus expre&'d. 

If there be an infinite Number of Hyperbola's oFany Degree Fig. 195. 
ivhatfoever, having the fame fbrait Lines AP^ AOj at right Angles 
to one another, for their Afymptotes •, and if there be a common Hy- 
perbola FMj whofe Centre is Aj and whof« fir ft Axis FQ fituate in 
AP, be to its Parameter as m the Index of the Power of AT (x) to 
w, the Index of the PowerofEMYj') i" ^be general Equationx?^' = a"*+*, 
which exprefles the Nature of the Hyperbola's MA M. I fay, the 
Hyperbola FM does cut all thofe different Hyperbola's at right An- 
gles. 

Through the Point M, wherein the Hyperbola FM cuts anyone of 
the different ones, as M A M^ draw the Tangent MT to the fame j : 
and the right Line MS perpendicular to that Tangent : Now we are to - 
prove, that the Angle TM 5 is a right Angle. To do this, draw M P ' 
perpendicular to the Afymptote yf l-'j and calling the indeterminate 
Quantities y4 P (x^ 5 PMyy •, and the given Qiiantity FG, 2t-, then 
by the Property of the Hyperbola FM^ we have this Proportion, viz. . 

FP % PG (xx — tt) : PM(yy) :: m : w, and therefore myy=:nxx 
— jtt t. But fmce the Angles TPilf, TM S, are right Angles, there . 

arifes TP'^f— x): PM (y) : : PM (y) : PS = ^. And confequent- *Art^xii. 
}y AS or AP — PS = !!^~-^ = -, by fabftitoting nxx-^^nttfdt 
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tnyy. From whence it appears, that jiSisz third Proportional to 
-^Art. 121. A P, AF 5 and fb "^ the Line M S does touch the Hyperbola FJf in 
the Point M. W. ir. D. 

Example VII. 

1^1 c. ipd. 3 J 8. np H E Parabola BAC being given, it is required to find the 

•*• Locus of all the Points My being (iich, that two Tangents 
MB, MQ to the Parabola being drawn from them 5 the Angle BMC 
contained by thefe Tangents, may be equal always to a gi^eo An- 
gle. 

Here there are three difi&rent dies according as the given Angfb 
B MCis acute, obtufe, or right. 

t^ff.rto. Cafe I. When BMCissm acute Angle, draw "^ AD the Axis of die 
given Parabola ^ AC meetiiig the Tangents M B, AfC, in the Rrints 
F, G, alfo from the Points orContaft B, C, and the Point of Con- 
currence M draw the Lkies B D, CE, MP, perpendicular to the Axis. 
This beinc done, draw M N making the Angle JF NM with the Axis 
Al> equafto F MQ the OMnplement of the given Angle JB il C, to 
two right Angles, and call the unknown Quantities ^ P, x 5 PM]j\ 
AF, 55 AG, 1 5 and the Parameter of the Axis A D, vi%. A V, m-, 
which is given, becaufe the Parabola is given. Now becauie FPMist 

Right-ai^rd Triangle, therefore the Square f iH =« — 2jx+xx+j;, 

which being divivdcd by FG (s — t) will give-^ — —^ ^ =^FN, be- 
caufe the Triangles FG M^ F MN, are fimilar -, and therefore PiY 
otFP — FN:=^- — ^' —>^x—y y^ ^^^ ^y. ^^^i^^^ ^f ^j^^ ^^^^^ 

Parabola BAC, feek the Values of 5 -+■ t, st, and s—t with refpect 

to X and j;, that fo they being fubftituted in the Value of P K, this 

Line may be exprefled only by x and j^. Which muft be done thus. 

The fimilar Triangles FP M, FDB, and GPM, G EC, do give 

* Art. 11. FP (s—x) : P M (y) :: F D "^ (25) : B D"^ C^as). And GP(x—t): 

*Art. 7. P M (y J :\G E (2t) :C E ( ^/ atj. From whence may beform'dthe 

following Equations, viz. ss — 2x s ^s-]- xx:=^o, Siud tt — 2xt — — -^^ 

4. xx=o 5 that is, ( making p = 2 x + — t for brevities fake) 

5 5 — p 5 -^ X X = 0, and t t—pt + x x = 5 then fubftract the fecon! 
Equation from the firft, and you will get ss^t t-^p s-^-pt =0, which 
being divided by s — t, and then 5 -f r is p, and fo j =:p — r^ arJ 
ss:=ips — ts^ps — XX, by the firft Equation, therefore st x x. 
liftly, if 4x;c the Value of 4 i t be taken from pp, the Value oi' 
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^-1- 7ts-\-tt, there wrH' arffe thi* Eqaation, wfe. * *— ist^ttssSf-^ 
aar» an^ CTtradti pg the S ymre Root of both Sidbv ve havex--^ = 

Kow if fi)ri +JV ^^ and^— r, you fubCbitute theic Value* 2 * +] 
iff.xx, and 'H^^, itt2±i?^=*::5S::» ana then FiV- will ke = 



, Now^ if i\r^ be taken in- the Axis equal to its Parameter 

d^i^, and i^T be dmwB parallel top AC, meeting tiie rieht lioe 
l^N Cproduced according to Neceflity) ia the Point Tj theait is 
plain that the Line ®^T will be given, becarufe in the Right-angTrf 
Triangle N §JT^ the Angle ^i^T, which is equal to the given Ax^le 
Jft iM Cis giveir\ and moreover the Side N ^being equal to the Para- 
meter AV to the Axis. Now let the given Line ^T be =i^ 
then becaiuie the Triangles NPM^ N§T, are iunilar, tEerebre NP 

^ .*^;^=-^:FM(y)::a:B, andfo4tf ^ yy+ ax=:^ix—ak^ 

and clearing the Equation from Surds, and we have yy x x + 

(»;f + ^x~-^^^=:fl, whole Locus ^eing that fought) may be ^ ♦^r^.jjo, 

riirn conftrafted. ^'^»*. 

In A A the Axis ol the Parabola, afliime ^ jff = ^j. ^ ^. -^ firoia 

A towards PM, and on both Sides the Point H take Hly HK, each 

eqral to "^^ ^ ^s and defcribe an Hyperbola Jt itf with /][ at a fiarft 

Axis, having the fame Proportion to the Parameter KL^atLtobb^ 
thetl I fay, that Hyperbola will be the Locus of the Equation finuid 
as above. 

VovHPzzzx — ja — -^j and by the Property of the Hyperbolt 

W ~liK{xx^\'ax^'f^X'\' :^aa):FM (yy)::IKiKL 

::aa:hb. From whence may be gotten the abovelaid Equation, 

by muhrplying the Means and Extremes. : 

Here it is neceflary to obferve, ttetf FN Ihall be always lefs than 
FPi becaufe the Angle J^^Af, which was taken equal to the Own- 

plement of the given Angle, is obtufe. Therefore — •"— the Yalue 

^ FP — FN muft be pofitive j and confequentJy xfmxA ifcwjhswat- 

£ e ceed 
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ceed 4 a. From whence it appeai^, that although there be a Portion of 
the Hyperbola oppofite to K M^ which is contained in the Angle PAF 
made by the Line ^P, and the right Line ^F drawn parallel to PAT 
towards the fame Pavts, yet that Portion cannot be the Locus of the 
Points Ml becaufe A I being lefs than \ a, the variable Quantity A P, 
which then fliall be lefs than AI^ will be much more lefi than ^ a. 

Cafe 2. When the given Angle is obtufe. Suppofing that the Points M 
do fall in the Angle PAVy and realbning after the feme manner as in 
the £rft Cafe, you will get the feme Equation as there, and conft- 
quently the Conftruftion of the Loais fhall be the feme alfb. ^t 
here it may be obferv'd^ that FN fhall be greater than FP, and fo 

the Value —7^==. of FP •— FN will become negative ^ from whence 

it follows, that x ftiall be always lefs than -J a, and therefore the 
Locus fought will be the Portion di the Hyperbola tending the feme 
way as the Pirabola, being contained in the Angle PA'V. And be- 
came the feme Equation (as in Cafe i.) arKes> fuppofing the Points 
M to fall in the Angle D^^F; therefore that whole H}rpeitKola ihalL 
be the Locus of all the Points (M) fought. 

From hence it is manifcft,. that if^an Hyperbola, aaJCAf, be the 
Locus of all the Points iW, when the riven Angle B CM is acute ; 
then the oppofite Hyperbola fhall be the Lccus of all thofe Points, 
when the given Angle fhall be equal to the Complfement of the Angle 
BMC to two right ones, becaufe then the given Lines a and by which, 
determine the Conftrudtion. of the Hyperbola^ will remain the 
feme. 
Fk;. 196, Cafe 3. When the given Angle is a right Angle. Here it is mani- 

*^^* feft, that FN is equal to FP, and fb -*^S^ the Value of f P — 

FN fbair be = 0, ^ Whence if ^ P = i. a be taken in the Axis A D 
produced towards its Origin A, and the indefinite right Line Pill he 
♦Jff.jciJ.drawn perpendicular to the fame •, then it is ^ manifeft, that PiW, 
which is the Direftrijc of the Parabola, (as appears from the Definitior^ 
in Book i.) fhall be the Locus fought. 

Corollary. 

Wtc. 19^, 359. JF the Semi-fecond Axis HO he drawn, as alfo the Hypothenufe 

»5?7* ^ KO', then the right-angled Triangles j: HO, .V^T, fhall be 

£milar : For becaufe the fecond Axis is a mean Proportional betwcea 

the firfl Axis IK, and its Parameter K X, therefore A^*: WO : : /X : 
KLiiaaibby andToKHiHO : : N ^(a): ^T (b). Thercforethe 
\n^e HKQ (whidi by Def. 1 1. Book 3. is equal to the half of the 

Angle 
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Angle ferm'd by the Aiymptotes (£ the Hyperbola KM) fball be 
equal to the Angle ^NT, that is, to the given Angle BMCs ind we 

Ihall have N^{d) ; ^T (b) : : RHOU^^^) : HO = ^i^^^ j 

and iV^^ («) : NT (y^i^Iw) : : KH (fli^^^±^) : XO = '^-^. 

Now if the Hypothenufe (ICO) of the right-angled Triangle (KHO\ 
made \>y the Semi-axes HX, BO^ be laid from the Centre H in the 
firil Axis IKtoR, and ..^ ^ then it is manifeft, ^ that R and 5, (hall ^An. 74. 
be the two Foci of the Hyperbola K AU and that oppofit^ to it 5 and 

RA = 1 «, beGaufeHiJ= ^^,and^H = itf + ^. Whence 

the Focus -R of the H3rperbola K -Af, is ^ alfo the Focus of the Para- ♦ivf. j»4i 

bola BAC, and SRQ^):HO{i^>^^^)::HO(^^^lf^y''' 

iiAR{^a\ becaufe if the Means and Extremes be multiply 'd, the 
Ikme Produdt will be found. From whence arifes the following 
Theorem. 

IX RA\t taken from JR towards S in the focal DiHance SRa^zn Fxg. i^ 
Hyperbola KM^ equal to a third Proportional to that Diftance S R and 
BO half of the fecond Axis 5 and if a Parabola £ >4 C be defcrib'd "^^ * Ah.^ 
having the Point R for the Focus, and the Line AR whole Origin is 
A-, for the Axis ; and if from any Point M of the Hyperbola K Af, 
there be drawn two Tangents MJB, iHC, to that Parabola. I lay, 
the Angle B iWCcx)«tain'd by thefe Tangents, Ihall be always equal 
to T the Angle form'd by the Afymptotes ^ and if the Point Af be a^ 
fiim'd on the oppofite Hyperbda, the Angle contained by riie Tan- 
gents, will be equal always to the Complement rf i the Angle formed 
by theAfymptotes to two right Angles. 

Example VIII. 

95o« A ^ indefinite right Line B ^4 F being given in PofitioD cm t tio. 198. 

-^ Plane, together with two fixed Points yi, D, the one in that 
Line, and the other withrut the fame : It is required to find die Locus 
of all the Points M, whofe Property may be fuch, that two right Lines 
MA^ M Dj being drawn from any one of them, to the fixed Points 
A^ D : The Line A M may be always equal to ME^ that part of the 
other Line DM, taken between the Point ill^and the Point £ wherein 
it meets the Line BAP. 

Draw the right Lines /?D, iWP, from the given Point D, and 
the Point iH (fuppofed to be one pf the Points ifought) perpendi- 
cular to A P, aiid call the given Lines ABj 2a\ B D^ 2 /^ ^ and the 

£e 2 >3S^Yi^'4rcw 



%kit 2 ::32»*^ jEj ©P T'* B o;^r.\ ": 

Txiaiees ££2). ZPiU, «e mnslar, therefore IE £ or AE-^^B 

tseoes 'and Meant, and welfaail have this Eqoatiop xy — mj = ior odd. 

taiaiiBg tiM CIdlldjtiott ^leeified in thePr^bknii, «ddm I^iM <lMn< 

Vi*. )37* whidh is * an Egnilateral Ifypfcrbola between its iU ymytoH s aaj bp 

? iDnfur tht 'Liate ^9 lAfeii WieS- la 'C^Ml AM^g^ Cdnnr fte 

^? ■ > '^^ XifM ^K, Ct?, Che dM paniHel, Imdf t§» tdlet puptu i fiLiJat 

toirff t Tlini bdtwMeti the ifynptotcs Cfl^, C6, borb^raysioM!- 

*JM. ite. nitelT frodoced from the Point C^defoibe "^^o-Qfipofitei^i^balaV 

>3i* PM^ A MA which ^ are eqoikierai; ^hroq^ the Pbints A, U. 

^.^ I i^, tbeft Rf^pdtek't Ibidl ht the ««inplMK Loci «f «A Ae^oDit 

V Fbitlhi^ AMfltotes CF» C O, ^o divide theTifiht Lines A3, B Dr 
ipto tW9 otial Futs ta the PoiatiL, Jd beoaaiejiA isbiftQidJB 
C) tmd ma^when^ PoiqtaPdo iiU on ^.J ja&xaittif mbdmak 
tomudt 2» as is fiippofed in the Galcidii^ the Line PL or Cfios s: 
SAMUt.»-^^MMs:yr^hy9aii l^^lte Psspeltir <ff.theiijpeltaia 
cg»gAi ^ i s/ dw l ^) 3=CJ[* iK J)(«).i Thatss^ »^^ 

Mmt iftlietVmntsPbe fiipp^ 
finitely towards ^ or on tbe aetcrmimile P^ ^ £, tiiefiuncl^iM* 
tion xy — aj = h x will always be had, from the Condition 'denoted 
in the Problem and the Nature of the Hyperbola AM^ orDM^ ob- 
i^isg to make ^P= — x^ and PM=: — ji, when they ML on 
the other Side the Point ^ and the Line j< P. Therefore, &€. 

CoROMLLARY. 

561. TT E N CE the Parts MR, M 5, of the right Lines A M, DM^ 
" taken from the Point M to the Afymptotes, are equal to one 
•: • * ttiotiier. ' For i. ivhen the Af^teptote, as <; F, is mrallel to the Lfat 
wtf'P) then the Angle jR ^.V M is equal to the Angle AEM, and the 
ikn^ SRM equal to the Angle M AE. 2. When the Afymatolc^ 
is CO, is ptrpendicidar to ytf P, then the Angle i; 5 Af fhaH bethe 
Complement of the Angle AE M to mie right Angle, ( lince SLB h t 
«jght An^e Triangle) afnd alio the Angle SRM or ARL vertically cn>. 
waffiM talt iithe <Smi^ment of the Angle £ ^ ^ to a right Angle, 
lecanfe RAl isB, Righ^-angrd Triangle. Therefose becade the 
(Iea£ :^ ^> A£,My a^e equal, the Triangle R M SttiulX be an 
Triangle, and ip the SidoB M R, M^ (hall beeqnal to one 
' , ' , " .'" another. 
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aiiDther. New this CEoroUaiy furnifbcs as with the falbwing Xhea^ 

If from Any Poti>t il4 of «aii ^qaihteral Hyperbola there l)e dpawa 
twori^ht Lines il A ^ -4, to the Extremities of {AD ) one of the 
irft Diameters thereof; meeting the Atymptotes in the Points -R, and 
S : I fay the Parts M R, M S, of thofe Lines (hall be egqal between 
themfelves. 

EXAMPLB IX. 

3^2.'T^VO Qrcles EQ F, BNC, wliofe Centres are Cand^Fic. 19^ 

-*• being given, and if through any Point Q of the Qrcle EQF^ 
there be drawn the indefinite Tai^ent QNO cutting tlie Cirde JBM) ia 
rtwoPtMHts iV; 0, and if the Tangents NM, OiH, be drawn through J/ 
4ind -, it is required to find the Xocus of aB the Vokita<£ Concur- 
iienoeif. 

Dm w M P perpendicular to C A^ whidi pafies throi^ C and A 
-the Centres of the given Circles 5 alio draw the right Lines CO^ AM, 
which (hall be parallel, becaufe both of them is perpendicular to the 
right line Q which meets them in the Points Q and ^ j and call 
ihe^iven Quantities >4fi or ^G, a^^CE, orCF, orCG, b%CAyei 
and the unknown and variable Quantities AP^ x^ P M^ j. Now be- 
caufe the right-angl'd Triangles AOM^ A^Q^ are fimilar, therefore 

AM(J %x-\^jY.AO{a) :^AO((i)\A^=-z^=. And if 

<^Hht drawn parallel to G 0, meeting MA( produced accosding ti^ 
Neceliity ) in the Point H 5 then ( by the Similarity of the Right- 

anglM Triangles iTf^P,C^H;P>tf(x):>tf;if(^Vx'Tjy;::>4H 
orCG — ^^('i— —!!!L\.AC(€)^ and fb i ^TT+Jj =««+ 

hfj - Iff iWHC' 

€ Xj that is ( freeing the Equation from Surds j ji y + -^ xir^ -*g- Jf 

^- ^=0, and the Locus of this is ^ a -Parabola, EHipfis or Hy^ ^^^^^^ j^ 

«crbola, according as C £ (*) is equal, greater, or lefi, than CA(c)^ 
The Confiroftion of this laft Cafe is as follows* 



MtC 



In the Line AP aflume AR = -2:^1 ^^^^ ^ *^^ comtary way to^ 
P J and on toth Sides the Point jR take R /, RKy eadi eqoal to ^-—l 






and with IK as a firft Aiis, having Jt L = -— for its Parameter de- 
fcrfte an Hyperbola. I fay> the indefinite Portion D M, of thia Hv* 



r7 f^-^ 
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psMs, »WA H conttin'd in the Angle PA D made hj the Line A P, 
tad die ri^ Lice A D drawn parallel to PM on the fame Side Af, 
wohR^od tovf P. fball be the Locus of the aibie{atd Equation. 

For by «be Fkc^cny of the Hypabola, ~R^~ 

^')'-PM(yy)::lK(^):KL(}^)i which gives again 
e 2fore(atd Eqoatioa 

" ir if the Points M be fuppos'd to &U in the Angle KAD, ad- 
S to the Angle PAD, the aforelaid Equation w-ill yet be found, 
iing AP^^ — x; thcreftjfe / D the determinate Portion of the 
HjTpeibola IM^ ttctiher with half of the whole Hyperbola oppo- 
fite to die &ine, (hall be the Look of all the Points^, and (o the two 
oppo&e Hjperbola's do make tq) the complett Locus of all the 
faqght Vzanti M: U'hcre it mufl be obferv'd, that the Portion i7T, 
cootainM in the Grrle B NO, is ufelefi, becsnfe net one of the 
Points of CooawTWice of the two Tai^cnts A"p, M, to that Circle 
can itH within the fame. 

Here it is proper to oblerre, that R A C^^') is = 

\''KR-Y ';!K*KL. as vril! appear by putting for thofe Lines their 

• .Ac- A'wly*''^ ^'^*^'*^ i and fo iTnce the Rectangle IK'KL is equal to 

'** the Sjirare of ^ Lhe focond -,\iis. the Point A (hail be * one of the 

Foci of the Hyperbola IM. And becaufe AI or AR~R[ is — 



fore the aforefaid Conftruflion may be Qiortened after this manner. 
In the Line >4C aflume A D, A K (from .^tmvardsCJ asth^irf 
•.*fc;<. Proportionals to A F(c+l>}, A S (a), and to A E (c—b) , AB(d)i 
' and with the firft Aiis / A, and the Focus A defcribe ♦ two oppofite 
Hyperbola's. Then it is evident that tbofe Hyperbola's (hall be the 
Loci of all the foi^ht Points M. 

When CE {b) is greater than C A (f), the Conlhuaion of the El- 
lip(is^ which is the Locus of all the fought Points M, will be after the 
fime manner as that for the Hyperbola, ohferving to aflume A Km 
c a p. the other Side the Point A with r^ard to l. And finally when CE (t) 
"■ " ^C A (c) , then you need only aflume ^ f in AC from A towaris 
C, equal to a third Proporticnal to AF, and AB, and afterwardi 
defcribe a Parabola, with the Point ^ as a Focus, and the Line A f, 
wliofe Origin is in /, as the Aiis. 

C O K O L- 



Of Indeterminate Paoblehs. 3i$ 

Corollary L 
Tor tie Ellipsis ani opfcjtte S£Ctioks» 

363. IT E N C E if any Circle BNOhc defcrib'd about (A) one of fic. 199; 
-" the Foci of an Ellipiis or the oppoiite Sections, having IK^ 

a; a firft Axis^ and i( AE^ A Fj be taken in that Axis, as third Pro- 
portionals to ^ X, ^ 5, and to ATj AB^ and the Circle J? G JP be 
defcrib'd with EF^ as a Diameter : Then it is evident, if two Tan- 
gents M iVi M 0, be drawn from any Point M of the Seflion to the 
Circle B NO^ that the LineO iV joining the Points of Contaft (being 
produced according a» is neceflary ) Ihall always touch the Cirde 
EGF. 

Corollary IL 
For tbe^ V A R A B o L A. 

364. TJ E N C alfo if any Circle B NO be defcribed from A thepxc. aoe^ 
*^ Focus of a Parabola J -M, whofe Axis isL ^ and Origin I5 

and i£ AF be taken in that Axis from A towards its Origin, as a 
third Proportional to ^ i; A jB, and a Circle AOFhe defcribed with 
the Diameter A F : And laftly, if from any Point M of the Parabola^ 
there be drawn two Tangents MNj ikf O, to the Circlte BNO: Therf 
the Line NO joining the Points of Contaft, (being produced accor-^ 
ding to Necelfity ) Ihall touch the Circle AQFin the PointG. 

E X A M F L E X, 

36 J. AN indefinite right Line y4P being given on a Plane, togc- Fig. zor,. 
-^ ther with the fixed Point F without the feme : It is required *®*> **^' 
to find the Locus of all the Points M being fuch, that a richt Line 
M P drawn from any one of them perpendicular to A P> and another 
right Line M F being drawn to the Point F-y the Ratio of itfP to 
M F may be always the fame, fuppole as the given Quantity a to 

Draw the right Line FA from the given Point F,. perperidfculat to^ 
APf and the Line M^ from the Point il^ (fuppofed to one of 
thole lough t) parallel to AP\ and call the given Quantity 
AFf Cy and the luiknown and variable ones APj x^^PM^ y\ (thefe* 
are at right Angles to one another. ) Now becaufe ilf ^Fis a Right- 

angl'^ Triangle, therefore M F = -F^ (cc — '^cj-^yj) + M^(xx) 5 

auJ according to the Sute o£ the Roblero- Af"P"(^j5)'l^ iliTF' 



tcc^^2cj^jj^xx)xiaaibb\ fiom wheaoe ^miiltlplTkg the 
Means ud EsCremes) iierv driik flhitfEquatifln i^uvjf — h hjj —2^9 
+ tfiixx-^iieka[ssfl^ the Gnuftfiiftim of whett Ldcoi^ (whearein 
are three ^fierent Ca&^ accoidiiig as ii is greater, lefi^ or cqoal to ij 
I ly af JbUdwri * 

Ftc. SOI. . in. jiJP ailtttne AC = rr^^ ^^ -^ .tovarda F^ «ad dJHwmf 
JlJitlmmgh tlto^ miiK C fimUel u AF-, itfme ia th e fiwy tte. 
Rurts CF, C J[, OQ both Sides the Point C, each equal to v^ J^ ' TUi 



being done with the Azd itH, hairiijg ^ fame Propoitioa to 
its F^rameter XL as Atf^^^to a«, deCcribe an ElUpta. I firr, 
the fame will be the Locus of Hx afotefaid Equation, and oonw* 
.cc : .0 -0fM^ e£ aUtlK jGMIihit Poiutt M, 

■'f^hy^ ftc^f^ tJSpfk KB»tH^ oecSt-^ CE 



^k :tra^ Irom w^eott, maltipljrlng the Means and Extreme^ ani 
them wiE aciie the lame E^iattonas above. 

'BecMSkiCSt:'CBi:KHilCL'.:aa^bb:aa, thexe&re the S^ 
mi.aiisCBorCI>is=— *^, and fo DF or DC + CF is = 



Mbe4-ibc be , __ -,_ y, ri • *** — ^ *f »».. _ 



♦ -iff. J J. DFx FB is = ;^l5^=C/f i and confeguently the Point F is ^ one 

of the foci of the ElliHts, and £ i> is the great Axis. Now from 
henee arifes a mach eauer Conftinftion than that foregoing, which is 
this: 

In FA afiome PB = ^^i from F towards A, md FD =z ^ 

, the cohtrtry War, alfo alfimte DO:=BE from D towards Fj then 
♦-*». jtf. defciibe* an filliplo'with the Points F, G, as Foci, and the Axis SD, 
and it is evident that the fame ihali be the Locus fought. 

. Ow 3. Hence we have yjr -t- 77 — }^^t^ '^ ^ — n — =Oibe- 

■^eiiis lefidian ^. And thcr Locus of this Equation will be two oppofite 
ions, which may be de(crib'd by the 3 3 2d Article, After fiavii^ 

2 made 
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made the fame Oblervations as in the precedent Cafe, the following 
Conftruaion may be gathered. 

In FA affume FB —^j^j and FD —j;^ ^^^ F towards A: Fic. loz. 

Alfo take DO =^BF from D the contrary way to F 5 then with the 
Points Fand G, as Foci, and £ /), as a firft Axis, defcribe * two op- * ^^* 7^- 
pofite Seaions B M, DM \ and the fame (hall be the Locus of all the 
fought Points M. 

Cafe 3. Here the general Equation aayj-^bbyj-^iaacj^ aaViG. 22}. 
XX '\' aacc'^'O will become this xx — 2cj^+ c c =0, becaufe a is 
:=: b^ and the Locus thereof is a Parabola, which may be conftruaed 
eafily by Article the 3 loth. But it appears at once, without any 
manner of Calculus, if a Parabola be delcrib'd with the Line -4 Pas 
a Diredtrii, and the Point Fas a Focus, ( according to the DireaionftrTf" 
of Def. 1.) that the (ame will be the Locus requir'd. A} 1 *y. 

Corollary I. Ic^il / j 

356 J N the firft Cafe, it is evident that CFr--^Y CB C~^^^ 



•> -'^vi - 



::Cb(^ ^ :CA f~T^ iiaiby the lame will be found alfo in 

the (econd Cafe : From hence arifes the following Theorem. 

In an Ellipfis or the oppofite Sedtions, whofe Centre is the Point C,Fic. 2oi» 
and two Foci the Points F and G, and firft Aiis the Line B D, if »o** 
Cyi be taken equal to a third Proportional to Cf, CB, firom C to- 
wards the Focus F 5 and if the indefinite Line APhe drawn perpen- 
dicular toBD: Then if from any Point M of the Sefiion, be drawn 
the right Line M P perpendicular to A P, and the right Line MF to 
the Focus f': I fay the Ratio of MP to M F, Ihall be always the 
lame as the Ratio of the firft Axis JSD to f G, the Diftance between 
the Foci. 

In the following Corollaries the indefinite right Line A Pis called 
a Dire^rixj as well in regard to the Ellipfis and oppofite Sedlions, as 
to the Parabola. From whence it appears to be eafy to delcribe a 
Crnick Sedion, whofe Focus is the given Point F, Diredtrix the right 
Line y4P given in Pofition, that Ihall pafs through a given Pomt 
M J for drawing the Line M Fto the Focus F, and ^ P perpendicular 
to the Direftrix A P, and calling the given Quantities iW P, a 5 MFyb-^ 
then you need only defcribe the Locus cf the Points M being fucb, 
that M P be always to M JP as j to b. 



Ff ' Cht 
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Fic. 104, 5^7. T F any two points M gnii A', of a Conick Seflion be plxad by 
»*5- -*• a right Line meeting the Diteflrix in C ; and if the right 

Lines FM, FN, FC, be drawn from the Focus F: I fay the Line 
FCdoes hife^ A' J" H the Complement of the Angle AFMtotvro 
right Angles, when the Points Al and X he taken on the Parabola, 
EUipfis, or Hyperbola, and the Angle jV J' iM, when they be taken 
on the oppofrte Se£tions. 

For if the Perpendiculars M P, A"^, be drawn to the Dire£lrii, 

I ind if the Line A'/) bcdrawn parallel to ^>/J-"i then becaufe the Tri- 

angles .Af PC, A'^C, and MFC, A"i)C, are Jimilar, therefore 
AiP•.^■&^^■.■.MC■NC::MF:^'D. And ranfefjuently M P:M F: 



MP:N^::MC:NC::MF:ND. And ranfe(iuemly M ?:MF:: 
NS}NlX But by tlie Property of the Conick Section, having 
P^or the Direaril, and f for a Focus, we l:avc MP: Al Fi: A' ®^: 
JV F. Therefore the Lines A' D, A" >', fhaU be equal between thein- 
fclves-, that is, (" in the firft CafcJ the Angle A'D i-'or Cf ill, fliall 
be equal to the Angle C F N, and ( in the lecond } the Angje / D N 
M C FH flwU be equal to the Angle C F A'. W. »\ D. 



Corollary 111. 



F1CSS04. ?6 



HENCE appears the manner of dcfcribing a Parabola, El- 
Hpfis, or Hyperbola, which fliall pafs through three givea 
Points AI, A', 6, and Jiavc che given Point F for a Focusv 

Through the Foais F draw the right Lines FC, F £, which do hi 
Jfea NF H, NFK, the Complements of the given Ani^les AfFK 
O F Ni and through the Points C, F, wherein FC, FE meet the 
Lines MN, N, ( whith join the given Points j draw the indefinite- 
Line CE Then if a Conick Sedion be dcfcribei through the Point M, 
with theLiJieCfas the Direflrii, and the Point P, as a. Focus j ijiS' 
n;anifcft by the precedent Corollaiy, that tliat Conick Scttion wiU aj& 
paf?, tlircugh the two other Points iV and 0. 

CoROLLAaY IV, 

ftc.. 105. 569. T^ R O M the fecond Corollary arifes a way of defcribing twa^ 
-• on]»fitc Hyperbola's, having the Point f as a Focus j fo 
that one ol them fliall pafs through two given Points Al, O, and the 
other through one given Point A'^ 

Through the Point F, draw the Line FE, bifefting HFO, th« 
Complement of th,e Angle Al FO ( formed by the right Line*. 
FM, FOy drawn from, the Point F to the Points M, O, being both in 
tIJA CiufP'^yiwrbola J Alio thro' the fame Point F, draw the Line 



Of Indeterminate Problems, ir^F 

fC, bifeaing the Angle MFN, (formed by the rigW Lin& TM, 
FN, drawn from the Point F to the Points Mand iV, felling oni the 
oppofite Hyperbola's.) Through the Points £, C, wherein the tines 
FEjFCy meet the right Lines itf 0, AI Nj (that do join flie ^vth 
Pbints} draw the indefinite Line EC. Laftly, defcribe two op^bfft'e* 
Hyperbola's with the Point F, as a Focu^, and the right Line £C, 
for the Direarii, fo that one of thera may pais throt^ the Point 
M 5 and then it is evident, that thefe Hyperbola's will atofw^ What 
IS propos'd. 

Corollary V. 

370. '^ H E lame Things being premis'd as in the (econd Corollary vFic. 104.* 

^ it is manifeft, that the Angle MFN^ the Difference between 
CFH ot CFN the Complement thereof to two right Angles, dimi- 
nifhes more and more, according as the Point N accedes to M, fo that 
the lame will vanilh quite, when the Point N coincides with M 5 
therefore the Angle C F M Ihall then be equal to its^ Complement- to: 
two right Angles^ and confequently will be a right Angle. And be- 
caufe the Line MD does then become the Tangent itfT, iinoe ^ the ♦^r#.i8«. 
i^me pafles through two Points of the Curve infinitely near to each 
other-, therefore, from hence we have a general and new way of 
drawing a Line (MT) to touch a Conick Seftion irt the giv^i Poiritf 
iH, the Focus, together with the Axis palling through that Focus, 
being given. 

For finding the Diredrix according to the Direftions in Corolh 2i 
from the given Point MAxzvr the ri^t Line MF fo the focus F^ 
and draw the right Line F T i>erpendicular to M Fy itieeting the Di- 
reSrix in T5 then if MT be drawn through the Point T and the 
given Point M^ the fame will touch the Sefldon in M. 

Example XI. 

571: 'T* WO Angles KAM.KBM, moveable about the fixed Points Fig. io«. 

^ Ay By being given upon a Plane, tqzether with an indefi- 
Bite right Line FK, not pafling through thole Points 5 let the Point of 
Goncurrence (K) of the two Sides AKy B Ky move along the rights 
Line FK : Now it is requir'd to find the Nature of the Curve delcrib'd 
by the Interfeftion (M) of the other two Sides A My BM, produced,^ 
when necellary, on the other Side the Points A and B. 
" Upon >4jB, as a Chord, defcribe the Segment of a Circle, od the 

other Side the Point iW, containing an Angle B D A' equal to foiri^ 
fi^* Angles, m inus the two given Angles KAM.KBM'yand com- 
* pleating the whole Circle whereof B DA is the S^ment, it may. hag, 
E pen that the indefinite right Line F X'-dbes faff quite witBobf that*" 
- • F f 2 X CuO^^. 



I 
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Qlde, inthin the fame, <t finally touches it : And to there are 

»thnt Ca&s, which 1 {hall eiplaia ia panicalar. 
Caft 1. Froni iTthc Centre of the Circle ED^E, drawCFper- 
pendicuUttof X nKctiog tlieCirclein the Points D, i" ^ and through 
the Point D i being nigher to the Line FK than the Point i) let the 
twoSiJesD,^. Dd, of the two Angles DAP, I)S^. equal lothe 
two Angles KAAUl^BM, mlst which Mdes beuig produced toMrards D, 
let meet the Line FX in the Points G and K And by Conftraclion, 
the Allele B D /< pins the two Angles i> ^ P. D £ g, are equal to 
fiur right Angles ; and fincc the lame Angle BDA plus the two An- 
gks D il B, V SA,*K efmi to two right Angles 5 therefore the An- 
gle* B v< P, A BJfjmn ttpti to two right ones ; and fo the Lines 
APt B j9, ase paiaOel between theoifelvcs. This being laid dowa 

Fltwn tte Point X draw KK KS, perpendicular to the Sides A Dy 
B D \ «rf 6tim the Points A^ M, the Lines A J, MF, perpendicular 
to the two other Sides B j», A P, which meet B ^, in the Points I 
and *. Now let the given Qnantities f £ be = a, FD = b, Bl=i, 
At=d. Fa = f. FH = b, i)G = », D H = >i : and the un- 
knownQtwititiesfX—r, AP = x, PM—j; thenbecaufe a DF, 
G X K, are Right-angl'd funilar Triangle ; Therelbte O D («i) :G f 

(t)ttGX (x-j) :GK=C^.And GDf-)DF:.Ci)::GJC(x-s) 



fimilar Trjangles, theitfore G /)(»): D /■ (J) :: B D («—i) : ^ D = 
^^5 «nd confeqoentfy ^ B + D G or ^ G is = -^tr^-^^^ a,j 

^0+G<orv<R=^^ " ']|["'"'°^^ = ^-iftlcePyGte- 

ine a right-angl'd Triangle, mmis =bb -^-gg. Again the right-an- 
gl d Triangles ,< R X, -< P /H, are finilar : Becaufc taking the Urn 
Angle Jf ^ P from the ejual .\ngles KAM, DAP, the remaining 
Angles K AR, PAM, fliall be equal ; and confequentlj A R 

^-Si££5\j{x(-^^):;^PW:Pi»0). ftom whence we get 

But the Right-angl'd limiht Triangles HDy, MKS, gi7eH5= 
'!^, and JCS=*^^! and the Right-angrd fimilar Ttiangla 
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S'^s ' The EiasLTK Bao^x. 

Ga&,.flii4 of to, opC^M ^StQions in t]je iecoiid* Qiqft be ^Mallei totiM 
lanes wi#F^ •B'^' an^ the Ratio thereof to- iti Fftmneter, flteH bt 

^ fkBi»4» of EF(*)toFI> (i) ) becaufe dw FnaioB^ rnakULj^ 

iqg the Sq^utx x cxpfeflfes that Ralia 
' iVli^ tj^'Fmiit X by ito Motun alow the indefinite ri^ 
J^F> dimes to tiiib Fdifit O, wherein tfiat line meets the Cncoinfe- 
xenoe^ theaiCfienumifeft, r. ThaetheSidii^iM; JB/f, wiio£e PDiot 
c|^ GpopirHeNiQe M does de&ribe. the Byyerbolir BAM^ do bocone 
parallel, 2. That they cut one another towards the oppofifee Side^ 
during the Motion of the Point K along OX, that Bkrt of the line 
K Py nlUng within the Circle % and then thiqp will- again become pa- 
nitoel, when the PbiDt JS &&» in £^ aferwhiich they will begin again 
til on Me another tovwdk tiie feme Side. Hcom whence it appeni^ 
that the Point M does dp£c];ibe the HTjrperiK)^ JB AM doriog the 
Motion of the Point K along the two indefinite Parti of the right 
Line K jP, that fiill widiout the Circle ; and the oppofite Rjrperiiola, 
during the Motion of the Point JC through £, that Part of JCF fid- 
lii^ within the Circle. 

■^^-^^ Cafe 9. Becauie here the indefinite rieht Line FK touches the Cir- 
cunuerence of the Circle B DAE in woe Point F, it is manifeft, 
titt|t,tlier?e»nt J9 (io.the twp other Ck{b) does herccoincide with the 
ftint F-, andib the Triangles DFO, DPHi do vtmft ^ therefore we 
nay u(b the Tr&ngles DAB^ BBEj for them, after the fi>llowing 
m^nper. 

Let the given Quantities AEhe—a, EB = b, E P= m, AP — 
g^ J^F^K BI=CyAI=:d'j and the unknown Quantities FK=,%^ 

^"^^ AP^.x,,PM=y. Now the right-angled Triangles FJf/e, £F/t 
are fimilar 5 becaufe the Angle KFR or TFA (vertically oppofife 
thereto^ made by the Tangent FT, and the Chord FA, is mc^fur'd 
fcy halt the Arc AFy zs well a^. the Angle FEAh and therefore 

FE (m) : EA (a): I KF(%) : FR = -. And EF (m) : PA (g):: 

fit 



FK(z):KR = — . But the right-angled fimilar Triangles ARK, 
APM, dogivier^&o* AiF-^ pk(^^) : RK(^): .ABi^i) 

: ^M{i)h from hence we get x= -^^ : after the fame mamier, be- 
capfe jB?J5, F.KSf are right-angl^ fimilar Triangles j therefore F& 
ii,=; ^ and Jl^5=;: — •, and-bec^nfe the right-angled Triangle* vB;.V R, 

■ SS- iM- 

#''''•• 4. - B^ M 
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^$JA, are fimilar •, thcitforc J55 ^^f—^^^t—^y^^^^ 

::B^(x^) :^M (y-^dj^ firom whence arifes % = -^^i^. 

Now comparing the two Values of x, multiplyimg aofi-wife, aftd 
patting the Terms in Order, and we (hall have this Equation, jy J^ 

ij ^— t ~- X = 0, the Locui of which ftiall always be a 

Parabola, whofe Axis is parallel to the right Lines APyB^i and the 
feme may be couftruiied by Article the 3 loth. 

Hence it is evident, i. That the Locus of all the Ibnght Points ilf 
fhall be always a Conick Sedion, whofe Axis, or one of the Axes^ 
Ihall be parallel to the Lines APj B ^^ and particularly the fame 
fliall be an Ellipfis in the firft Cafe, two opponte Hvperbiola's in the 
fccond, and a Parabola in the third 5 and in the firft and fecond Ca- 
fes, the Axis which is parallel to ^ P (hall have the lame Ratio to its. 
Parameter as £ f to jFD. 2. That in the firft and third Cafes, th^ 
two fix'd Points A and JB, about which the moveable Angles K A M^ 
KB M, revolve, do always fall on the fame »Side the Line FK : But 
in the fecond Cafe, thofe Points may not only fall on the fame Side 
ef that Line, but on both Sides thereof -, becaufe the Circiimference 
of the Circle AD BE upon which they are fituate, ii then cut inU^ 
two Portions by the Line FK^ 

S c H o L 1 t; M I, 

?7?. I. A NY right Line, ^ AMj palling through one of the^*^- ^^ 

-^ fixed Points A or J5, being given, the Point M wherein *^^' ^ 
the fame meets the Locus fought, may always be found after the fol- 
lowing maiuier. Draw the right Line A K forming the Angle MAK 
with A M, equal to the given Angle revolving about the fixed Point 
AySind from the Point K wherein AK meets FK, through the fixed 
Point B, draw the Angle K B M equal to the other given Angle re- 
reiving about the other fixed Point B^ then the Point ill, wherein 
the Side B M oi that Angle meets the Line A M, ftiall be the Locus^ 
fought. 2. When the Point K^ in moving, along the Line FiC, is ib 
lltuate, that the Side {AM) of the Angle KAM does coincide with 
the Line A B : Then it is plain that M the Point of Concurrence of 
the two Sides A My B My does fall on the Point B 5 and fo the Locus. 
©f the Points M does pals through the fixed Point B 5 after the lame 
Manner we prove that the lame pafles through the Point A:, 

Hence if it be required to defcribe the Ctonick Section being the Lo- f«». %9S* 
€us of all the fought Points My without tte Help, of the foregoing 

^ Equa;* 



Afl^ 'Jhe Eighth Boo k. . 

Eqntioitt, 70a Med but draw (^ as in the Example) tbe right Lioei 

AF^ A fi and finding the Points wherein the|r meetihe Seftion, «nd 

compleatiM the Reftangle, having thole two Lines, for the Sides thereof, 

^jM^nff^Mk delcribe^ an Ellipfis or two oppoftte Hyperbola's about the Re- 

mtdiii. dbsngle^ (according as jPX fells wimout or within the Circle } whofe 

Axis bang narallef to A P may be. to its Conjugate, as the Square of 

£Ftdthe^uare of D F. Ami if theSeOionbe a Parabola, (which 

happens when the Line JCFtouches the Circle BD A\) then find a 

Fio. so8« Point on the Line A I wherein the fame meets the Sedion, and de- 

loibe a Parabola ( by Article 170) palfing through that Point and the 

two given Points Aj B \ fb that the Diameters thereof be parallel to 

^kfaeLines^P, B^ 

S C H O L I V M. II. 

no. »of. 973 TIT H £ N the Point JC in its motion along tbe Line FJC, is fo 

^ fituate, that ^ Af the Side of the Angle Xy< M, does co- 
jndde with AB % then it is manifeft that the Point M falls on £^ 
^<iA«. 1S8. and alio tiiat £ iU the Sideof the Angle KBM does touch ^ the Lo- 
cus of the Point iK in £, becaufe in this Cafe ^may be taken as being 
infinitdy near to B. Whence if it be requirM to draw a Line to touch 
4hat Locus in £, you need only draw a right Line A C through the 
Point A making an Angle (BAC) with BA equal to the given An- 
gle X ^^4 ^ s and then a Line B D, making with B C the Angle CBD, 
equal to the other given Angle KBM. For the Side (5 M) of that 
Angle, which does become B J), fhall touch tlie Sedtion in B. 
Underilood the lame with regard to the other fixed Point A. 
Tio. aop. From hence arifes a very eafy way of defcribing the Conick Seftion 
being the Locus of all the Points Af, without ufing the forclaid Equa- 
tions, or even any manner of Calculus. 

Through the fixed Point B draw the Tangent B D, and throi^h 

the other fixed Point A draw A E parallel to that Tangent, and on 

*Art. XI 1.^^ ^"^ * ^^^ Point E wherein the fame meets the Scftion, and bi- 

*-rfft. 572! feaing it in H, draw B H, upon which find "^ alfo the Point G wherein 

*An.i6i ^^^ ^^^^ meets the Seftion : Now if a Conick Scftion be deftrrib'd* 

i^a. * with the Diameter B G, and Ordinate H Aor H Ej the fame (hall be 

the Locus fought. For it is plain that the Line BG, which does bifed 

the Line A E terminated by the Seftion, and being parallel to the 

Tangent in B^ (hall be a Diameter thereof, and the Line A H> an 

Ordinate to that Diameter. Where it muft be obferved, that when 

the Point H falls between the Points B, G, the Seftion is an Elli[> 

(is : when the fame falls on either Side of thofe two Points, the »*^c- 

i^wj .1. i €tion is two onpofite Hyperbola's •, and finally, when the Line B Gis 

iodSnite, the ^£lion is a rbrabola. 

^ C o a o L- 
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^^*aiis of the hft Example we may defcribe a Conickpic. no. 

XcDn of a given Species, through Jfour given Points ^, B 

1 



^^ the Seftion be an Ellipfis, whole gteat Axis to its Para- 
s' as the given Quantity a to b. Form the Triangle ABU^ 
^ree of the given JPoints by ftraight Lin«s •, and at the 
■nd JJ, let the Angles M A K, MB Kj be made equal to 
Z3 AH, RB A, the Complements of the Angles HA B^ 
^^/^o right Angles, fo that their Sides B Mj A M, do in- 
^nother in the fourth given Point M. This being done, 
^ a Chord defcribe the Segment B D AoE sl Circle (on the 
:7lie Point M ) containing an Angle equal to four right An- 
-fthe two Angles K A M, KB M;, and about C the Centre 
irle, defcribe another Circle whofe Radius CFmay be to 

CX) of the former Circle, as ^ -^ ^ to a — b\ then frond 
nt of Concurrence o£ AKj B K, the Sides of the Angles 

-B Kj draw the Tangent K F to this latter Circle. Now 
t JC be moved along the indefinite right Line F Kj the Point 
ence (M) of the two other Sides AM, B M, produced on 
Lde of the Points >rf, Bj fliall defcribe the Ellipfis required, 
vident from what has been laid in the firft Cafe of the Ex- 
it the Locus of the Points (M) Ihall be an Ellipfis, whofe 
s Ihall be to the Parameter zs E F (a) to D F (b) ^ and 
that the fame Ihall pals through the Points A,M,B,Hy becaufe 
Point K is in G, the Side A M will fall in A Hy and the 

in BR. 

n it is an Hyperbola or two oppofite on^ that is required to 
ed through four given Points A^ B, jH, M, the great Axis 
he Parameter in the given Ratio of a to i ^ then the Con- 
irill be theiame as above, only C F the Jladius of the Circle 
ck to the Circle BD AE, muft here he to the Radius C Z>, 

Parabola be to be defcribed through four given Points A^Bj 
lefcribe the Circle B D AE^isin the firft Cafe, and from K 
3f Concurrence, draw a Taneent tothat Circle, and the lame 
:he indefinite right Line, along which, if the Point K be 
e other Point of Concurrence M will dclcribe the Parabola 

! there can be drawn two Tangents to a Circle from one 
eiefore we may defcribe two difterent Conick Sedtions, both 
; the Problem when the fame is poliible \ for when the 

G g -• Poir^ 
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Point X &llfl within the Circle, having C F for its Radios, it u pbin 
then that the Problem is inipdnble. 

The Conick Se£Hoo fought riay be ddcribed hj means of its Am 
according to Article 37a, ob eUe by hdp ef me of its DiuneCeia^ and 
an Qtdkiate totbe fame, by Aiticle'373. 

C O K O L L A R Y n/ 

Fi«. all. 37$. "p R O M the foregoing Example we have alio ft new way oF 
^ delcribiog a Conick S. "■ " ' ' " " *" 



leftion paflinR through five given Poinls 
jt, BfH, Mj N, For joining any three d'thofe Pbints^ as ^, £, Hi. 
1^ right Lines, and through the other two Pbinta, M. N, and the 
fixed Points A, B» let the Angles MAX, NAS. paS, each eqnil 
to the Angle BAQ^ the Compleraent of the Angle HAB to tmo 
light Angles, and the Angles MBK» NBS, cadi e^lt&the An- 
^A^% the Complement of the Angle AB Hto two ri^it An- 
gles •, then if through the Points of Concurrence JC, 5, the indefinite 
Xine SK be drawn,^ and the Point K be moved along the fame, itir 
nnni&ft that the Point of Concurrence M by that Motion, Ihalt de- 
£ribe the Conick Se^on requii^d ^ becaule it mjQ£s tbiqugh thcfive 
given Points^, JJ. fl, J^^. . 



The End of the Eighth BoqL 
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B O O K IX. 

Of the ConftruSiion <?/* Equations. 

PROPOSITION!. 
Problem. 

376. npiO covflruS any given Eqvatmt^ wherein the unhnwn ^lantity 
1 is but of one Dimenjion. 
Firft, Let the unknown Quantity jj be ccjual to one or more flmple 

Fraftions, as — , or — ', or -r-, &c. If we make c :b ::a :l^ then 
it is plain, that this four Proportional I fhall be = — 5 and if we 
make / : / : : e : w , then m will be = 4- = -r 5 ^nd finally, making 

f cf 

g:m::h : w, and we fliall have w = — = !_. , by fubftituting ^ 

For its Value m. Therefore the unknown Quantity ;c will be equal to 

/, or vij or w, &c. according as it was equal to — , or — , or -^-^ &c. 

Now by augmenting the Number of Proportions^ (according to Necefl 
lity) and we fhall always find a right Line equal to a given fimple 
Fraction, be the Number of Dimenfions of its Numerator what it 
will. From whence it appears, that a Line x may be always found 
equal to a Quantity compounded of leveral fimple Fradlions 5 for right 
Lines being found equal to each of thofe Fradions, we need only add 
them together, or fubftradl t|iem from each other, according to the 
Signs + and — . For Eiamplie : Suppofe it be requir'd to find a Line 

x=a4- \- -T— TT- Add the two Lines 6 = — , and / = ~ 

c cf b^ € ef 

to the Line d, that fo all three of them may make but one Line only, 
and from the Sum take the Line nt = —-, and what remains (hall 

b* 

G g 2 J- be 
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be the Value fought of the unknown Quantity x, that is, x fhall be 
_ « i_ I. j_ J _ m. 

unknown Qpantity x be equal to one or more compound 
at is, Fradtions whofe Denominators conJift of fevml 
lerms. i, according to the Uirections aboiT, find a Line equal 

to the Denominator divided by a Line taken at pleafure, when the 
Terms of the Denominator do not arife to above two Dimenfions j 
by a Plane, when they arife rot to above threes and by a 
Solid, when they do not arife to above four, &c. and by this meant 
all the Terms ot the Denominator may be brought into one only 
which being fubftituted inftead of them, fiiall change the compouni 
Frailion into one or more fimple Frat^ions, according as the Numen- 
tor confifts of one or more Terms i and tlien if a Line be found (u 
above; equal to them, the fame ihall be that fought. This will be 
raanifeft by the following Examples. 

It is requir'd to find a Line x — "■——■■ F"ft, find a Line n =: 
/■+ — , that is, equal to the Denominalor af+bb divided ty <j 
from whence ii + «/=<"»» and then finding a Line « = I^^Z^ 
= — _ — : and we fhall have the fought Line x = v. After the 

m am . , 

fime manner, if it be requir'd to find a Line x = —rr^yy^, we 

muft firft find a Line « = a + 7 + y. that is, equal to the Deno- 
minator <i<i/ + ccf-\- hff divided by the Plane j/i from wbam 
-Wffget afm=^ditf-^<*f-^-hff, and nHavetrAs another Liiies: 

:— :;^r^-^+ ^;- ;r='- The fame mnfl be xta^ 
ftood of anir other Example, which any one may form at plealiirc 

CoKOLLART I, 

377* Tt^ anesnt of this Prq)oflti<Bi it is eafy, i. To find a ftaife 

Fmdidn — or — , whbte Denotninator or Numerator a k 

^ven, equal to one or more fiinple or compound Fra^ons ; foe we 

fieed otitjr find a Line x ^oal to the Line a ninltiply*d ci divided It 

SfftaOiioxa. For Example i If it be requir'd to find « Fnaioi 

!t^L£.-i- ^* tbca it it jpku, that we need cnly £ad a |Htr 
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^j^O-^ f!. 2. To find a Plane ax, one of whofe Sides a is 

given, equal to one or more Planes be they never lb much conv 
pounded ^ for here we need only find a Line x equal to all thofe Planes 
divided by a. 3. To find a Solid a ax ox abx^ whole Sides a, #, 
or tf, i, are given, equal to feveral Solids •, becaufe here you need but 
find a Line x equal to all the Solids divided by the Square a a, or 
Plane ab. 4. To find a furd Solid a' x, otah rx, whole three Sidts 
a, tf, a, or <i, i, r, are given, equal to feveral furd Solids 5 becaufe you 
need only find a Line x equal to all the furd Solids divided by the 
Cube a\ or the Solid a be. And the fame mv& be underfbod of ft* 
veral Products of five Dimenfions, of fix, &c: which may be always 
reduced to one only, whole Sides are all given except one; 

Corollary. IL 

378.TTENCE, if it be required to find a Square equal to feveral 

'^ given Planes, the Planes muft be brought into one, and then 

a mean Proportional found between the Sides of it j and then that 

mean Proportional ihall be the Side of the Sqcore required. For El. 

ample : If it be required to find a Square x x = 5 1 — ^'^7^^ (the 

Lines a, 5, r, ^,/, J, 1, being given) firft find a Line » = — — inf^, 

that fo we may have a Plane tn — n — "jn:^* ®^d '^^^ finding 
^ mean Proportional x between e and m, the Sides of the Plane c m ^ 
and It IS plam, that xxis=^io=:ff uTTT"' 

If it be required to find a Line x, whereof the Square x^ Ihall be 
equal to feveral given fiird Solids 5 find (as above) a Square z% equal 
to all the given furd Solids divided by the Sauare aa either given or 
taken at pleafure. When this is done, find a mean Proportional 
as X, between the two Lines a and %, and that mean Propor- 
tional fhall be the Line fought j forxx = az, and (Iquaring both 
Sides ) ^4 = a a z :t, that is, x^ is equal to all the given furd Soli(Js. 

S c H o L I t; M. 

3T9- A Ltho' the Method above laid down is general for all poffible 
-^ Cafes, yet it is not always the moft fimple 5 therefore I 
Ihall here lay down fome particular Examples, and refolve them moft 
eafy after a manner fomething different from the general Rule, 
which may ferve as Rules for all the like Cafes. ' 

1. Let 
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1. Let X be = ^^^^ • Firft find a Line i» = — , and fubftitu- 

abcA-c^ c 

tmg c w for Its Value ahy \ve Ihall have x = — ~ =z — ; — 5 from 

ivhence making c-\- m \c — m\\m\ny\ find that this fourth Propor- 
tional w is = X. Therefore it is manifeft, that we here find the Va- 
iue of X by only two Proportions, whereas by the general Method 
there muft have been three at leaft, 

2. Let X be = ^4^4-6^ Make a right-angl'd Triangle, one of 
whole Sides let be = a, and the other = b j then the Hypothenuie 
thereof Ihall be the Value of x. If it be required to fiixi a Line x = 
^oMr-^j then find a mean Proportional as x, between the two Lines 
a'\- b and a — b\ for the Square thereof muft be equal to the Pro- 
duft a a — i/^ of the Extremes. Or elfe make a right-angled Trian- 
gle, whofe Hypothenufe let be = a, and one of the Sides = b 5 then 
2ie other Side Ihall be the Value of x. 

3. Let xxbe=jx4-4^g — ^^. Aflume m equal to the Hypo- 
thenufe of a right-angled Triangle having one Side = x, and the 
Other = 2 ^, and finding another Line « = — , we have xx =: m m— 



nriy and x = ^mm-^nny which may be r efolve d in the fame manner 
as in the laft Example where x was = s/aaJt-hb. 

Laftly, Let xx be = x i — "^^J . AfTume a mean^ Proportio- 
nal between /I,/, the Sides of the Plane af^ that fo we may have i/ 
:=:^/, then find a Square ?n m ==^ b b -^ 1 1^ and another Square n n = 
cc -{■ h &, by means of two right-angled Triangles, as in the fecond 

Example, and ( by Subftitution) we have xx = ss — — " 5 and firial- 
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ly, finding a Line^ = — , and there arifes x = ^ss—gg^ which may 
be refolved as above. 
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PROPOSITION II. 

Problem. 

^Qo.n~^0 fivd the Roots of all kinds of Eqmtiom of the fecojrd Dc' 

^/'tv, [ or of tn'o Dimcvjiovs.'] 

All Eqiuitioiis of the Second Degree may be reduced to one of the 

following Forms x x 1u a x — 1 1 zmo^ ox x x A^a x -{■ b b zn 0, b;: 

,3 76. finding a ^ Line a eyual to all the known Q.»iantities that io 

mulri- 
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multiply the unknown one x, and a ^ Square b h equal to all theknovm ♦-rfr/. 3 78* 
Reftangles. This being premifed. 

1, I^t X X -ya X — h A be = e. Make a right-angPd Triangle CABj Ftcr ai«? 
one of whofe Sides C >4 let be =7 <i, and the other Side AB^=^b, and 
drawing the Hypothenufe B C, and producing the lame beyond Q 

about C as a Centre with the Radius C A^ defcribe a Circle cutting 
£ C in the Points £, D. I fay the right^Lines B Dj B £, are the 
two Roots of the propofed Equation x x A-a x— bb^ BE being the 
affirmative Root, and B D the negative Root of the Equation x x + 
ax — bb=o, and contrariwife BD the af&mative^ and BjEthe 
negative Root of the Equation xx — ax — bb^=2o. 

For making BE=Xj and we Ihall have BD or B£-f£ D = dr+ ^v 
and if BD be made = — x, then BE or J5D —ED Ihall be = — x — • j;. 

And fo in both OlCcs D B % B Eis^ixx -^ fx^^AB (bbjhy Hie 
Nature of the Circle, that is, x x +a.x — bbis=zo. And contrari- 
wife, if jBDbe made ~ x or ££=— x, welhallfind D 5 x J5 £= 
xx — a^x^='bb or XX — ax — bb z=(n 

2. Let X X 4. ax 4- ^ i be = 0. Make a right-angrd Triangle ^as Fig, - f^ 
in Cafe I. ) CAB, having one Side CA =t a, and the other A B 

— b •, and the indefinite right Line B D being drawn parallel to A Q 
about the Centre C withthe Radius C A defcribe a Circle cutting tha 
Line B D in the Points JE, D. I &y th^ right Lines BE, B D, are 
the Roots of the propofed Equation xx4-«x+ii=o-, viz. the twa 
affirmative Roots of x x — <ix. + b bzzzo^ and the two negative ones 
of X X + a X + i ^ — «. 
For compleating the Semi-circumference A ED H,- and dsawing 
^, D G, parallel to AB^ then i£ BEot AF be: made =2 x, we 



fliall have A F X F Hziza X —X X = F E (b b) by the Nature of the 
Circle. In like manner; if B D or y^ Q be made = x, we fliall have; 

AG^ QH=iax — xx=^'GD (bb)i That is, xx — ax + ii=o 
in bothC^fes. If J3 £^or ^Fbe = — x, and B Dor AQ = ^Xy 

thenfhally4F)c FH and AG ^GHht = — x x—ax=:YEo€Gl5 
{bbj'j that is, xx -h ax + bbzzzo. 

If the Circle, whofe Centre is C, and Radius Cy^,.does not cut or 
touch the parallel BD (which happens always when A B.eiceedsCy4k 
tlien both the Roots of the Equation will be imaginary y but if tne 
Circle touches the lame in one Point, the^two Roots 5 jE, B Di do 
each become equal to the Radius CA^ 

S c H o L I TT ^^. 

3ffi. T57HEN the unknown Quantity in an Equation hath onlir 

^^ four and two Dimenflcns y. then that Equation may beat 

ways brought to another, wherein the unknown Oyantity arifes no 

2jl higher 
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higher than the fecond Degcee ) and lb Equations of this kind maj be 
taken for thofe of the fecond Degree. 
Fic 1x4. For Example, let z* — aa z %—aabb be = 0. Suppafe an unknown 
Quantity x to be fuch that the iledangle under the fame and the 
known Quantity a be equal to the Square z% •, that is, let ay be — *y . 
Then fubftituting a x for z z, and aaxxfov x^, and the given Equa- 
tion 86* — aaz z — aabb = 0, will be brought to this xx—^jc — bbzsh 
wherein the unknown Quantity x arifes no higher than the fecond De- 
gree. And if the Roots (jc) thereof be found as above, and meaa 
Proportionals be found between the known Quantity a, and the Values 
of thofe Roots \ then it is evident that thofe mean Proportionals fliali 
ezprefi the fought Values of the unknown Quantity z : Becaufe zz 
is =ax. 

PROPOSITION m. 

Problem. 

382. rpO fiiii the Roots of Equations of th ficotfd Degne aKothemf 
•* witbofit fieceffarily chargivg the lajf Term ivto a Square. 

Fig. II 5. I. Let xxIJItfx— Acbe = o, wherein b exceeds c. Defcribe any 
Qrcle ABD having its Diameter not lefi than the given Quantities 
a and b — c, and within this Circle, infcribe two Chords A B = a^ 
AD=^ b-^c^ both from any Point A thereof: And producing A D 
tof\ fothatDF=c, about the Centre C with the Radius C F, de- 
fcribe another Coiicentrick Circle cutting the Chords AD, ABj 
( produced ) in the Points F^ £, G, H. I fay A G is the affirma- 
tive, and A H the negative Root oi' xx -^ ax — bc=:o -^ and con- 
trariwife A Q the negative, and A H the affirmative Root of the 
Equation x x — ax — be z=:o. 

For ^1*' or A D -^ D F=ib, zud D F ov A E =c, and making 
AG or BH = x, we fhall have AH—a^x. And by the Pre 
perty of the Circle EGFH, the Redangle E Ax AF(bc) zizGA^ 
AH ( xx'\^ax). N w if AH he made = — ;c, we fliall have AG 
or B Hot A H — A B = — x — a, and confequently G A ^ A // = 
XX '\- a x'ds i)eforc. Therefore wlictlier AG hQ z=l x, or A H .= — jc, 
wc fnall always have xx + a x — be =0. After the lame manner 
we pnA'e that AG is the negative, and A H the affirmative Ro.t 0: 
XX — ax — b e = 0. 

I : c 2U'. ^- Let XX ^a X '\' be he z=:o. Defcrihe any Circle A B Dy whofe 
Diameter is not Icfs tliaii the given Qiiantities a and b -f r, and 
within the Hime infcribe two Chords A B — j, A D =b -x- c, bor.'i 
from any Point A tl;crcol*: Then in A I) afliime D F=: (\ :•. ji 
glKJUt the Centre Cwith the Radius C F dcfaibe anotlier Coi.;*er*:Ki 
Ci c'.e, cutting the Chorus ^ D, A B, in the Points i-; if, G, :.. I 
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fay ><G and AH^ are the two affirmative Roots of jcx — -ax '\'ic 
= ©, and the two negative Roots cfxA + <ix + ic = o. This is 
^monftrated after the iame manner as in the firfl: Cafe. 

If the Circle, whofe Radius is CF^ docs neither cut nor touch the 
Line AB\ then the two Roots of the Equation ihall be imaginary. 

Adtertisement. 

All the Contrivance that I make nie of, in the Conftrudlion or In^ 
veftigation of the Roots of an Equation, conlifting of but one un- 
known Quantity, lies in bringing a new unknown Quantity into that 
Equation 5 that thereby feveral Equations may be had, each containing 
the two unknown Quantities yand moreover may be fiich, that any two 
of them do contain together all the known Quantities of the pro^xw'd 
Equation 5 becaufe otherwife, when the new unknown Quantity is 
ftruck out, the proposed Equation will not again arife. Then among 
thofe Equations I pick out two of the moft Ample, and conftrud their 
Loci feparately, and the Interfedlion of thofe Loci will give the 
Roots fought. Now that unknown Quantity muft be fo taken, that 
the Loci of the Equations arifing from the proposM Equation, be the 
moft fimple pofiible. For Example : If the Equation be one of 
the fourth Degree, the Loci of the two Equations muft not exceed the 
iecond Degree : Amone which Loci there muft be always a Circle, as 
1)eing moft fimple, and alfo a Parabola, Equilateral Hyperbola, &c. 
JUl this will fully appear in the following Lemmata and Propofitions. 

^Fundamental Lemma/o/* the ConfiruSton of Eqvatiom 
of the third avd fourth Degree^ by means of a Circle and a j^iven Parabola. 

389. T ET there be a proposed Equation x^+23x» -^acxx'-^ 
^ aadx — a^ fs=: 0, wherein x is unknown, and a, i, c, i,/, are 
known \ and fuppofe another unknown Quantity jr to be fiich, that 
the Redangle under the lame, and the known one a, be equal to the 
Redangle under X'\-b and x -, and from hence we have the following 
Equations. 

1. ay=^x^ + bXf both Sides of which being (quared, and there 
arifesx^+ 2/^x^ +4t;cx=5^tf yj, andfubftituting^tfij — bbxx 

' in the Equation proposed for its value x^ -^ 2bx\ ana the fame 
; Ihall be cnang'd mto this Equation. 

h b c 

2. yj XX -{ — XX — dx — a f = 0, wherein fiibflituting 

^ for XX its Value ay^bx found by means of the firft Equation, i. in 

I — . — 4fjr. 2. in ^xx. 3. in xxA^ -^*^, and the following 

) three Eqoationsfiiall be had. 

H h y 3. J J 
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5/jj^+^jP— ^^— -- JP + — J* — ig^^^afw^o. B" the fift 

S!]ttiim«A<4-i«'^«jr«»^ be taken fiom l^df-fiMi Equatum, anl: 
erwaxds added to it, then «e ihall h»ire thefb.two dtheiai «jil 

f^ fa A'' 

* 6. ijf + cjr Jf + *J — «* — Ax — — *+ — X — i«— i:jr 

^ ft fa I'* 

7- J'/ + ^y — ^^-j» —«>+'**+ fc«— — * + — « — i * — ••/ 

• Nowif for the unJEnoam Quantitiisa x and t, there be taken two 

light Limi A% PM, making my Angle ArM with each other ^ 

<bNi^;o* then it is evident^ ^ that the Loom of the firft Efimion i&a Raiabda^ 

that of the ieoond niajr be ax Parabola^ EU^fis, or Hyperbola, acaxd- 

itig as I i is eqjoal, k^ or greater than ac^ that of, the third, an Et 

"Mrfb 3«8i lij^fis, whiih does become * a. Circle when c is s^ Of and tMi Mi^ 

^i^9f A PM ifi ^ti^^ -^^fSh ^ ^^^ of the fourth, ao Hyperbolii, whidk 

'^jM .^5^ dees become e^iilateinil Mdien ^bis =^a\ that of m fifth is alfi & 

«ii(.3|6. nrabola v^ft^ of the ftxth aa Equilateral H3rperbohi;^and la%,. 

the Locus of the &venth h a Cirde, when the Jkngle APM is a right 

Angle, 

SCROLrUM Ix 

584.TF 2 i*' had been negative in the proposM Equation, then the 
A Signs of all the Terms wherein b is found ot" odd Diraeniionii 
iti all the tquatioiis muft have been changed ^ and if the (econd Term 
was wanting, then all the Terms afiefited with k mud have been 
ftruck out. The lame mufr be underftood with regard to the other 
Terms of the propcfed Equation in refped of the Letters c^ /,/, 
oontain'd in them. But it muft beobferved here, that in all the dif- 
ferent Alterations t-^at can happen, the Locus of the firft Equation, 
(hall be a Parabola, that of the fixth an Equilateral Hyperbola ^ and 
liiftly, that of the feventh a Circle, when the Angle AJltM is a right 
Anglfc. 

Scholium. Ik 

jBy^.'TpHB Reafon why we have chofen the firft Equation xx+h% 
X sK <|.« rather than xx — kx=s=^ ay, or limply xxs=^a}j is, 
Itecauie when both Sides thereof^ are (quared, the two firft Terms c& 
oqe Side. ar$Lthe.rame. as. the. two firft Terms. of the progoled, £^tion 
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^ -h 2 i jf \ efr. and fd they mzy be made to deftrojr one another. 
And by that means wc (hall get a new Equation, whofe Locus is no 
higher than the lecond Degree, which being combin'd different wajrr 
with the firft, gives other Equations ( as appears above ) whofe Loci, 
not being higher than the feccnd Degree, may be cafily <?onftruaed, 
1)ecaufe the Plane xj is not contained in thofe Equations ^ among 
which the Locus of the laft is always a Circle, fuppoling the uidcnowa 
Quantities x and y to make a right Angle with one tuothec 

PROPOSITION IV. 

Problem. 

%%6.nrO find the Roots of the propofti Eqmitm X4 4. 4 b x' 4- a c xx Pio. at^u 
-*• •^— aad X — a » f = 0, hj means of a Parabola atti Circk. 

Afltone two right Lines A l\ P My making a right Angle APM 
with one another, for the unknown and indeterminate Quantities x and 
jf3 and thai conftrud ^the Parabola which is the Locus of the ^v&^Jn.iw* 
Equation of the Lemma, and afterwards the Circle which is the Lo- 
cus di the feventh ( and by means of the Interfe£lion of thefe two 
Loci, the different Values of the unknown Quantity x which Ihall be 
the Roots of the propofed Equation, may be found* This may be 
4one after the following Manner. 

In the Line ^ P produced on the other Side of ^, aflume^D 
r=T^, and through the Point D draw a Parallel to PMy in which 

Parallel take DC =— on the contrary Side of ^ P with regard to PM^ 

and with CD as an Axis, ( the Point Cits Origin,) and a Line equal 
to a for its Parameter, deicribt a Parabola MCM. This beii^ done^ 
through the fixed Point A draw A S parallel to P Af, ana in the 

fameaflume ^ B =7^ +-^—^^=4-^ for brevities fake, and pa- 
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lallelto^PdrawtherightLineB jE=:f il-4-^ , vh. — — when 

— a • . 

;< JB is = + A that is, when the Value d AB is affirmative, and + 

^ when A B = — g-^ obferving to take or draw both the Lines A jR, 

B £, on the fime Side ^4 P as P itf is, when their Values are pofitive, 
and on the contrary Side when the lame are negative. L aftly, calling 
EAyfn., about the Centre £, with the Radius £ AT = ^mm4^af de- 
iRrribe a Circle : Then if Perpendiculars MP he drawn from the 
Points M wherein the Qrcle cuts the Parabola, to the Line A P, the 
parts (AF)-oi that Line (hall denote the Roots of the Equation, the 
affirmative Roots being on the fame Side A^^PM was foppqied to 
be in the Conflnitting the Parabola, aiid the negative ones, on the 
cootmiy Side. Hh 2 ^ For 



23^ 7l?eNiNTHRooK. 

For producing Af ^ (parallel to A P) uatil it meets the Axis Cff 
MithePointL, wchaveiHL or^P + ^D = x + iA, CL or Mt 

+ DC=y -V -- 5 and bj the Property of theParabok ML = CL^a^ 

tliat is^ xx'\'bx'\^ibb = jbb')rah or xx + *x=a3f, which 
38 the firit Equation of the Lemma. Now if ii B be produced until 
it meets PM in Ry and the Radius EM he drawn, then becaufe 

£ R M isa ^igh^angled Triangle, the Square £-M Ihall be = £^ + 

gJ[i'=EB''\'2ERnBR4-B'R'\-TM—^2AB'<PM+ZrB — 
f B + J5 ^ + fl/ by Conftruftion, and ftriking out the Squares £ B^, 

Wa from both Sides, fubftituting a^ r, fi)E 2 AB^ — — i or 

J+ — — 5f._j foi2B£^ andx,y, for BJt, or ^Pandp^ and 

as a 

then we Ihatt get the ftvemh Equation yjAhCj — ay y4.xx4- 

iix4.--x — — x — ix=::i»/, wherein ff — be fibftituted fer its 

MM- a. ^' 

Value K and the Square thereof for yjp, then we IhaH get again the 
propofed Equation x^-^^bx^A-acxx-^ao'dx — ^V = o. From* 
whence it appears, that the Line AP exprefles an affirmative Rootcf 
this Equation. 
^ If — X and — jp be taken for AP and P M, when thefe Lines da 

fell the contrary way to that they are (uppos'd to fall in the G)n- 
fkruclion •, then the firft Equation will be always found by the Proper- 
ty of the Parabola, and the. feventh by the Property of the Circle. 
Therefore, &c. 

CoRaLLARY r. 

587. TJEKCE the foregoing Conftruftion may be made general for 
-n. all Tquations of the third and fourth Degree^ and a Parabo- 
la having the Parameter of its Axis ecjualto the given Line a, (hall be. 
always, ufed in that Conftrudion. It you, (i.) multiply an Eauation. 
•li!fc#.j7^. of the third Degree by the Root x, and take a Line * 2 t equal to all 
1,^^^ the Lines that do multiply x% a Plane "* a c equal to all thofe that 
'multiply XX, a Solid aad equal to the Solids multiplying x^ and 
laftly, a furd Solid a'/ equal to the known Terms of the Equation. 
(2.) And change the Signs wherein bis found of odd Dimeiifims, in the 
Vahies of the Linea ADjDCy A By BE, EM, which determine the 
Cbnflxtrftion of the Parabola and Circle, if 2^x' be negative in the 
jpojj^fibd Equation^ becaule the fame is pofitive in the Problem ^. and' 

moTtt.-^ 
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moreover, deftroy all the Terms afiefted with i, if the Ter» 2ix^ 
be wanting, becauie then ^ is = ^ ^Aild do the &nie with regard to 
the Terms wherein c, d^L do happfen. (3.) And take or draw the Linea 
when affirmative towardis^ or on the fame Side as FM j and when ne* 
gative, the contrary way. Then we ftiall have AD=i±^it^ viz^ 

— V b when 2bx^ is affirmative, and -^r b when the fame is nega- 

tivev AB zzzia-i- Hc = 4.^, viz. -^TCwhencLcxx isaffir- 

mative, and + I c when the lame is negative 5 S E=^ ±— 4^ r dy 

VIZ. — - when yi 5 is =; + ^, and when 2 i' is affirmative,, or die 
when AB is = — ^, and 2 5 x* is negative-, and contrariwife + 

— when AB = + jf, and ib'x^ is negative, orelfe when AB = — gr 

and 2ix*' is affirmative (that is, when tiie Values of AB^ and 

ADj are one pofitive, and the other negative^ and + ~ when theic 

Values are either both pofitive, or both negative ) as likewife -^ i d 
when a Mdx is n ative, and — id when the feme is pofitive \ and' 
laftly, EM = ^mmj:a(y viz. ^- a f when a^ f is negative, and — a./ 
when the fame is pofitive. From hence arifes the following Con- 
ftruftion, which is^ general for all Cafes. 

A Parabola MCM whole Axis is the Line C G having a Line equal Fig. zitv 
to a for its Parameter, being, given, and the propoled Equation being- 
reduced to this Form x^4^ 2bx^'i-acxxZ\LaalxA'CL^f = o^ draw 
a Line A B parallel to the Axis CG dillant therefrom by theQuan- 
tity 2b, on the right Side of the Axis when 2bx^ is affirmative ia 
the propoled Equation, and on the left Side of the fame when 2bx^ is 
negative. Through die Point A wherein the Line A B meets the 
Parabola, draw AD perpendicular to the Axis CQj and in the 
Axis affiime D F = iay FG = 2C D f always from D the contrary 
way to the Origin C} and G iC towards C, when, ncxx is- pofitive ^ 
but the contrary way, when the lame is negative. Then through the 
determinate Points >^, F, draw an indefinite right Line A jF, and thro'' 
the Point K a perpendicular to tiie Axis meeting At in By and in 
this Perpendicular take HE^^l don the right Side thereof when aadx^ 
is negative, and on the left Side when the feme is affirmative. This 
being done about the Centre £; and with the Radius £ Af = yrfj^^whea 
theTerm a*/ is Mraiiting in the given Equation 5 that is, when the fame 
is but of the third Degree v bu t when it is of the fourth, call >rfZ, m^ 
and take the Radius EM = ^mmj^a^y viz, + af when a' / is nega- 



%^t 



Perpendiaskn if #fimm the Points i^ wheveia the Ciide meets ^ 
ghrea Penibola, to^ Line AB stood Ifaele Pertendknlai* ihall be 
the Rotfti c^ the given Eqiution^ th«le that &li on ti)e.iu;ht Side of 
fheLinew^J, heing the affinnative Rooti ^ and thole ftUuig oo lim 
h6L the iieeative Koeti. ' 




the Panbola CD =—. Theiefiire D6orPF+ FC? r=;«H--j 
and DX'or ^B = t^ +--- <- iczs 4- i, wo. —• t e when -V « c irx 

, . «•• • • , . ■ . . , 

is affintiatire, and + ic vrhea the fame is jMgative { and it mi^ be 
Iwie db(erved» that the Point B fiiUs oo the fune Side as PM, whai 
AB=:-\-gy ^t is, when the Value thereof is pofitive. and on At 
«ontiarjr: Side when die Vahw it negative Kow becaole the Trian. 
gles A DFt A BH, are fimibr, therefore D /^(i«) '.D A ( ±if) 

;t^J(+^):^H=f.il^,-»k. +"^,wha» ti»«Valnes i£ Ah 

ibd^BatebothpoCtiveorbothnegativci andr- Awhen the v., 
loe x>f one is poCdve, and of the odier iie^tive. And tfaerefiR 

5jB=i:— +4i, i;». — -5.J when « a Jx is negative, and +|i 

» when aadx is affirmative 5 but you muft obferve that the Point E 

will fall on the feme Side as P Af, when the Value of fi £ is pofitive, 
and on theoppofite Side when the feme is negative. Hence it appears 
that the Centre E of the Circle fhall be always determined, as requfite 
in all the jpollible Cafes, by this Conftrudlion. 

If the fecond Term 7bx^ht wanting in the propofed Equation, then 
it is manifeft that the Lines AB^ AFj will fall in the Axis Cff, 
in fuch manner that the Points A-, D, fhall coincide with Cthe Origm 
thereof; fince b:=zo. And confequently the Point G will coinade 
with the Point F, and the Points H and B with the Point K : And fo 

Pic a 1 8. the general Conftrudlion in this Cafe will be much fimpler than that 
above. For here you need but take C P= t « in the Axis of the Pa- 
labola, always within the feme, and P JC = | c from F towards the 
Ojigin C when acxxv& affirmative, and the contrary way when the 
feme is negative 5 and then draw K E :=z[ d perpendicular t6 the Axis 
on the left Side thereof when aadx is affirmative, and on the right 
when the feme is negative •, and proceed afterwards as in the gene- 
«al Coiifixudion, obfer ving that £ C is heie = m. 
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-In like inanner if the Terra a^xx\>t wanting, then the Point K ^^^* ^T* 
fiall fall on the Point Q s and if the Term aadxht wanting, the 
Centre £of the Qrcle Ihalt fall in a 

388: np HERE WAj be had yet a more firaple Gonftruftittn ftr 
-*- Equationt^ oi the third Degree that nave their fecondi 
Terms^ in multiplying theiu by the unknown Quantity plu^or miiiuSy 
the known Quantity of the fecond Term^ vi%. plus that Quantity' 
when the (econd Term is affected with the Sign — \ and minus thatr 
Quantity when the, fame is arfeded with the Sigp +5 foe in doing; 
thus, we get an Equation of the fourth Degree wantfng the fecond 
Term. For Example, to find the Roots of this Eauati( n of the 
third Degree, x^ — bxx-^- ap x -l-a a q =: : Multiply it by 
X + by and then you will have the following Equation of the fourth 
Degree x"^ ^ap x Jn+ a aq x -^ 0abq =-0^ vranting 

— b bx X fcfbpx tiie fecond Term •, now ufing the Con- 
firudion already laid down for thefe Equations that want t! e Iccon^ 

Term, and then we fliall have C K( ia±^r e)zz'^a j^— — ^p, RE. 

^d)=^q +^ , and tiic Radius of the Circle EM^^Hm—r^ : 

From whence arifes the following Conftruaion. 

Draw a Parallel to the Axis C D diftant therefrom to the left By a Fig. ir^- 
Line equal to b^ and meeting the Parabola in the Point jfj alio draw 
tJie Line C A through C the Origin of the Axis^ and upon the mid- 
dle rf Cy^raife the indefinite Perpendicular G meeting the Axis in 
the Point G. This being done in the Axis afliure Q K^=Tf from 
G towards C, and thrcuga the Point JC draw a^ Perpendicular to the- 
Axis meeting the Line Q in the Point H, in which perpendicular 
jjroduced towards Hy taie HE=- tJ, and about the Centre £, with- 
Sie Radius E A defcribe a Circle. I fey this Circle fliall cut the Pa- 
rabola in Points {M:) from whence letting fall Perpendiculars i^J ^ to* 
the Axis •, and thofe Perpendiculars on the right of the Axis Ihaltbe 
the affirmative, and on the left the. negative Roots of the propofed. 
Equa tion X ' ^— ^ X jr. -H a.p X +^ a y :=:o. 

For if the right Lines A D, A be drawn perpendicular to the: 
Aais 5. then by Conftrudlion we hav« A D:=^b^ and by the Property^ 

•f thtt P&rabola CD—^. Therefore fince C ^ is bifedted in 0, the, 

4 

fimilar Tiim^tt'C A-D, COE, ftall giveO Lz=l.L C L= ~ y 

and. lieiauie. ^ right angl'd Triangl«& C £ 0,, QE.O, stefimihtr^, 

.2^ tbereforoL' 






^apntlyCXorCl+ lO — QX=i4i+ — — *^ Moreover, bc- 
caole the Triangles O£0;<7XH,«ielhiinar, theie&re JCHfliall be 
^4i tod XH + H£ or i£ = ig4.-J/whichtc^ 
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ef the Axis, as is ixtlcribed in the ConftraOioo, when aadx is at 
firmative. Therefore the Point E is the Centre of the Circle, whc^e 
IntedeOions with the given Parabola ihaU determine all the' Roots of 
the Equation of the fourth Degree x^ 4- a |r x x, &c. And becaufe the 
Roots of diis Eqoation are tlie Roots of the propofed Equation x' — 
ftxx4-'Px4-tftf 9 = ^ together with a negative Ro^ AD(i)'^ 
whence the Circle mufl: tkei(s through the Point A. Therefore, &c. 

We can prove likewife by Calculation, that EA is the Radios of the 
Circle fought. For if £ £ be drawn mrallel to the Axis, then 
becaufe the Triangles EAB^ EtiC^ are right^ngled, the 

Squares of the Hypothcnufis Wa^'EB+ J^,*and ECz=:Ck\ 

jfg and confeqhently it muft be proved, that"0*+X5f =£JC + 

jfC *— i qi becaufe we muft teke EM = ^wmTl^ But fubftituting 
on both SSides, inflead of thofe Lines, their Analjrtick Values, aad 
thefe (ame Quantities will arife, as thef muft if the Radius fbvght 
EMhe = EA. 

Now to render the aforefaid Conftniftion general, you muft, 
^1.) Draw the Parallel to the Axis, bdng diftant therefrom by a Line 
equal to &, on the left Side the fame, when bxx is negative in the 
propofed Equation ; and on the right Side, when the fame is affirraa- 
tive. (2.) And you muft take QK =Tp in the Axis from G towards its 
Origin C, when ap x is affirmative ; and the contrary way, when the 
fame is negative. (?.) And iff = ig muft be taken to the left, 
when a MIS affirmative •, and to the right, when the fame is negative. 

Scholium. 

389. TIT EN CE it is neceflarjr to obferve, i. If the Circle docs cut 
-■^ the given Parabola m two Points only, then the propofed 
Equation (hall have but two real Roots, when it is one of the fourth 
Degree 5 and but one real Root, when it is an Equation of the 
third Degree, and the two others imaginary 5 as in Fig. 219. where 
the Circle cuts the Parabola in two Points A, M, only 5 the Equa-ion 
x^ 4-apxx — bb X Xj &c. has but two real Roots A 1), M9j which 
ire both negative ones, becaufe they fall on the left Side "me Axis. 
j^ If the Qrcle does neither cut nor touch the Parabola (which cannot 
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Tiappcn when the Equation is one of the third Degree, as appears hy 
the foregoing Conftrudlions) then the four Roots fliall be imaginary. 
?. If the Circle touches the Parabola, then the propofed Equation 
will have two Roots, each being equal to the Perpendicular drawn 
from the Point of Contaft •, as appears from hence, viz. that a 
Circle touching a Parabola, may be confidcr'd as cutting the fime in 
two Points infinitely near to each othpr, which do comcide in tlie 
Point of Contaft : But then the propofed Equation may be brought 
down to one of the fecond Degree by commoii Algebra, and fo there 
will be no Neceiiity of conilruding a Parabola for finding the Roots. 

SCHOLITTM IL 

5^90, tF Regard be had to what is dcmonftrated in Algebra, viz. 
J- That in any Equation wanting the fecond Term, and having 
all real Roots, the Sum of the affirmative Roots is eqiml to the Sam 
of the negative ones y we may get the following Theorem. 

If a Circle cuts a Parabola in four Points AT, and Perpendiculars, pjc ^ 
zs M^j be drawn from them to the Axis CFh I fay, the Sum of the 
Perpendiculars that fall on the right Side of the Axis, fhall be equal, 
to the Sum of the Perpendiculars that fall on the left Side. 

For if C f be taken in the Axis of the Parabola from C, its Qri- 
gin within the l^rabola, equal to the Parameter, which call a 5 and if 
£X be drawn from E the Centre of the Circle perpendicular to the 

Axis, and you make FK = ic, KE = id, YC—EM^ af^, then 
it is plain * finom the Conftruftion at the End of Cor. i. that the Per- *-^rf.j8 
pendiculars M ^fhall be the Roots of the Equation x^ — acxx + aaix 
j^a^ fzzzo wantmg the fecond Term, viz. thofe felling on the right 
Side tne Axis being the affirmative Roots, and thofe on the left, the 
negative ones •, therefore, &c. 

If the Circle pafTes through C the Origin of the Axis, then it is 
plain, that one of the Perpendiculars M^wiU become =:o, and fb 
the Perpendicular on one Side the Axis ffaall be equal to the Sum of 
the Perpendiculars on the other. 

If the Circle touches the Parabola in one Point, and cuts the fame 
in two others, then you muft affiime twice the Perpendicular drawn 
fiom the Point of Contaft, becaufe that Circle may be look'd upon * as ^j^t ;8 
cutting the Parabola in two Points infinitely near to one another, ' 
which do coincide in the Point of Contafl*. 

Scholium III. 

391. TlEcaufe in Geometrj^ there cannot be fuppos^d ProduSs of more 

-" than three Dimcraions, fince a Solid, which is the moft 

compounded, has but three ^ therefore you may di^e all the Terms 

I i of 
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of a wpopofcd EoBttioa exceeding the third Degree hy my ffwtsk Line 

is'd to a rower, lefi by Umtr tban the Fbwer 



( talcea at pUafoie) 
of the higheft Teim tfatrec^i and by this Means tbc Eqaation vill 
sot be at all embamfi'd, and each Term theteof iball czpiefiri|^ 
lines only. For Example : Let there be aa Eqaatioa of the fiborth- 
Degree, tm., *^+ 2ix' A-acxx — aadx — a^fzzzo% divide the 

lamebrj', andtilere will arife —-4-— -4-2? ? — / = ^ 

cadi of MAnok Terms^hath bnt one Diiaenfion, and confeqnenrij do- 
ejq^uefi right lioes^'only. We commonly chufe that- Line which is. 
fbond repeated mofl: times in all the Terms of the propofird Equation, 
as the Line a is here ^ and even ibmetimes it is underfiood in efteem- 
in^ th&fitme i^ UniQPy i/vfaidi will pvodnoe no Altemtion in die Qow- 
dtM* it moltiBUes or divides^ io makiB^ii== t, and then wre nisf 
ijjfrilo.y 4i*'2i£r«i'4«sx« — ^« — ^/=«f infteadof jc^ •»• zhx^^^^ 

^OAdx — a^f=^o^ orof — ^-^-4.^ f=0. Tht 

"• • «» s^ Mm mm ' 

fine mnftbe ondeiflDod ofJEqnttions of the fifth Degree^ fizdi 0«t% 

Scholium IV. 



A* FMr diei^rde, which iathe Locos ofthefiiftEqpiatioa of tbr 
> Lenm»9 is conftrufied, if a Conick Scdion, which n tat 
Locos of any otter of the Equations of that Lemma, be conftnided ; 
then the Interferons of thofe two Loci fhall determine the Rood <i 
the propofed Equation \ becaufe making the unknown Quantity jp ts- 
nijQi by means^of their Equations, the propoled Equation will be agaia 
gotten. 

From whence it is evident, that that Equation may be conftrnded, 
I. By means of a Circle and Equilateral Hyperbola, being the Loci 
of the fevenrii and: fixth Equations of the Lemma. 2. By means (^ 
a- Circle and an Ellipfis, whofe Axis (being parallel to AV) is to the 
Parameter as ^ to c, ufing the fevcnth and third Equations. 3. By 
means of a Circle and Hyperbola, wljofe Axis (being j^rallel to A¥) 
is to the Parameter as a tf to ^ i^, ufing the feventh and fourth Equa- 
tions. And becaufe the Line a, by means of which all the Quantities 
multiplying x x are reduced to the Expreflion a c, all the Quantities 
mtdtiplyinex to the Expreifion a a if, and all the Quantities multi* 
plying the known Terms to the Expreflion a*/, is a Qpantity at pka* 
liire \ therefore, if forti be taken for an infinite Number of diftercnt 
lines, the propofed Equation may be conftruded by means of an in- 
finite Number of Circles, Elliplcs, or Equilateral or not fiquilateial 
Hg^lgtfbula % all difierent between themielves. 
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It appears, (in Article 387.) that if the arbitrary Quantity a 
being the Parameter of the Axis of a given Parabola bfe taken fot 
Unity, then ufing the firft and feventli iiquation, the prppdfed EotMfti- 
ou may be conftruaed by means of a Circle and *a -givien ^ftttfbtda : 
And here! Ihall fliew bow to take the Quantity a fuch, that the £qua- 
tion may "be conftrudted by means of a Circle, and anZllipfisor an 
Hyperbola fimilar to a given EUipfis or Hyperbola. For the Ratio of 
the Axes being given, by fuppofition, the Ratio of the Axis ( parallel 
to AP) to its Parameter fliall be given alfo. Therefore if that given 

Ratio be called — •, we (hall have —=• — , ( when the SeClion is an 

m .am 

Ellipfis) and fo ^a = — 5 from whence if for the arbitrary Quan- 
tity a (being Unity) there be taken the Root of aSquareim equal^toMit.j?** 
the known Quantity a c which multiplies jc jc in the given Equation, 

• • • 

and is multiplied by — 5 the Equation may be conflrufled from the 

ft 

feventh and third Equations, by means of « Girck «nd an (EHipfe, 

whofe Axis being parallel to A P, is to its Parameter as m to n, T)ecirdfe 

— =— : But when the Sedlion is to be an Hyperbola, we have — :=: 

tn a .... -W. 

hh m 

— , and therefore a = b ^—t whence if that Value be taken fir 

tmity (a) and the fquation be conftruifted from the Seventh aUd fourth 
Equations, then the Axis of the Hyperbola ( being parallel to ^ ^ 
which is the Locus of the fourth Equation, fliall be to the Paramettf 

thereof, as iw is to w, becaufe — = — . And this is what was pro- 

fit 4tf 

pos*d. 

Scholium V, 

393. TTE N C E the arbitrary Line <i, doing the Office of Unity, is 
^^ fufficient for conllruding the propoted Eqwtion, -by meansef 
a Circle and a given Parabola, or elle by means of a Circle and an 
£llipii% or HyperbolK fimihr to a given one. But when it is reqtnt'd 
to Conftruftthe fame by means of a Circle, and an£ni|rf[ts, or Hypeiv 
bola given, then one art)itrar)r Line only is not enough •, tbnre muft be 
others brought into the Eguation propofed, to the End that they may 
be determined afterwards fo as the given Se^ion ferves. This wt ftxau 
ihow how to do in the foUowing Lemma. . 

lis A f^ tr »- 



V < 



t44 V *^ CMf^rii£fi 



qnaaans o 



lE^pffMoo of the {bmth Descec^ 
=0| wherein the Lettei!^ «, i, c, 



given Linesi and the Letter z^ ezpiefles the mdmown Roots of tit 
E^tioa. Aflame another unknown Qointity x t s a^ ( the Lettaf 
denoting a line taken at plealiire)} and in the Room of z^ x x, and 

%\ fiibftituting tiieir Values— , -r^, and-r — in the fiMtlaid Eqaatiao^ 

and the lame wiU be changed into this, vie. j^4- -^ X X, — x4- 

^ sss 0^ alio allume a third unknown Quantity j fuch, that beiog 

li^tiply'dbj/, tbel^xiduft/jpmaybeegu^ ^^ 

iecoodmkiiownC^iantityi and then we mall have tiie tdOowwgE' 
quations. 

I. XX ^fy =s 0, and fubftituting fj^ ^^^fjj for xx and jr* m 

... &jf ^^ 

' thfrEgution x* + ^ xx, &«. and we Ihall have a fecood Eqn- 
tioa 

2« J* J" + — J* •— — *+ — = 0, which being added to the firft 

WW WW •^ 

Equation, and then, 

3 ,yj +-7^— /j + ^^^-7^ + -7^ = ^1 and the Locus of 

♦wfr#.324, thfs Equation is *a Circle, when the unknown and indetemiinate 
mid 3.2>. Quantities x and y make right Angles with one another. Again, mid- 

tiply the firft Equation by the Fraflion — (^ eiprelling any Line at 

plea&re) and then we have^ x x — — ;> = ^ and addingthis Equa- 
tion to the feccMid^ and then fubftrading the fame firom it, and the 
two following Equations will be had. 

4- JJ^ + -T->— — J' + -^^ — -^+ — =^, whofeLocusk 

11%. 5.J^J' + 7J' + 7-J' — 7^^ f ^+ 7-=^, whofe Locus is * 

f&JHyperbola or the oppofite Sections.. 

w S c H 0- 
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Scholium. 

395. T F the Signs of fome Terms of the propofed Equation fliould 
-■- be different from what they are here ) or if fome Terms be 
wanting, notwithftanding this, the Loci of the five Equations Ihall 
always be Conick Scftions of the fame Species •, that is, the Loci of 
the firft and fecond Equations (hall be always Parabola's, the Locus oT 
the third, a Circle, &c. 

PROPOSITION V. 

Problem. 

^^S.nrO covpruS the Equation z^+a bzz — aacz+a'd=o of 

^ the^our Degrees^ by meam of a Circle given^ and an Hjperbola 

fmilar to agtven Hyperbola 5 or elfe by means of a given Hyperbola and a 

Circle. 

Conftruft * the Loci of the third and fifth Equations, taking the ^^rt.^zf^ 
fame Lines A P, ?M, ( niaking a right Angle APM with each other) """^ 35*- 
for the unknown and variable Quantities x and y ; and then the Values 
of the unknown Quantity % may be determined by means of the Inter- ^^^^^'^^^^ 
feaions of thefe Loci, after the following manner. *" "'^ 

Through the Point A the Or^in of the x% draw the Line y^ D = 

fZ-y parallel to P My and on the fame Side as Pilf, when a exceeds 

b, and on the oppofite Side when the feme is lefs. Alfb draw the in- 
definite right Lme D Q parallel to A P, and in D Q af&me D C= 

4- from D towards P Af, then about the Centre Cwith the Radius CF 
or CG =— ^ c^oi^^iuib^hh^^d defcribe a Circle. This being done^ 



draw A H= —^parallel to PiM but towards contrary Pam, and 
draw the indefinite Right Line H K parallel toAPj^ in which take 
HI~— from H the contrary way to P My and on both Sides the 

Point Jaffume IKy IL, each equal to-zr^cc^hgA-^gov—^bg-^ /^--^tc 

( h being taken = — - for brevities fake )• X^ftly, with the Axis 

L K( which muft be a firft Axis when c c + 4 J^ is greater than hgy 
and a fecond one when it is left) having the fame proportion to its Para- 
meter KOy as a is to^, delcribe an Hyperbola or the oppcfite Sedlions 
meeting the Circle in the Points M^ My from which Foints let M Py 



ilf P, be drawn perpendicular to the Line AV^ I fiij the Pirts A P, 
^P, of thisUneihaU be the Roots of thcEg^ 

^ ^ :=: /9, the affirma^ve Roots {alliog iiroin ^ towacdi the 

ijine Piltf whidi i^ras dncwnin the Conftm&ioo, «ad the utij ii ii i t 
tmes the coatiai^ -miy. 

For by the Properties of the Circle and Hjmrbola, we Audi fant 
the third and fifth Equations^ and fubftraOing toe third Equation ftom 

the fifth, and then ^jf +/jf— ^«x — **=o, and ibj = ^. 

Wd (abftftutine ^ fi>r y^ and -^ ftv9li» in eidier di thofe two & 

^oations, and .(hen tbese will asile the Emation x^, &c. But the 
irdoes of X being faad^ the Values -of % will be ib like wi^; liecaole 

/.■..•■■ ■ . • , ■ 

Ifaw to Atisfir the £rft ibii^ ieqati>^ in the ftiMein, od 
the jRadioi rf the .giwn iZkde CF,^| and tMk r 'AMI ^ s 

i- v^i-c.1 jj 14* I a »irf s wliencexf JOB «i)ke/= 

the Radius CForCQdE^ Gxde bekg the liocos of the third £* 
quation, fhall be equal to the given Quantity r. And that the Hj- 
perbola be fimilar to a given one, that is, that its firft or {econd Axis 
X K, be to the Parameter JC in the given Ratio of iw to w 5 you need 

only aflume ^= — , becaufe LK :K0 i:a:g ::m itt. 

fit 

Laftly,To order it io that the Hyperbola be given, or, which is 
the fame thing, that the firft or fecond Axis L Kj and K the Para- 
meter of that Axis, be equal to given Lines j call the firft Ajris i Jf, 

^ f 5 and its Parameter KO^p^, then KO (p)z=: ^^ and LK (it J 

= — ^cc4-4g^^-*g (remembring that b = — ^^ j whence^ = ^, and 

/= 1 — 7 Z~r • -^^ ^^ ^^ appears, if c c + 4 i j[ docs exceed i r, 

and thofe Values be taken for^ and^, the given Lines 2 t andp ftiall 
be found for the firft Axis L K, and its Parameter K 0, in the Con- 
ftruftion of the fifth Equation. But if c c + 4 rf^ be lels than i/, 
then you muft call the fecond Axis I. JT, 2 1 ^ and its Parameter KOjp ^ 

from 
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— ^ ^^A r ^gL 



from whence there ari(es (as above) j[ = -^, and / =; 

And if hg, in this laft Suppofition, wherein 2 1 does reprefent the 
fecond Axis, exceeds ^ c -f 4 2f ^ j then if thofe Values be taken for 
j^and/, in the Conilrudion of the fifth Equation, the given Lines 2iv 
and p, ihall be found for the fecond Axis L K, and its Parameter 

KO. 
Here it muft be obferv'd, that the Value of/ may be ima^inary^ 

in bath thele Suppofitions ^ and fo if appears, that the Conftrutlion iiv 
this Cafe is impollible, at leail by this Method. And fince all tho^ 
who have ufed the lame after Slufivsy who invented it, have 
affirmed, that it is general ^ I fhall here orderly examme all the Cafes, 
that, can happen, and fhew, that even in this Example there may be 
an infinite Number of Cafes wherein that Method will not fucceed. 

If the given Hypcrbda's be two Conjugate ones, the Conftruftion 
will be aiwa)'S^ pollible ^ for if you call the firft Axis of one of the 
Hyperbola's LK^2tx^ and its Parameter KO^fs the Value of /=:: 

^ " wtU be imaginary, thatk, hg docs exceed ^^4-4.^.^,5^ 

then you need but ule the Hiyperbola, that !» a Gomugate to this Hjr- 

Eerbola, and its fecond Axis inftead of it, and the nrfl Axis thereof ^ 
ecaufe the fecond Axis of the latter Hyperbola being the fame as the 
flrfl Axis of the other, the Value of/ will not then inclade a Contra- 
didion. Note^ ii c c^ ^Ightu^ bgj. then die Equatfoai of the? 
£)arth^IDegreo may be brought down to one off the ficond. 

ScHObitfM; 

597. r.jF the given Hyperbola be an Equilateral one, we have 
^ gzzza^ and then the firflAxis of that Hyperbola muft be 

ufed in the Conftruclion cf the Problem,, when cg'\' ^dg does, ex- 

■»• 

ceed&^, that is, fubflituting- — ^ for its Value i, and a (or g, whea. 

c r + 4 ad does exceed ^ + <» j a^^d the fecond Axis,. when the fame is> 
lefs. And the Conilrudion fhall be always polTible. 

z If the firfl Axis of the given Hyperbola exceeds its Parameter: 
The fhft Axis thereof mufl be ufed in the Gonfbruaion of the Problem^ 

when CC + ^(hI is greater than & + a ; for it follows from. thence^ 

that cc + ^dg does exceed hgy, that is, (multiplying by — , and fiib- 

flituting -^ for its Value i) — + 4 a.i is gieater tban.TTl*»finca: 

^ g- 

^ 8 
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^ ^^ \ being lefs than n in this Suppofition, the Quantity — -V 4«i 

ihall be greater than cc + ^^ad, and ^+j (hall be le& thanTT« 

And contiarivi&i when cc-^^^adia kfi than b^a ) thenthe (ecood 
Axis muft be u(ed i for it follows from thence^ that cc + ^ig i$lA 



mt 



than &^, or — + 4 a J l^Is than £4-^ , iuice 2^ denoting heretk 

jecond Axis, which is lefs than the Parameter/^, the Qpantity ^ a 

greater than a. Whence it appears, that the Conftniftion is alwaji 
poffible, not only when the Hyperbola given is an E^latenl on^ 
rat alfb when the firft Axis is greater than its Fu'ameter. 
3. If the firft Axis be' lefi uan its Parameter. Then tfactt is a 

Keceflitr of dins the firft Axis, when c c^^ad does exceed ^ + #1 
for if the fecond Axisbeufed^ then^c + 4J^ mnft be lefi than £|^ 



or — ^4« J lefi than ^+2 } which cannot be, becaufe 2f, whid 
then would exprefi the iecond Axis being greater thanp, the Qoantity 
g {^\ would be lefi than a. But in ufing die fizft Axis, it my 

happen that— + 4«i be lefi than F+i , becaufe jr (^\ is great- 

er than a \ and then it is evident, that the Conftruftion of the Problem 
will become impoirible, becaufe there is a Contradidion imply'd i.i 

the Value of/ ( — ===:}. In like manner, when cc 4- 4 j i {« 

lefi than * -f- «, there is a Neceflity of ufing the fecond Axis 5 and be- 
caufe then the Value of g {^^ ) is lefs than a, it may fo fall oat, that 

— 4. 4 a ii be greater than i +^ , and fo the Value o{J=. — ^^ 

may be imaginary. 

Therefore it is evident, that there may a Multitude of Cafes hap- 
pen, wherein the Conftruaion of the Equation in the Problem is ira- 
Ejffible ; and that is, when the firft Axis of the given Hyperbola is 
fi than its Parameter, for otherwife the fame (hall always nicceed. 

; * C O K O L. 
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^ - C O R O L L A I Y I . :i . 

399* T^ ^^^ fourth Equation in the laft Problem {hould have been ta« 
-■■ ken inftead of the fifth, and the Locus of that Equation; 
Which is an Ellipfis, been conftrufted, inftead of the Hyperbola be- 
ing the Locus ot the fifth Equation ^ then it is plain, that the pro]X)^ 
fed Equation z^, &c. might have been confhruded by means ot % 
given Circle, and an Ellipfis fimilar Co one given ^ or eUe by meant 
^ of a given Ellipfis and a Circle. 

Corolla ryII, 

^ 399. T^ HE foregoing Confttuftion may be made general for all 
A Equations ofthe third and fourth Degree, alter the follow- 
ing manner: i. Get the, fecond Term out of^tbe given Equation, 

» when the fame has one 5 afterwards multiply the fame by its Root z, 
if it be but of the third Degree 5 take a Plane a b^ eqnaal to all the 
Planes multiplying as x, a Solid aac equal to all the Solids which mul- 
tiply X •, and finally, a ford Solid a' i equal to all the given ftird So- 
lids. 2. Strike out the Terms wherein b is found in the Values of 
A A J5 C, CF^ AH^ IH, LK, when xx is not in the given Equation, 
^s alfo the Terms wherein cov d happen, when the fourth or fifth 
Term is venting : And change the Signs of all the Ternls wherein b 
is found of an odd Dimenfion, if the third Term of the Eauation 
given has a Sign different from the third Term of the aforefaid Equa- 
tion^ alfb change the Signs wherein c or il are found of an odd Di- 
menfion, when the fourth or fifth Terms have Signs different from the 
iburth or fifth Terms of the precedent Equation, j. Take thofe Lines 
towards PM when their Talues are pofitive, and the contrary way 

: when negative. 

Scholium. 

.400. Tp H E ConftruSion aforegoing may alwajrs te rendered more 

^ fimple in particular Equations propofed to be confhnded, 

if it be fo ordeied that a be equal to b^ for then the ^ven Equation 

need only be reduced to this^orm, m. x^+tfaxx^-ntf cxlj^a'i 

tzzoj inneadof x'^O^aixx ^-a^cxj^a^ d[ = a. 

P R O P O S I T I O N VI. 

Problem. \ 



4oi-'T'0 fird the Roots of the follotrhg Eqttatiofij Z^ — bz' — aCZ2 
^ -^ azdz-\- a zhh=:o by means of a given HjJierbola between 
its Afjmf totes, md a Circle. 

K k _^ Make 



.*! 



♦- . 




tfi Tk NiNTuBaoK 

1^^ Q^ 1Uecc=: ^, and tbcn the given Equatioo may Iw fttnlbim7 



mmrt<mtMaCxlx giTcn Hyperbola, whole Centre ii the 

X Smg MP ^U^OAto ji^ one ot (he Alymplotes, mettiag 

yrMtrOfUtm dxPtiint f; then call Af.i) PM,)(i2 

■■ to be tiM Poacr of the Hyperbola, wc IhalL have x; 

>io» if T» tale/= ,/ -^, dies bf=^t a >, and *£ = »> = 

'^i))% tai tUetaJCf I ijj Ex ^, which is the laft Tnui of the 
(ma BiiBioB, and dintiing by > i, then there will aiife , , 
— —*— ^+ ^-t )} — '• which will be changed (by HibltitutiDg 
McWteim^ iafaidofxiti7aloe^|{iind by nieiai of the Eqoa- 

iim.^=.«=*f; i«D thi^ lit. Mx-*j^ '~'~ + yj+n^'. 

t.ftt,t>* Lixm of wSbA it • a Ciitk, wien the Angle ji PM a j right 
J«» A,-v»- 

^t v\Vr. ;Si Ane's .-{ PM k r.At s right Angle, (or, which isthc 
IbteelNa^g; w^wQ 6e girea Hypeibola is not an Emilalen) onej 
lix» it is ertJiol, liat the Locus cf the laft E^ntion is noti Circle, 
Kit Ml £!!if4k Bat t.> Hoi au Tqiiation, whole Locus is a Ciicle, m 
£« A^j>(«L-» ..(FaSaine wll= :'i draw Sfponillel to the other 
A^;rW'.-*f ,v^. 3n!i':aw,-l£ fiom the Centred peipendicnUir tn 
Jtic rSf.: ci.i.j iV giren Q:si:lit!es B£,t; AB,i; rmikiply 
the t^w::.Ml ,\ i — « w = », whole Locns is the given Hyperbola, by 

*^ ani Ifim t'-tw tin atife-^— ^ = .. Thi being done, a« 

I^M F^liv to the raereviing one, when the Angle (orQ'd by tiie 
^ymftDNt is M«r, and fufafiract it from the fame when that Ai^ 
is^>t>tttlc, as it is tiiifcs'd To be iu toe Figve V then we ftall bavejy 

— I >•+ ■^^ y+ii — ^i— i^— =o,aadtheLocnsof thii 
* JM^t)« is * a Gi\-le, which nuy be thus CQoibufhd. 
JJJ^u^ Jil the Alyniptcte v/^affiane AD= ^ from ^towards PM; 

D(t«8tttiM£C= -^— ^ paialldto^^ m. the fime Side 
. -. ' Af 






0/ ^ Ctttfim^m of, E a w ii I I o K\ft %? ^ 

yiP with regard to PAT, when the Value of DC is pofitive 5 and on 
the contrary Side, when n^ative : Tliea about £^ as a Centre, with a 

Raahis 0^1=/ ^'+ ^=S!!? dcfcribe « Cir4e. I &y. tbi| Cirde 

flnfi cut the gi^^wi HyperWa, and that opposite to ft, ki P(i«lti f 4f ) 
firem which P^unlkb mV bcuig drawn to the A(Vflipfot€ >4r^^ 
Knrts y^ ^ of the other Afymptote fiiaU ^spreft the Roots of the 

quation x^ — -^;(f* — — *jf + -^x-^- — z^ Q\ the affirmative 

Roots falling from A towards VM^ aod the mgative ^les the con* 

twiyway. 

For from the Mature of the Cirde, will 1)e had the fbHowii^ E^- 
tionj^y-— — irjf+ -]^|4-xx*-* — X--.— -^i— ac=#, otuca wall 

become (prttiog mmiatj;ji « * — -j k — -^ -4--^ j 4-77 -s a, and 

fuhftituting — , or j-^ for /, and its Sgtnre for |j», in ^ laft £^ 
tion, and then there will be had a^in the ffoj^n^&i. £^tik^ k* -^ 

IF the Angle ibrm'd by* the Afymptotes h^ aait«, tiiw in Kh^ V^laeP '^ 

fS AD and C^, the isigns of the Team whece g bappens m^ be 
^hangcdy l)ecauie ^£ (^^; wiUthen be oisgativ^. Ait whoa the Hr.. 
^rbola is an fqoilatc^l one, the Terma whqiein ^ 16 fowd muft be 
Rruclc out, and 2 a mufl: be put for its Value e *, becaufe AB thenfallf 
in A£ i iiom whence the Conftnidioa is jp^oder'd mucb laore fim- 
pie. 

Ifow the Values of x being foudd, the Values of % wiU be a^b had, 

lince % z=z -J. And this is the thing proposed. 

C O t O L JL A R 1^ I. 

4C3. TF the hft Tenn of a propo^ Equation of <he fourth Degi«e 
^ has the Sign — , it is manifeft %y working as -above, that aD 
^Equation will i)e gotten, wherein as the Term jy with the Sign — ^ 
and confequently the Locus of the &m« ^will not be a Circle, but a^ 
^ HypeAola. Whenoe it appears, that the foregoing Method will not ^. 
do forXquations erf* the fourth Degise having $]»e^^^ 4-j;wre&c^*d <o-thcif ' ' ^' 

laft Term. 

» • • ■ 
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C O E O L L A R Y n. 

403. inT the Method aforelaid may be confiruded any given Equa* 
•*^ tion of the third Degree, asx* 4.«xx4.tf pxalflay =©, 
with a given Hjn^rbda between its Afymptotes and a Cirde. For 
multiplying the lame hy x -^r^ when aaqis affirmative, and by x—r 
when aaqis negative, it may be always changed into this Eguatica 
df die fourth Degree. 

whofe laft Term fliall have always the Sign +, and (b it will be one 
of. .thole Equations that may be conftntded in manner afoie&id. 

But this Conftruftion may be very much fhorten'd, if you obferve, 
(I.) To take, for the arbitrary Quantity a reprefenting Unity, the 
Line m, being the Root of the Power of the given Hyperbola, which 
is the^.Locu6 of xy = ni j» = ^^a, becauie ivr is = a (2.) To makeao 
Advantage of the indeterminate Quantity r for comparing the laft 

•f eirm aaqr with ci^ = xxyy'^ by which we get r = — . (3.) That 

the Circle, whofe Interfeftions do determine the Roots of the Equa- 
tion, fliall neceflarily cut the Hyperbola when aaqis nejgative, and 
that pppofite to it when aaqis pofitive, in the Point K\ from whence 
Fic. a23..^a^]ng XH parallel to the Afymptote A^j the Part AH oi the 
other Afymptote muft be equal to r 5 finee x = + ;• is one Root of 
the Equation of the fourth Degree. From hence arifes the following 
Conftruction, which may be eafily made general for all Equations cl 
riie third Degree. 

Suppofe the Angle form'd by the Afymptotes to be an acute Angle, 
and having taken for the arbitrary Quantity a equal to XJmxy^ the 
Root of the Power of the given Hyperbola, fuppole the given Equa- 
tion of the third Degree to be thus exprefs'd, x^ — nxx — ap x^ 
M a q -= 0. In the Arymi)tote AP aflume AB-=:2a^ and draw 
BE parallel to the other Afymptote A^\ alfo from the Centre y< 
draw AE perpendicular to B E •, then in A ^ take AL =q from 
A towards PM, becauie ^aj is negative, in the given Equation^ alft 
draw jLA parallel to ^P, meeting the Hyperbola in the Point A- 
This being done, call the given Quantities BE, g\ AE^ e-^ LK^r- 

and in the Afymptote ^'^ aflume ^D == — — ^ g = +: i for Bre- 

rhfn Sake, nad draw DC =:^~^^ parallel to^£, in.obfcrving 

to take cff dtaw tfaoJGb lines towards the fame Parts as PAI^ when 
•4 -^ ' t* thcic 
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their Values are pofitive, and towards contrary Parte when nerative. 
Laftly, About the Centre C, with the Radius CK^ defcribe a Circle, 
iirhich ftiall cut the oppofite Hyperbola'iB in Points (M) from which 
the right Lines JM P being drawn parallel to the Aiymptote ^^ 5 the 
ftrtSy^Pof the other A^rmptote ftiall be the Roots of the propofed 
Equation x' — wxx— apx— ^ gqzzzo. 

For if the right Lines MP^KHj be produced, till thejr meet the 
Line D C produced likewife (if neeeflary) we ftmll have (by meand 
of the right-angled Triangles . C J^ X, COM), thefe two E- 

quations WM + ^Q ^'CM] zndlTK + CT="CJ( 5 and confer 

QuentlyGliVcQ'=FiV'CK becaufe the Lines CMy CK, are 
&adii of the lame Circle. But by Conffruftion (ftippofing^ here foif 
avoiding the Confufion arifing nrom the Signs + and — , that 

• • . . 

— — Tg=+i, that is, that thisValue ispoftive) GiM ocPM + Kz=^ 
+ 1 X + i, eg or JDtg —D C = *"I- *''"^'^-^, FKatKH-^ 

HF=q + ^ r+ <r, CFot CD— f>F=^^^^^:^^=^ — — . Now, 

if the Aiialytick Yalnes of thoie Lines be iubftitoted in the afoiefaid 
Equation GUi ■\- CQ*= Tk + C~fI we ftiali have BsSt jy 4 

— XJ+ 2ijf+Hii'x;c — Jix — rxrrg j+-^.r g+ 2 dg + 
^i-Jf rr — nr — r r, becaufe there is noNeceflity of writing down the 

• ■ .1 

Mam \ Mat It Jfm 

Squares of i and of ^, which mutually do deftroy each other. 

Kow fince xj=^rq^ from the Nature of the Hyperbola, and 4 a a = 
ig + ee^ becaufe AE£ is a right-angled Triangle, the laft Equation 
may be brought to this, viz. yy-i-Tdj-^xx — wx — rx = 5g4: 

Tdq^^n r, wherein fubflituting — — g for 2 4» *^^ ~ ^nd —fop 

J and J J , and theie will come out 
* X*— w;c' — apx X — aaq x 4- a^^sO: 

-r- r4^nr +apr 

which being divided by x — ^r, and we fhall get x* — ftxx — apxr^aaqzzoj 
which is the Equation propofed' in the Problem; 

The foregoing Conftruaion maybe made general, if you, i. Aflume 
-41. in the Aj^mptote u4^ on the contrary Parts as.PiH, when 



*. 
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Osmgs tiw 9]§a8 of llN TtitH iriMf^ 

irhenOx i§ affiMititie in tiio ^Vm EMioo. aftd Ariko cat tht 
ftihv when tbM X«ft « wMtiPft: M^«» *#tt«Mt with iQ|pM^ f| 
the Term wherein m happent in the Vatiie of J) d when «» rndBht 

lw«( Z>C iHieft the Aafb^MB^ili/tfaeAfyiftptQtti itobtafe^al 
ftrike* out when this ii a rig^t Ai^H •IwcjB riifervuig that f iss 

Sc^ O h t V M. 

4^* A I^^^ ioAiifiMS oi wi^ AJSy: wa/k xiC tnubftrftiis aif ft 
•^.^tion (A iht r(m|:th pq^ iato ftoiotlier ^ the ume De- 
gree, wherein the SSgltt of tl^ Terms ffiti V he aD^elMfe. Andl hedmie 
th«tt1ke4dftT\crM WiH hl^«hi«|Pi1liei«« ^ fMlurtd ta i^ the» 
fore it is plain ufingthis Preparation, when the hftTerm o^an& 
^aglSm to im c(^^ tott^ that the 

Method laid down in the Probtahi JDiaUhe eeneral for all BfoatiMi of 
jtheiburth Degree, filft tecanle all^ iei3 Roots of aa EJmticaiM 
pofitive when the Signs oT the Terms are alternate \ therSfdie tboe 

pofite 0M4)7.4aaaB<af which YfeK ntglKtm KbatB^n dtMnun*dl, dn 
heoa&e uleleis. . :" 

PROPOSITION Tit 

Problem. 

405. 'T^O toiiflrvB the following Equation of the fxtb Degnc viz.x*— 
* b:jt*+ac3t^+aadx* 4-a 'exi— a'»fX4^ * gr=Q,orx* 
— bx'-4-cx^ + dx'-+-exx— fx + g=o, {wherein the Lhe a, 
i^ntf) readers the Number ofDmetrfofis h tath Te;yn eqwly und is tfietwti 
asiTifky^ is unietjlooi) by maits rf a tJircle and a Locm of the iKri De^ 

T^ke *.' — m X *-p-«A- + J— — -yxjifor the Locus of the third 
^egTce, wherein the Quantities m, w, p, g, which are lookM upon as 
being given, mud be dctermin'd in fuch a manner « to fatiaf^ the 
Problem ^ and this m^ be done thus : If each Side of this EgoatioQ 
be fquared, then 

x^ —2 m x^ A-mmx^ A-^mnx^ 4- nn X X -^1 rt q X 4^ q^=zfy X X yy 

and It the Terms — 2 4W irS — 2 nqxj + ? g, le compar'il with the 
«d«tt'lVnM.— ^«%— /;s ^g, in the propoled £^icii, 

*3I^ i^^ist j'g.ii r:- - •, and conteqaentTy ^ — t 
IP *** 
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m^im%^'^^nqx'\' qH^^x^—h»^ ~-^4f -Vz. Now if jjfwnj^-- 
JlI»lx^ &c, be fobftituted for its Value x^ — 2»ia;^ — 2nqx 4-qq, found 
by means of the preceding Ejuation^ mi — c^^ -^iK\ &c; for it* 
Value X* — bx^ — fx + g fouiid by means of the given Equation j 
ind if you divide by xx, and bring all the Quantities over to one 
Side \ men the following Equation wiU be had, viz. 
tPy y — fnm X X — 2 m7t X — n w ss #, 
-h Iff ~ 2 f -^ Q mq 

whoTe Locus (hall be a Circle * if the Quantity c^ 2 n— m m, whi^h ♦^r/. 3 ^^r 

f and 925^*> 

does multiply * ac, be pofitive, and />/ be:^c4- -L— |i/,^{pr 

dividia^ by f^/, and maldng 2 r =^^2^"*"^^ 

^^ ^? 

^Jf^lzl^ ior brevity's fake, then weftiallhare/i+x^— 2rx4^i=o: 

PP 
The Square s j being afifirxnative, when 2mq^e e:jcceeds n ?/, ai>d ne* 

^ative when the fame b lefi. 

Now the Curve which is tbs IxKus of the -Equation x^'^xx—^^-i^ 

=: -^xy may be drawn after the following Manner, Suppole ^PW , fig. 2x4. 

TM(y) to be two unknown and inde^ermmate rig^it Lines forming a 

right Angle APM with one another 5 and through the Point A^ the 

Origin of the x*, draw the indefinite ri^it Line A^ysinWAto PMf, 

in which affume ilG =^ — , from A teading the fame way as PJtf, 

t 

and G B = — , the contrary way, and draw the right Line 5 C ;== »> 

perpcndicalar to A ^ This being done, upon (binefeparate Plane 
«e(cribe a Parabola^ EM^ with the Line p = ^c^ ^rt^mm for the 
Parameter of the Axis, Mid place the Plane of this Parabola on the 
Fbne ivibereia A P, and P M are drawn, fo that the Axis of the Pa- 
gabola coincides witfi the Line A ^, and the Parabola itfelf tends the 
contrary w«y to that which P M doeS) and in the Axis afliune EF 

' z=zB G =— , ( from E the Or^) within the ParaboU Then take 

mp 

>a long Rule CP, and place it in the Point C, fo as to be moveable 

. about the feme, and always paG through the Point F: This being done,. 

tnove that Rule about the Point C, to as to Aide the part E Pof the: 

Axis of the Parabola along the Line A ^ I iay the two continual 

: Inter(e£lions My My of that Rule, and the Parabola MEM will by 

thisMotion defcribe two Curves that Khali be the. Locus ibuglit. 

Toe 
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Property of the Parabola E ^= — becaaie AT or iUj^sx. 3at 
Jiecanfe the Triangles F^ilf, MD C, are fimilar, thtrefiiie FQ, « 

: C D (m— X ). Whence: muUiplyiog the Means and Ex(ieikieL and we 
{hall have x^—mxx—nxA-qzcs^hxjj and if the Pointi Af be tuen £«> 
ccffiveljF in the three Angles that follow this bere.iUigle» t|kelGu« 
Equation will * be found always, obferving to take A P=i— jr, aid 
PvM i^ — J, when theToints Pandilf, do fill die oontriof wsf toiHttt 
they dohfi^ : So that the two Oorves, whidi may be called j«nptt&i 

Xoficbcides^ Ihall be the co^pleat Loess of all the affinmitivejiAd' nis 
gative Values of the unknown Quantity y, anlweriiu; to a)l tly aflb 
fnative and negative Values of tiie other luxknowii Qoantify x^ ibAe 
.JE^tionjr' — aurx-^nx-l-y ^ — vxy. 
jBotnowto co^lMdtheCIxrd^ tl^baitidi 

jy +XX — 2rx4-<' :=:o, in the indefinite ri^t'Line^F aflodK 
ABzi^r, fiom A towards PM^ when the Yalnie of r is pafitiy^ and 
the contrary way^ when the l ame is ne gative % then aboot the uiftir 
H with the Radios Hilf=v^rr4-ii, (tm.—«j when j tit pofidfe 
in the Equation, apd + ss^ when the iame is native) de(cribe aC^ 

'cle, which will be that fought $ for becaufe HpM is a right-angl'd 

Triangle/therefore we have alwajrs Wm ^ITP A-Tat^ thstt % 
jji+xx — 2rx4-i5 = o, by fubftituting the analytick Values^ and 
' bringing all the Terms over to one Side. 

Now if from the Points^ there be drawn Perpendiculars (M3) 
on ,the indefinite right A^, I (ay thefe lines (ball be the RooSof 
the Equation propofed 5 the affirmative Roots being on the right, and 
the negative ones on the left of >i ^ . for if ^M P be drawn parallel to 
A ^we {hall have the following Equation from the Property of the 
Conchoides, vJz.x^—mxx—Kx+q= ~vxy, that is (fquaring both Side) 
ppxxyy= — x'—2mx', &c. and by the Nature of the Circle^ 
yj+xx— 2rx4-55 = o, which being multiplied by pp^x and then 
ppxxyy IS z=i^ppx^ + 2pprx'±fpssxx. And comnafiw 
thefe two Values of pp x^i^ji together, there will be an Equation 
form d, wherein if the Values of 2 r, ss.pp, m, w, q, be fiibftitutca. 
there will be found again the propofed Equation x^ — b x\ &c. 

U dx' had been negative in the propofed Equation, then you need 

buthav<jtaken2r=^^'t^2if , and the reft of the Conftruaion 



would ' ' 
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yaloe of r. And becaufe then all the Signs of the Terms of the 
propofed Equation are alternate 5 it is a received Maxim in Algebra, 
that all the real Roots thereof are affirmative, that is, if the faid 
Equation has two real Roots, and four imaginary ones, the two real 
Roots are affirmative 5 if it has four real Roots, and two imaginary 
ones, the four real Roots are affirmative*, and if all the fir Roots be 
real ones, then they fliall be all affirmative. From whence it appears^ 
that in this Cafe we have Occafion only for the Q)nchoid, which is 
defcrib'd by that half of the Parabola next to the fixed Point C, be* 
caufe the other Conchoid only determines the negative Roots. 

If the Value of the Radius Ihould happen to be equal to nothing, 
or imaginary only \ or if it fhould be fo fmall, as not to touch or 
cut the two Conchoids ; then we may be afTured, that all the Roots of 
the Equation will be imaginary. If it cuts them in fix Points, all the 
Roots will be affirmative. And laftly, if it cuts them in but four 
or two Points, then there will be only four or two affirmative Roots, 
and the others are imaginary. Here it muft be always obferv'd', 
that if the Circle touches one of the Conchoides, the Point of Con- 
tadt muft be efteem'd as two Points infinuely near to one another, f6 
that then the propofed Equation will have two Roots, each eqpal ta 
tiie Perpendicular drawn fjrom the Point of Contadt toBE^ 

SckqlittmI. 

406. 17 ROM the Defcriptioa of the two parabolick Conchoids, it. 
^ follows, (i.) That the right Line B E, both ways indefinitely 
produced, is a common Afymptote.to both thofe Curves. (2.) That 
one of the Conchoids does pafe through the fixed Point C, and the 
Rule CF touches it in the Point C 5 becaufe the Point M coinciding 
with the Point C, the Rule pafles through two Points of the Curve iur 
jfinitely near to one another, (i.) That when, the Point F does fall on 
i, the Rule CF, whofe Interfedlions (M^ M) with the Parabola^ do 
defcribe the Conchoids, falls in C£v ^"^ (o thaLine MFAI going 
througli the Point Fj does become a double Ordinate 5, that is, the 
Line C B meets the Conchoids in two Points K, -L, being fueh that 
jB K and 5 -L are each equal to the Ordinate to the Axis of the Parar 
bola that pafles thro' the Point jF. From whence it is evi4ent, if £C 
was equal to that Ordinate, that the Point K would then fall on C5 
and fo the Line B C, which would pafi through two Points K and C,. 
af the C( nchoid infinitely near to one another, would- touch the CurVxC 
in the Point C, wherein K and C do coincide. 

Any Number of Points of the Conchoids may be found without Fic^ ztj?. 
ufing the Parabola MEM^ after the following manner. In BE 
take B Q equal to. the Parameter of the Paiabpla^ and. with any right 

L.1. ^ LajufiL-^ 
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Line R greater tlian OB, as a Diameter, defcribe a Circle cutting 
J? C in tlie Points D, I> ; in that Diameter take RS= EF, and 
through the fiied Point C, draw the two right Lines CM, CM, paral- 
lel to Pi", DS, which fhall meet DM, DM, (parallel to EB) in 
M M, which fhall be two Points of the Conchoids. For if C Al be 
l^roduced till it meets the Afymptote BE in the Point >", and yll^ 
be drawn parallel to B C ; then it is plain, that the right-angl'd Tri- 
angles MSF, DBS, fhall be equal, and fo F^is = 5S. But if 
kS be takm = EF, we ftrall have EF + F^, or E^ — RS-i- 
S B ot R B\ and the Parabola E M, whofe Vertex is E, and having « 
Line etjual to B O, for the Parameter, Ihall pafs through the Point Al; 
becaiife by the Nature of the Circle, the Square o( BD or M ^ is 
tqual to the Redlangle under BD or /W^, and the Parameter iOj 
iWiich likewife follows from the Property of the Parabola : There- 
ibre tJic Point M, found by this Conftraftion, is the fame as that got- 
ten by tlw Interfcflion of the Rule CF, and the Scnri-parabola E M. 

If the Point D was given, and the Point R \pas reqmr'd, you inuft 
draw D R perpendicular toOD ^ and the reft of the Conftniition will 
be the fame as before. 

It IB proper to obferve here by the way, (i.) If in B C you take 
JiD ("from B towards C) equal to the affirmarive Root of the Eijua- 
tion of the third Degree x* — rmx x —~ i tit » p r::o, (the given 
Quantities BC being =; m, £ >" = 7;, B O =l>) ; and then the Point 
^11 lie found as above : This Point ihall be further diftant from the 
right Line BC, than any other Points of the Portion KMC^ C> that 
the Tangent pafllng through that Point fhall be parallel to BC 
(2.) If BD be taken in BC, produced on the other Side df the 
I'ouit B, equal to the affirmative Root of the Equation*' — m iif=t^ 
tlien the Point M of the Conchoid anfwering to the Point D, ftiftll 
be the Point of Infleiion of the Curve ; that is, the Point wherein the 
Curve, from being concave, begins to become convex Becaufe thii 
•docs depend upon the Principles that are laid down in my Book, Dn 
irjiiimer.tpet'its, therefore I refer you to that Book, or fome other tX 
the like Nature •■, for the fame may be here fuppos'd as troe, without 
enquiring into the Reafon thereof ; fince this ms nothing to do in the 
Conftruition of Equations of the iiith Degree, which is the Bufio^ 
here in hand. 

Scholium II. 

(lo7.*T^HE Defcription of the two parabolick Conchoids Tvqaife> 
•*• fi-JThat the Line BCfy^; be of fomeMagnitude, and fo the 
2d Term of the propofed Equation muft not be wanting. (2.) That the 
Term q cannot be := 0, in tlie Equation x' — mjex — wJc-t-j^: — 
p xj, fince dividing by x, there will arife x x — '««— n s — j* J". 
^^ the 
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the Locus wbereof is a Parabola ^ from whence it is plain, that the 
laft Term g in the proposed Equation muft have the Sign + prefixed 

to it, for g = v" ^• 

Further, if the Ttrmfx ftiould have the Sign -^^ you niuft give 
the Sign — to the lame,in likewife changing the Signs of the ad and 4th. 
Term 5 and doing this will not bring any Inconveniency to the Con- 
ftruftion, but only will change the negative Roots into affirmative- 
ones, and the affirmative ones into negative ones. And in order for 

the Locus <rf the fecond Equation to be a Circle, — 4- ^ moft be. 

greater than ibb^ {c being, affirmative when ca^ is lb, and negative 
when that is) from whence it appears, that if the Term /;r be want- 
ing, the Term €^ muift be aSirmative, and c muft be greater than 

jbb*y and if the Term c *^ be wanting, — muft be greater than ? 

tb. 

Therefore it is evident, that the-propoled Equation of the Cxth De* 
gree muft neceflarily have thefe Conditions, in order to conftrud tl^s 
&me immediately by means of parabolick Conchoids^ andaCixde^ 
according to the Rules above prefciibed. 

Scholium III. 

408. TIT HEN an Equation given is brie of the fifth Fower, by 
™ raifing it to the foth, we can very often brin^ the feme tb 
iiich Conditions, as to be immediately c(»^RxuAed \ as will appear b^ 
the following Examples; 

1. Let x^ — a^ b =0^ and (uppofe a- to be greater than & Multi- 
ply this Equation by x — i, and then the following Eolation of the 
iixth Degree will arife, viz. x^ — bx^ — it^ bx ^afibb=^o^ which 
has all the requillte Conditions fpecified in the laft Scholium; 

2. Let x^ — % a dx^ 4- 5 flj"^ x — a^ ^ = 0, and kt a be greater than 
if. Multiply this Equation hy x — *, and then we ftiall have x* — 
j^x' — ?tfax^ + 5atf*x* + T a^ xx-^6 a^ i x + o-^ i 6 — 0, 

.;which hath all the neceflary Conditions. 

y. Letx' — ax"^ — ^aax^ ^ ^a^ x x '\' ^ a^ x — a^ = 0. Mul- 
tiply this Equation by x -— 4 a ; and then there will arife x* — 5 a x^ 
+ I 9 a' x^ — 9 a a X X — n a^ x + 4 a** =0, which is an Equa- 
tion of the liith Degree, wherein all the Terms do happen to have 
Ifae aecefiary CcHiditions. 

Here it may be obferved that by Means of the firft Equation a^ — 
n^tzr:^, can be fcond four mean Proportionals between. two Extremes 
j4 and B 5 and by mean» of the fecond x*— jAfx^.', 8tc. a given Angle 
naj^ he divided xfito five equal Parts ^ and by means of the third x' —* 

LI. X #» a;^' 
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a x\ &c. a regalar Polygon of Eleven Sides may be infcribcd in a gi- 
ven Circle ^ as will appear in the following Book. I (hall now pro- 
ceed to the Conftrudion of the firft of thefe Equations, that fo it may 
\)e compared with the Conftniclion laid down by Defcartes at the End 

•of his third Book of Geometry. 

fiG. ii6. Defcribe a Parabola ME with a Line p = y^ 44—1*6 for the Para* 

meter, and affume the Line AG= -^ , GB otEF=^AQ. BC^ih 
AH:= 7^, and a Line 5= —^/^bb'-^j or — ^44— 4^9 then dc- 



fcribe a parabolick Conchoid ( as is direded in Article 404. ) by 
means of the Parabola M £, and long Rule C Fj freely tuming about 
the fixed Point C, and always pafling through the Point F^ while the 
Part £ F of the Axis of the Parabola flidcs along the Line^g ; after 

this, about the Centre H, with the Radius HM = ^ZiH4.ss defcribe 
a Circle;, 5 5 being affirmative, when 42^^ is greater than a a, and ne- 
gative when it is lefs. Now if from the Pomts O, M^ wherein this 
Circle cuts the Conchoid, there be drawn the Lines O U, MP, per- 
pendicular to the Axis AP\l&y the Parts A R^ AP^ fhall be the 
Roots of the Equation x^ — hx^ — . ^4^ ^ ^ ^4^ 3^ _ ^^ j^^^^ ^ proved 

as in Art. 404. 
The trouble of finding a Line i = — y/ 40-^^9 or — ^TuT^^Amsf 

•be fpared, if you confider that the Circle defcrib'd with the Centre ft 
mult cut the Conchoid CO M in the Point being fuch, that O R drawn 
perpendicular to A P, we have AR=b\ becaufe one Root of the E- 
-quation is xz=.b. From whence in APj afliime '^ i? = ^, and draw 
R O perpendicular to A P, meeting the Conchoid CO M inO ^ and 
then you may defcribe the Circle about the Centre H, with theRadiis 
H 0. For the Circle cuts the Conchoid in another Point Af, being 
fuch that M P drawn perpendicular to A P, the Line ^ P fhall be the 
greateft of four mean Proportionals required, Becaufe the Circle de- 
Icribed about the Centre H does cut the Conchoid palhng thro' the 
Point C, only in tu^o Points 0, and M, and does not meet the oth<t 
Conchoid •, therefore the propofed Equation ;c'^ — b x\ &c hath only 
two affirmative Roots A R^ A P, and four imaginary Roots. 

Scholium IV. 

4'^9- WH E N the given Equation of the fixth Degree hath not tie 
neccflaiT Conditions for being conftrufted immediatelv br 
the Method abr)ve explain d, or elfe being an Equation of the fifth De- 
grce, the lalt fccholiuiTi is found ufelefs ., then the Preparation ailign'd 
by I kf cartes in the third Book of his Geometry may be ufed. Wherein 
•^ ^ is 
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h (hewn how to transform ahy Equation of the fifth or fixth Degree 
into another of the fiith, having the Signs of all the Terms alternate, 
.and where the known Quantity in the third Term does exceed 
the Square of I the known Qpantity in the fecond : For by this means 
the Cohftrutlion of the Problem is made general for all Equations of 
the fifth and fiith Degree. The Method of doing of this I fhall not 
here explain, fince it does depend upon pure Algebra, which is not my 
Defign here to treat of 5 and becaufe m the following Propofition I 
fhall lay down a general Way of confbfufting all Equations of the 
fifth and fixth Degree, without any other Preparation than only get* 
ting out the (econd Term. 

PROPOSITION vm. 

Problem. 

410. TPO fivd the Roots of the followhig Eqvotion x*— b x^— • c x*4* 
-* d X X — f X + g = o, Jj means of a pven Cvhick ParaboUj ami 
a Covick SeSioff. ^ ^ . - -..-^^ 

Let aay = x* be an Equation whole LocuB is a Cubick Parabola fj^, ^^m; 

'MAM (^P being =x, PM=y, AB = a). Inftead of ;rMn the 

propofed Equation, fubftitute its Value a^y j^ in the Room cf x^ its 

Value aaxjy and infteadof x* its Value aay ^ then the propofed Equa^ 

. tion will be changed into this Equadon of the feoood Degreee^ U ~ 

-^J-£;Jf+-xx-ix + J = o,whofeLocusis*attEmpfif,*^j^^^ 

when dis greater than 7 bbj that is, when the known Quantity whidi does 
-multiply xx,isgreaterthantheSquareof half the known Quantity multi* 

plying x^,as is here fuppofed.And ifyou would have the Lme that repre* 
'ient8Unity,and which is Conoeiv'd to be in the pcopofedEquation, equal 

to the Parameter a of the given Cubick Parabola ^ then the Eq^tioo 

Svill be changed into this yy — xy — tf j -i — xx — /*+ agv=:o 

whole Conflruftion is as follows. 

In the indefinite Line A P take AB:=za, and draw the right 
Xines ££ = 4 i, AD =:t c, parallel to PM and towards the fame Parts: 
Alio through the Point A draw the right Line A E (^), and through 
the Point D, the right Line D Q parallel to A E^ in which take 

D c(s) = ^^^~ from D towards PM, and on both Sides CafFume CiT, 

C X, each equal to t= y/' * * + "^^^^* '^^ being done, wifli 

; . J • •) , ■■ the 
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the Diameter LK (2t) having a Line KHzzi^^—^ and its Oidias. 

tes paraUel to P My defcribe aa Ellipfis^ and the fkmt Ihall be that 
ibught. 

Now if from the Points of G>naurreB€e of this ElUj^lis, and the given 
Cubick Parabola there be drawn Lines as PiM, making with AP, the 
Angle APM, given or taken at ^leafiire, then the Parts (j4P) of the 
indefinite right Line whereon the indeterminate Quantity x tends, {hall 
be the Roots (bught ; the affirmative Roots falling on that Side the 
Point AM^PMis fuppofed to fall in the Conftrudion^ and the n^. 
tive Roots on the contrary Side, For by the Property of the Conick 

SeGdon yy—'-^xy — cji + — jKOf-— /x + tf^is = 0, and by the 

Property of the Cubick Parabola, ykzn — 5 and fiibftituting that 

Value infiead of j^, and the Square thereof for yy, in the precedent E- 
^uation, and then we (hall get the given Equation ^^—ab xt ~ aacx\ 

ScR-OLnrMl 

'41 p. A N^'St EqoatiOT of the fifth or fixth Degree^ benig given^ if 
-^ you- get out the fecond Tcrni) and afterwards* multiply it by 
liieimknown Qiaiitity x, if the &me be an Eqpation of the mtb De- 
gree, and if by means of {a) thePiwameter of the given Cri)ick Pa- 
rabola,. yoUi reduce the known Quantities, that multiply x"^ to the Ei- 
preflion a b ^ thole that multiply x\ Sec. to tlie Exprelilon aac, then 
jf the Subftitution as above be ufed^ the given Equation ftiall be al- 
ways transformed to a Locus of the fecond Degree. Whence if a Cu- 
bick Parabola, be once wsell defcribU, with any Line a for a 
Parameter, and any Angle (APM) made by the Ordinates (PM) to 
the Diameter AP^ then it is.manifeft that the Roots of any Equation 
of the fifth and fixth Degree may be found by means, of that Curve 
and a proper Conick Seftion. 

SCHOLLIUM H; 

412:. T F after the fecond Term of a given Equation of the fifth cr 
-^ fixth Degree be gotten out, and the Equation is multiply \! by 
X, if it be one of the fifth Degree ^ the known Quantity that muhi- 
plies the Square x x.he pofitive, and does exceed the Square ot' hail 
the known Qtia4itity that multiplies x"^ : Then from the Subftitutic:i 
by means rfaay = x.\ we fhall have always an Equation of the iln oi:J 
I)tgree^ whote Locus is an EUipfis^ as ap]-)ears in the Problem. Awd 
it may be fo ordered always^ that that Ellipfis may become a Circ.V^ 
lot then thei Cubick Parabola^ will! not be given* For Example. 

V Fiiji 
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od * a Line a whereof the fquared Square a^he equal to the known *Art. 5 ?«• 
itity multiplying xx, and by nieans of this Line reduce all the 
►Ti Quantities multiplying j^ to the Exprelfion ab, all thefe mul- 
5ng x\ Sec. to the Expreilion aac^ and then the Equation (hall 
iduced to this Form x^ ±^ab x*4- aa c ;v'-+ a^xx i^v at 4-<i'^=o. 
iiibftitntingtf^jfj, aaxy^ andflfljfor;c% ;f^aod;ifS and this E- 

Lon of thefecond Degree will be had j j 4- — xyA^cj^xx ±^fx 

f = 0, the Locus of which fhall be a Circle, * if the Angle AEB *^rf.?»7> 
ude a right Angle ; which may be eafihr done thus. ^^^ 5-9* 

L the indefinite right Line AP aflume ABssa^ and upon^'c. nS* 
line, as a Diameter, defcribe the Semi-circle ^£jB, towards the 

5 Farts that PM falls, when — xyis negative, and towards con- 

^ Parts when the lame is pofitive. In the Diameter of this 

Scircle aflume the Line B JS = t i, from B to £ ^ and drawing AE 

the Line PM muft be drawn parallel to B £, and the reft of the 

Jfaruaion will be the fame as for the Ellipfis, which will here be a 




Equation;^ J — — 



fx — ^g^^o^ which is the fame as that in the Problem, only d 



ss€L 



low if the Line AB be divided into many equal Parts AP^APj and 
allels PMy PM^ &c. be drawn to BE \ and if every PM be taken 
al to a fourth Proportional to its Q)rrefoondent A P, and the eiven 
yt ABi Then if a Curve (MAM)%t drawn through all the 
ints {M) thus found 5 it is plain, that this Curve will be the Locus 
the Equation x^ r=aaj -^ and confequently by means of the Points 
Interfeaion {M^ M) of the Cubick Parabola and Circle, may be 
ind all the Roots {AP^ AP) of the propofed Equation. 

Scholium IIL 

3. inEcaufe Parabola's of all Degrees have been often fpoken of in 
^ this Book -, and fince we have ftiewn how to ufe a Cqbick Pa- 
K>la for the Conftruftion of Equations of the fifth and fixth Degree, 
will not be foreign to our Purpofe to examine the feveral Sorts of 
nes thefe Parabola's may make. For which End, let iJC, Z)£ be Fic. 229. 
o indefinite ftraight Lines, cutting one another in the Point A^ and 
there be a Parabola AM, of any Degree (in the Angle B A t>) 
lofe Nature is fuch, that MP being drawn firom any Point M there- 

^ of. 
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o£y parallel to D £, and meeting iJ C in the Point ?, and the inde- 
terminate Quantities AP^ PM, and the given Quantity A B beii^ 
called Xj jy and i 5 we have always x'^jf* f where the Letters n 
and n do denote the Indices of the Powers of x and jf, and may be 
any pofitive whole Numbers at pleafure, and m is fuppos'd to be 
greater than n) it is evident, 1. When AP (xj is = o, PM (j) is 
lo Ukewife, and the more yrfP (x) increales, the more does PM (j) 

V*-»37» ^1^ increafe, 2, The Snbtangent PTC— xJ is^ always lefi than: 

A P (x) becaufe n is fuppos'd to be left than w. Whence it followsi 
that the Parabola A Mj be it of what Degree foever, fhall always 
pals through the Point A ^ the iame recedes infinitely more and more 
from the right Line BC efteem'd as being a Diameter thereof^ and 
kftly, the Convex Side of it is next to that Diameter. Bnt becanie 
the Curve A My which falls in the Ang^le DA By is only a Portion of 
the Parabola, we mnft next examine m which of the Angles DAQ 
CAE^ EABy that Parabola is continued ^ and here there are three 
Cafes. 

Cafe I. When the Index (m) of the Power of x is an even Num- 
ber, and the Index (n) of the Power of y, an odd Number. The Root 
(m) of x» fhall be 4! Xy and the Root (n)^ of >• fhall be only + j 5 
for if jw be = 4 and « == 3, then it is manifeft, that the fourth Power 
i)f 4: y is always x'^y but it is not fo of the Cube of 4: j^ . ftice the 
Fic. %%$. Cube of -t- j> isji'^ and the Cube of — y is — j>'. Hence it is evi- 
dent, that AP (x) may be both pofitive and negative, but PM (jl 
is always pofitive 5 and confequently the Parabola A M mufl be con- 
tinued in the Angle DAQ adjoining to BAD, fo that if a right 
Line be drawn through any Point K of the Line A D parallel to £ C 
the fame fhall meet the Parabola M AMin two Points, ylf, yH, equal- 
ly diftant from the Point K. And this is the common Parabola, which 
is the Locus of the Equation x x=zay, or at at ==j, fuppofing the Pa- 
rameter a= I. 

Cafe 2. 'When the Indices m and n are odd Numbers : The Roct 
(m) of .r'" ftiall be only + at, and the Root n only -t- j^ but becaufe 
the Equation — .v'" = ^^ y" is the fame as .r'^ = ^% and the Root (w) 
of — x"^ is — x^ and the Root (v) of — j'*' is — y \ therefore A P (t) 
may be both pofitive and negative, as alfo PM (ji), obferving that 
Fig* 2?o. '^'^^^ A Pis politive, PM is Zo likewife, and contrariwife. Whence 
* ^ ' it appears, that the Parabola A M, in this Cafe, muft be continued in 
the Angle CAE vertically oppofite to Dy^iJ, in a Pofition altoge- 
ther the fame, as in the Angle DAB, but inverted ; fb that A? 
being taken equal to AVy and ?M dra\vn making with AP ihc 
Angle APM equal to the Angle APM:^ the right Line PM d^«s 
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meet the Portion A M falling in the Angle CAEj in the Point M be- 
ing fuch, that VM is equal to ?M. And fuch is the principal Cnbick 
Parabola x' =aayy or x* =j^, fuppofing a = i. 

Cafe ?. When the Index (m) of the Power of x is an odd Number, 
and the Index (w) of the Power of jp an even Number : The^oot (w) 
of x*" Ihall be always + x, and the Root (») of r will be -t v. For 

Locus 



Equation x^=ayy, x' = jp j^, it is plain that the Cube Root of x* is only 
-f X, and the Cube Root of jyisj^y. Therefore the Parabola A M 
muft be continued in the Angle BAEj adjacent to the Angle BAD^ 
in fiich manner, that if a right Line be drawn through any Point P 
of the Vme AB, parallel toDi?, it ihall meet the whole Parabola 
MA M in two Points iM, My equally diftant from the Point P. 

Now the general Equation x* =y«, always appertains to one of the 
aforefaid three Cafes •, for if »i and n be fiippos'd to be both even Num- 
bers, you muft extraa the fquare Root of both Sides of the Equation 
as often as ix)lfible 5 by which means it may be reduced to an Equa- 
tion, wherein one of the Indexes (hall neceflariljr be odd. And m 
may be fuppofed always to be greater than n ^ for if it fhould be lefi, 
and (for Example) aax=^y\ then comparing the Points of the Pa- Fic^^j*; 
rabola AM with the Points of tile Line D £, and calling AK^x-^ 
KM,y\ we Ihall have this Equation x *= a tfy, which fliail exprefi 
likewife the Nature of the fame Parabola Am^ and wherein the In* 
dex of the Power of x is greater than the Index of the Power of y ; 
fo that the fame Reafoning would hold with regard to the Line D£, as 
before with regard to the Line BC From whence it is evident, that 
all Parabola's of any Degree whatlbever, wiU always have one of the 
three preceding Figures. 

PROPOSITION K. 

Problem. 

414. tT is proofed to confimB the folUmttg Eqvaion of the eighth Ite- 
-i greex^ — hx^ +cx* — dx* + ex^ — fx* + gii— hi + 
.1 r= o, whenin none of the Terms are vantingj by means ef two Loci i 
me ofthefecofidj and the other of thefovrtb Di^ree. 

Take x x =^ y for the Locos of tne fecond Degree, and for x*, x^, 
x% x\ x% X* and xx fubftitute their Values a^.fj a^ y^ Xy a^ y\ 
^ayyx, a ayy, ay x, ay ^ then if the givenline a be talcen fot Unity, we 

ihall have this Equation, y^ x j^ + cy^ — d xyy ^aeyy — afxy 

-{■ aagy — aafcx+aWrro, the Locus whereof being one of the 
fourth Degree, and the moft fimple pdCble 5 be^ufe one of the un- 

M m ^ known 
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^ loibwn Qpailtitics X ariies no highn 
Fdttts theseof inaj be detenmnU in ufing .right lines and Ciid» 
only. 

Now if tiie Ftoibola being the Locos of the firft Emntion x x=«f 
be conflrafled, and if there be taken any Number ci dififerent Magoi* 
tildes for jf, aini the Values of x anfwering to them in the ftcondE- 
qoation be delecmined i then the LocnSi whidi.fball pafi thraogh the 
ijdxeniitioi of aU the y aloes of f , and which v^ be ocmleqpen^ the 
Locos of the find Equation, wiU determine the Iba^t Values of the 
Roots of the given Eqoatioo, hj means of the Fdmts wherein thit 

I«cos cots the Ftoabola. This is evident, becaule fiibfiituting —the 

Value 6E y in the feeond Equation, and the Poweia of that Value fa 
tm powers of j, and there will arife the given Equatioii x'«^^x* 

C o a o L L ▲ a Y h 

41$. "DEcaufi Unitv a is arbitrary, it ma^ be fupnos'Sf ghroi $ aaf fo 
^ the Parabola which U tne Locos of the mft Equation jorsaR 
is given« Now by mefuis of thiif Eqmttion it is evident, that anr 
Equation of tilie feventh or eig^h Uegree may be always tnnP 
fixrm'd into an Equation of the fourth Degree, wherein the ofr 
Icnown Quantity x is only of one Dimenfion^ therefixe anf 
Equation of the fivcnth .or eighth Degree having- all rii 
Terms, or wanting fbme of them, may be conftrafted always by 
means of a given Parabola^ and a Locus of the fourth Degree, in 
which one of the unknown Qpantities has only one Dimenfibn, with- 
out any other Preparation than taking the Parameter a of the given 
Parabola for Unity, that fb. the known Quantities multiplying x\ 
may be reduced to the Expreflion a c, thofe thatmultiply ;k' to the 
ExpreiCon aad^ &c« 

COitaLLARY IT. 



•^ the ninth or tenth Degree may always be conftruded by 
means of a given Paraboh, and a Locus of the fifth Degree, wherein 
one of the unknown Quantities hath only one Dimenfion ; AUb £- 
^piations^ of the eleventh and twelfth Degree may be conftruded bj 
means of a given Parabola, and a I/xnis of the lixth Degree^ and w 
cf others to Infinxtj^ 
i. 
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PROPOSITION X. 

Problem. 

417. nnO cofiJlniB the foUowivg Equation of the ninth Degree x^ '—bf 
^ 4- c X*, &c. = 0, wanting only the fecond Ifenw, by means of 

t90 Locif each of the third Degree. 

Take x' =atf j^ for one cf the Loci of the third Degree, and in- 
ftead of x% x% x% &c. fubftitute their Values a^y, a"^ xyy^ a^yy^ 
&c. then if tf be taken for Unity, we fliall get the other following Equa- 
tion of the third Degree, vix. y^ xy y J^cy yy2cc.z=zo^ where- 

a 

in the unknown Quantity x can rife no higher than the fecond Degree, 
becaufc every where wherein x' happens in the propoi^ Equation, 
aayi% fubftituted for the fame. 

And it is plain, that if this Locus be conftrufted with a Cubick Pa- 
rabola, which is the Locus of the other Equation x' = a^ j^ then the 
Interfedions of the two Loci ihall determine the Roots of the given 
Equation. 

Corollary* 

418. A NT Equation of the iixth, eighth, or ninth Degree being 
-^ given, it is manifeft, after the fecond Term be gotten oat, 

and it is afterwards multiply d by the Root x, (when the Equation is 
of the eighth Degree) and by xx (when it is one of the fevcnth) that 
it fliall be always transf(»rmed into a Locus of the third Degree, in 
fubilituting, as above, by means of the Equation x' =aay^ whofe 
Locus is a given Cubick rarabola •, fo that this is a general Way for 
all Equations of the feventh, eighth, and ninth De^ee. After the 
lame manner it will be found, tliat any Equation orthe twelfth De- 

Sree, not having the fecond Term, may be transformed into a Locus of 
le fourth Degree by means of the feid Expiation x* =«« 7.5 as like- 
wife Equations of the tenth and eleventh Degrees, by railuig them to 
the twelfth. 

But if an Equation of the iixteenth Degree, only Minting the fe- , 
cond Term, be proposed $ then by means of the Locus of the fourth 
Degree x^ z=za^ y^ that Equation may be transfixm'd into one of the 
fifth Degree. After the lame manner vou will find, that an Equation 
of the twentieth Decree may be transiorm'd into a Locus of the fixth 
D^ee, by means of the iaid Loais of the fourth Degree x^ a* y\ as 
alfo Equations df the feventeenth, eighteenth, and nineteenth De- 
grees. Moreover, Equations of the 25th only wanting the fecond 
Term, may be transformed into a Locus of the fixth D^^^ee, by means 
of the Locus of the fifth Degree x' =^"^7 j as likewise all Equations 

M m 2 " of 
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of the 2ift. 23d and 24th Degrees. And this Enquiry may be con- 
tinned on Itarther at pleafure. 
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Scholium I. 

ENCE it is neceilary to oblerve, that if anEqnation of 
the fizteenth Degree wants the third and iizth Terms, as 
well as the fecond ^ the Locus of the fifth Degree, which conjointly 
with that of the fourth Degree x^ = a* y ferves to conftni£t the Eqoa- 
tion, may* be transform' d into one of the fourth Degree -, and the fame 
Obfervations may be made upon Equations of higher Degrees. But 
althou^ it be true, that an E^tion of the fizteenth Dqgree, only 
wanting the fecond Term, can be transformed only to a Locus of the 
fifth Degree, if for this Effeft the Locus of the 4th Degree x^ = a'j 
(having but two Terms ) be ufed •, yet it muft not be generelly con- 
eluded &om thence, that the moft fimple Loci for relblving a com- 
pleat Equation of the fizteenth Degree, muft be one of the fourth and 
the other of the fifth Degree. For, on the contrary, it appears evi- 
dent, that If a Locus of the fourth Degree, coniifting of (evenl 
Terms, be ufcd inftead of x^ =>a^yj having but two Terms, that Lo- 
cus may be (b chofen, as to ferve to transform the conipleat Equation 
of tl^ fizth D^ree to another Locus of the fourth. The Reafon of 
which is this ^ u two Loci of the fourth Degree be afiiim^d, in one of 
which the unknown Quantity x arifes to the fourth Degree, and in the 
other the unknown Quantity j^ 5 then it is manifeft from the Rules of 
Algebra, that if the unknown Quantity ji be gotten out by means of 
thofe two Equations, that an Equation will be had, wherein the un- 
known Quantity x arifes to the lixteenth Degree. And becaule two 
Loci of the fourth Degree may both together have more than fixtecn 
Terms, fince each of them may have fifteen different ones \ thcie- 
fore thofe Loci may contain all the known Quantities of the given 
Equation : This is enough to fhew the Polfibility of confh-ufting a 
compleat Equation of the fiiteenth Degree by two Lines of the 
fourth. 

Further, it ought to be fuppofed that the two moft fimple Loci for 
conflruftina a compleat Equation of the 20th, 19th, and ? 7th De- 
grees, fhall be, the one of the fourth, and the other of the filth De* 
grees, becaufe the Produft of thefe two Loci arifes to the 20th De- 
gree, and^thcy may contain both together more Terms than the pro- 
poled Equation, and fo do contain all the know^n Quantities happening 
theresn. And if the unknown Quantity in a propofed Equation has 
SI, M, 33, 24, or 25 Dimenfions, then the two moft fimple Loci iiM 
~'" ** "^ t^^°H ?i^ te thofe of five Degrees each. From hence 

arifes 
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arifesthe following Rule by which may be found the two moft fimple 
Loci that can folve a propofed Equation. 

Extradl the fquare Root of the higheft Power or Degree of tlie un- 
known Quantity. If there be no remainder, then each of the two 
Loci muft have the fame Number of Degrees as there are Unities cc n- 
tain'd iu that fquare Root •, but if there be a remainder, then the fame 
is equal, lefi or greater than the Iquare Root, if it be equal or lefs, 
the Degree for one of the Loci will be the Root itfelf 5 and for the 
other that Root plus Unity : If the Remainder be greater than ti.e 
Root, then the Degree of both the Loci Qiall be the Root plus Uni- 

For Example, it is required to find the two moft fimple Loci that 
can refolve an Equation of the 3 7th Degree. Becaufe the (quare Root 
of 37 is 6, Biai the Remainder i is lefs than 6, one of the Loci muft 
be of the filth, and the other of the feventh Degree, which Loci 
will do alfo for Equations of the 38th, 39th, 40th, 41ft, and 42d De- 

?;rees. Again, it an Equation be of the 43d Degree, becaufe the 
quare Root of 43 is 6, and the Remainder 7 is greater than 6, the two 
Loci muft be each of the 7th Degree: Which Loci alfo ferve for Equa- 
tions of the 44th, 45th, 46th, 47th, 48th and 49th Degree*. . 

Scholium II. 

420. T T fometimes happens that a given Equation may be cottflrudled 
A by means of one Curve only put into two different Pofitions, 
as will appear in the following Example* 

It is required to conftruft this Equation of the 9th Degree, x^-f a^x 
^^a^b=: 0, wanting all the middle Terms, except the laft but one. 
Take the Equation x^ z=:aaj/y the Locus whereof is the Cubick Para- 
bola M A My having the given Line ^ J = tf for a Parameter, and 
^ight^ Lines, as P if (j) making an aflum'd ^gle APM with 
the correfpondent Parts AP (x) otthe Axis or Diameter for Ordinates 5 
then cube both Sides of this laft Equation, and we fhall have x^=a^y\ 
which (hy Subftitution ) ftiall change the propofed Equation into this 
hcrejf'=: aab — a ax-, the Locus whereof may be thus conftrufted. 

In ^P produced afliime AC=^b^ and through the Point C draw Fig. 235. 
the indefinite right Line C K parallel to P Af 5 then with C K as an 
Axis, whofe Parameter is CD = ^, and Ordinates right Lines 2lsKM 
parallel to AP^ defcribe another Cubick Parabola MCM. I lay this 
Ihall be the Locus requifM. 

For by ConftruSion MKot CP=^b-^Xf and by the Property of 

the Curve Cj(=Afjr « CD,*that is, in analytick Terms, y'=aab'-aax. 
And it is evident, 1. That if right Lines as PM be drawn from Points • 
(M) wherein thitf latter Cubick Parabola. iM CJf meets the other 

^ MAM, 
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MAM^thtn the' Parte >tfP(haUei]^is the Roots ;r of the j^^ 
Equation x^^a*x — a^b=o* 2. That the Oibick Parabola^ MCM, 
MA Af, are the (ame in all refpeCts, becanfe their Parameters A JB, 
C Dj are equal, and the Angles APM^CKM^ that are form'd fajr the 
Ordinates, are fo likewife. 

The Situation of the two Cubkk ParaboWs MA M, MCM, Ihewi 
that the propofed Eqintian x^-^^a^x—'a^t =:o, has but one veal 
Root^P (xX which is alwayi affirmative, and left than AC (b)% 
and fb all the other eight Roots are imaginary^ 

PROPOSITION XL 

t^roUera. 

42i« nrO covBruS nn Eqaatum of wbatfiever Degree^ by wiemu rf d 
''. ftraigot Lm^ and aLoauof the fame D^ffrte^ aUtba Parti of 
wlicb Jjocui maj alvajz ba deterwmfi bj ^Jjlifirmdn Lines only. 

Thelaft Term of the propofed Equation mutt be brought to fiand 
alone on 6ne Side, and the whde.Equation muft be afterwards divided 



by th^ Line leurelenting Unity, repeated as often as uecei&rj^ that 
(6 each of the Terms may expiefi ng^t Lines only : As fiippole this 




Equation was propoled jr' — bx^ -{-acx^-^aadxx+a^cx 

ftc }S4« ^^^ ^^ ^^^ indefinite Ihrait Line -/i 5, whofe fixed Origin let be 
in the Point A, aflume any Part A P for the Value of x, and draw a 

right LinePAf=— r 4 — r h— ( which mav be done 



♦.4r/.376. "^always by the ufe of ftrait Lines only) parallel to the LineyfC 
given in pofition ^ then the Extremity m of this Line fhall be one 
Point of the Curve ADEM^ whole Points of Interfeaion AJ, AI^ M, &c. 
made by the right Line K M^ drawn parallel \oAB through the Point 
K, fo that ^ X be = f, Ihall determine the Parts KM, KM, KM, 8cc 
which will be the fought Values of the unknown Quantity x in the 
given Equation. 

For if the right Lines MP, MP^ MP, &c. be drawn parallel to 
A C, and the indeterminate Qpantities AP, PM, be called x and t ^ 
tlien by the Property of the Curve, A DEM, we Ihall have this h- 

nuation FiH (y) =— -^ — y — which is a Locus 

'i Degree \ and by the Property of the right Line K M this 

iXkjszf,^ and by fubftituting x for j?, and multiplying by 

iriU arife the propofed Equation x' ---bx^ -^-^x^ — aaJx^ 

za. "'^ ^ Theft 



Of t he CenfirnSiion ^/ E q ir a t r o n ff. "ijt, 

Thefe kind of Q)nftruaion8 may be very ufeful for finding^ the Li- 
niits of Equations. For Example, let us fuppofethat we have a way 
todetermmc the Parts AF^ AO, in the Line>4C, being fuch that 
the right Lines FD, GE, (^parallel to AB) do touch the Curve ii^ 
thePoints A Eh then it is manif eft, i. Thatif y^X (/) belefsthan 
A F, and greater than A G, as is fuppofed in this Figure, tiie proposed 
Equation will have three affirmative Roots KM, KM, KM, and 
two imaginary Roots ^ becaule the Figure of the Curx'e is fiich, that 
the Line KM ftiall meet it in three Points, and not more. 
2.IfAK (f) be lefi than AQ, the Line K M fhall cut the Curve iir 
five Points, that is, the propofed Equation will have five affirmative 
Roots. 3. If>4X(/) be greater than AF^ the Equation will have but 
one affirmative Rjoot, and four imaginary ones. 4. If AKh& ^=AFy, 
the Equation Ihall have three affirmative Roots, two whereof will be 
equal to one another,, viz. F By F D. 5f If ^4 X be = u4 G, the- 
Equation fhall have five affirmative Roots, two whereof will be equal, 
vh' O E, G E 

The lame Curve AD EM being continued from the Point j^ Ihall 
determine the Roots of this Eoiiation x^ — bx'^-yacx^ — aaixx-^'a^ex^ 
a^f z=Oj only differing from tnat above in thia, that the laft Terni 
has the Sign + prefixed to it •, which ftiews that the Line K M' muflf 
then be drawn below A B, becaufe the Locus^ thereof muft be> = 

Scholium. 

422rT^ H E precceding Conftrudlion may be varied divers Ways j 
-■- for infteadof mating the laft Term equal to all the others,. 
you may do the fame of any other Term, or even any two being next 
to each other, and afterwards divide them fo^ that wnen they be made- 
equal to J, the Locus of the Equation may be one of the fiirft Degree. 
For Exampfe, Let there be an Equation of the 3d Degree, x' — (Ax — 

aac = ^make — :: + t =^ — , then we Ihall'have the two following 
Equations X* =aay^ zndy = V* c, the Loci of which being lepa- 

_ • 

rately conftrufted after the folbwing Manner, will' determine the 
Roots of the propofed Equation. 

Affum'e two unknown and indeterminate ftraight Lines AP(x)jVig. a^rj*^ 
P Af, (y) making any Angle APM with one another, and defcribe the 
principal Cubic* Parabola MAM^ which let be the Locus of the firft 
Equation ^' = a a^y. Through the Point A^. the Origin of the x\ 
draw a right Line i:)arallel to PiW,, in which take AC:=b^ AD^q^ 
Both tendmg towards, the fame Parts as FM ^ alfb ia.>ff P produced on 
tJii&.Side^ affiimevi^ = oj and through the PointD draw- an ihde- 

^ i Siiit©: 
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fiiute tight Line puallel to B C: I fay^ if right Lines, m ilf P, be 
drawn^parallel to AC £roin the Points (M), whefein this FsiaUel 
meets the principal Gabick Parabola MAM, tiie Facts AP 
ihall be the Roots ol£ the given Equation x* — ^a ix — aac=so. 

For if D £ be drawn parallel to ^ P, the fimilar Triangles BA C 
DEM, will give this Proporrion, BA (a) :AC(b)'.i DE {x):EM 

= -,andcon%ientl7Pilf(j) = j + c. And fince MAM k 
-z Cubidc Parabola, we have x^ = a y. If then — +cbefiib- 



Aitnted for t, there will arife the civen Equation x* — abx—' ,, 

"■ If ^in tne given Equation had been affinnative» then AC muft 
liavt been taken tending the contraij wav to that which PM tends, 
» zlfo AD if Chad beoi affirmative. From whence it is mani&ft, 
that tliis Omftrudion is general for any given Equation of the third 
I)egcee. For when the (econd Term is gotten oat, the Equation may 
he always reduced to one of the laid Forms. 
* It , is. plain that a giyoi Cubick Parabola may be uied, fince yoa 
aeedcnify' affiime the arbitrary Qrantttya, f taken for Unity) for 
j|£e Pluameter thereoC 

PROPOSITION xn. 

Problem. 




and eitrafting the fquare Root of both Sides, and there comes out 
X X '\^ a'fz^a ^ppA-qx \ laftly, tranf pofing a py and e xtragting the 

jt/uar? Root again, and then x is =^±ap-\-a^pfA^^. This being 



^ 

■^ 




It t isgreater than ^±ffp+«^;;-i-y. 2. That ^/±ap+a^'7^ 
B yet gjrteatdf than the exaft Value of *. This fecond Prop! 
jti^ 4>ilt fir the fizJI it may be proved thus. 

If 
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If 2^px in the Equation of the third Degree be affirmative, it is 
jnanifeft that c^-f 2apcc> "^aagcy from whence adding the Square ^TbhSgn 
^afp to both Sides, and compleating the Calculus as above, there ^ is one of 

cromes out c >- ^ — ap — ay/ppA^c. But when 2apx is negative, by 
^ nfpofing 2ap X and dividing by x, we Ihall have xx=: 2ap + 

, and fo if in — you put for x a Value c greater than the af- 

^rmative Root of the Equation x^ — 2apx — aaq :=zo^ the Quantity 

^tfp + ^ Ihall be left than the Square XX (becaufe^ is lefi than 

^ ) and lb, much left than the Square c c. Therefore we have c c >► 

:2ap + —t and multiplying by cc, there ariles c* — 2apce>^ aoqc^ 

rom whence (working as has been direfted) and we get c > 

^ap +<i y^^pI^.This being fuppos'd, I form this Scries, ^-^p^a^^p^^ 

^±ap'\-a^pp4liff, v/±^P+^V^+ff» *^ wherein/ exprefles the 

Term ^±ap+a^pfX^ immediately going before, and moreover g 

^heTerm ^/±ap^a^pf4^y &c. 

Now from what has been demonftrated, it is evident that all the 

Terms of this Series will be greater than the exaft Value of the at 
•firmative Root x, and that they alwa3rs approach nearer and nearer 
to it : So that if the Series be continued on ad ittfinitiim, the laft Term 
of the Series ftiall be exaftly equal to the fought Value of tiie un- 
known Quantity x. For let x be the laft Term, then by the Natui^ 
of the Series it is certain, that % (hall approach the neareft to the 
unknown Quantity x of all the other Terms, ^nd coniequently the 

Term ^+ ap-^-a^fpT^j which would follow it immediately if it 
was not the laft, cannot be lefi than it $ becaule if it was lefi, it 
would approach the neareft to the unknown Quantity x, and confe- 
fluently would be the laft Term, which is contrary to the Hypoth^s^ 
And it cannot be greater, becade it has been fhewn that all the Terms 
df the Series go on diminilhin g; Thefefbrethe feme ftiall neceflariljf 

Ve equal to it, and (b x is = V'^^P+^^tH^n^^^ ^^ ( clearing the 
Equation of Surds) x' ±: 2apz—aaq=»^ whencQ it appears that z =x^ 

ir.jr.D. 

After the fame way of reafoning it may be prov'd, that if a Mag« 
xntude c be taken lefi than the exa£t Vah^ of x, all the Terms of the 

Nn fiid 
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faid Series will go on increafing to the laft Term, which Ihall be ex- 
aftly equal to the Value of x. We next proceed to Ihew the manner 
of conftrafldng the faid Series geometrically by right Lines and 
Circles. 
Fig. aj^, Drawtwo indefinite right Lines BD, CP, cutting one another at right 
a57« Angles in the Point A 5 and in one of them take AB = a, AD=^pj 
both on the feme Side the Point A^ when 7apx is affirmative 5 and 
one on one Side, and the other on the other, when the fame is nega- 
tive (as is fuppos'd in the two Figures) and in the other, take A C—^, 
A¥^=^c^ always on both Sides the Point A^ This being done,' on the 
Diameter CV defcribe a Semicircle cutting AD in £, and in AC 
afliirn* AF equal to AE, ai^ in ^D from the Point JD towards 
the Point A^ in the firft Cafe, and from D the contrary way, in the 
fecond, lay off D G equal to D F. Laftly, Upon the Diameter B G 

defcribe a Semicircle cutting ^P in ^, I fay A^:=^ap+a^i/^^. 
For from the Nature of the Semicircle CEF, the Line A E or AF n 
=^ V ff f 5 ^^ ^^^^ ^ AD is a right-angrd Triangle, the Hy potbc - 
iiufe FD or DG^= ^/tP'^rf ^^ confeguently AQ =:p + \/ft4^ \ 

and becaufe B^G is a Semicircle, the Line A^is^=:^ap-\'a^^4^. 
Now calling A ^fi and repeating the fame Operation, ufiog A^ 

inftead of APy we ftiall find AR = v^ap-^a^pp^^ and afterwaris. 

by means of ARj which call^, we fhall find AS=: ^ap-^a^pfHI^ 
repeating the fame Operation again : So that continuing on the lame 
Operation at pleafure, you will find Lines, as^P, A^ A R, ASy 
&c, approaching nearer and nearer to theexadt Value of x, the Root 
of the propofed Equation x^ — 2afx — aaq::=^o. 

Here you muft obferve, that AP(c) may be taken firft of any 
Length at pleafure 5 for if this Length be found greater than the 
Root X, the other Lines A ^, AR, AS, &c. do go on alwa5-s dimi- 
pifhing •, and contrariwife, it AP be lefs than x, thofe Lines will go on 
increaling ^ fo that the true Root is contained between >4 Pol one 
of the two Figures, and AP of the other, and A^ and ^ 0, Ak 
and AR, AS and AS. Whence if there be form^ two converging 
Series, wherein the firft Term of one of them is greater than the true 
Root, and of the other, lefs ; then by taking the correfpondent Ternii 
of- thele two Series, we {hall have always the Limits between which 
me|toot muft be found •, fo that the Difference of tliefe Limits diin> 
flSihrs more and more ad injinmm. 

If the two other Roots of the propofed Equation x' — 7apx~aaq^ \ 

Ihrf t)6eni demanded. Call m the Root found as above by Approii- 1 

"^ilBd fiipwle the fame to be the true Root -, therefore if thill 

be divided by x;^--i», the Remainder will be equal to uothirj 
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(fince the fame is i»'— 2ajp«f-— oaji^o, and x is fuppog'd zs «) and the 
Quotient (hall bexx + wx + wwi — 2 ap=(?, and if this Quotient or 
Equation be rcfolv'd. We fhall have the two Roots requif d. 

All Equations of the third Degree may be reduced to one or the 
other of tnofe two Forms •, for if tne fecond Term be gotten out, and 
aaq is affirmative \ then putting aaq negative will oxHky change the af- 
firmative Roots into negative ones, andthe negative ones into affirma- 
tive ones. From whence it appears, that the aforefaid Conftruftion* 
are fufficient for approximating the Roots of any given Equation of 
the third Degree. We now pals on to thofe of the fourth. 

It h required to approximate the Roots oi the foUowixig E^tion 
of the fourth Degree x^ — ^apxx—aaqx — a^r=^Q. FirftjBnathe Roots 
of this Equation of the third Degree nearly by Approximation^ ac- 
cording to the manner before prefcrib'd, i;^:;. 

-^aqq 

wherein you muft obferve to write— 2p\ when + 3 apx9e is in i^ 
propofed Equation 5 — 4 a r when + aV is in the fame^ and laftly^ 
— Bapr when the Signs of the Terms ^apxx and gV are diffcwnt. 
Now one of the approximating Roots y muft be fuppofed to be OAdc^ 

and having found a Line v=:^ aj^ 2 ap^ viz, + 2 tf p when 3 apxv 
is negative, and — 2a p when the fame is affirmative -, and then for 
thefour approximatingRootsof the propoled£quation,we ihall have tholh 

ofthefetwoEquationsof the 2d Degree XX— w+ 2312 -^ -^ ^=i 

and ;c X + 1; X + 2!±f?^^ = (^ obferving to take — ap vrhen 

3apxx k negative, and 4- a p when the fame is affirmative, in the 
propofed Equation ) which may be eaftly conftruded by means of 
(trait Lines and Circles. All this is only a Continuation of the Rule 
laid down by Def cartes j in the Third Book of his Geometry, for re- 
ducing any Equation of the fourth Degree into one of the third, from 
whence knowing one of the Roots of the propofed Equation, we have 
all four •, and fince this depends upon pure Algebra, it may be here 
fuppofed as demonftrated •, yet the Demonftration being Ihort take it 
as K)llows. 

: The Eauation of the fourth Degree x^ — ^apxx — aaqx — a^rzzzo^ muft 
be eftecmd as being the Produfl: of two Planes xx — t; ;r + ai — ac=:o^ 
und xx-^vx+ab-^acz::^^ wherein the Letters tf, a, by c, do denote un- 
known Quantities that muft be determined hereafter fo^ that the Prof 

dud of thefe two Equations which is x"^ ""^^^ — 2acvx ^ zzzo. 

Nn 2 ^ ^ may 
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may be equal to the propoled Equation. For this End, if tfa 
pondent Terms he compared, we fliall have i. c = -3. 2. i=-5 
3. bb—^ cz=, — or, or bb — cc-^ar^o \ that is (putting for ^ and c the 
Values that we have thus found) the Equation v* — 6apti^ A-^mmffim 



i^qq^. And if you make w=:ajf+ 2ap^ then (by Snbftitution), will 
be found this Equation of the third Decree 

4.4^-*"^''5^=^=^> "om whence knowing one Root y, we Ibill 



have the Value of v, by taking the fquare Root of a j 4- 2 a ^, anl 
then the Values of b and c, which being put in the two plane Eqm- 
tions firft fuppofed, and there will be found two other plane Equations, 
whofe Produft (hall be equal to the propoied Eouation, and the Refih 
lution thereof Ihall confequently furnifh the four Roots (ought. If 
it be required only^ to find one amrmative Root of an Equation of the 
fourth Degree, thia may be done immediately by a Series, after tbe 
following Manner. 

Let x^ 4I 2 apxx — • aaqx — tf' r be = a, then working after the 
fe me manner as for an E quation of the third Degree^ and x will be =: 

;^lilap+ a y/fx4-jp>H-^ ^^^ whence (making pp+ ar = ««, for 
br evity's fake) we (ha ll have this converging Series c,^4l^-f.tf^,;;^i;. 

v^-*- V '^ ^v^^'^-Hfi V^^P + ^ \/ffnA^y Sec. whole Conftruftioa 
5s the fame as that of the Series before given, only A Fmu& be = n 
and DG=.FE. 

If a V had been affirmative, then will x be = y^Tflfp+a ^^^^^. 
and when pp exceeds a r, the fame converging Series as above unll 
be found (inma'kingpp—ar = n}t). But it muft be obfcrv cd, when 
!Zapx is affirmative in t he given Equation, then ^^xA-fp—ar muft be 

greater than p, that fo v^— ap + a y^^T+I^iT may not include a 
Contradiaion j from whencex is t> — and confequently c mufl betaken 

greater than—. 

f 

li pp be lefs than ar, t hen making ar— pp=q ft, we fhall have this 
conmging Se ries c, ^Xap -k-a ^^^ ^ A^ap + a ^qf^^, 
^ A^ap + a v"^?—^;!, &c, whereinitmufl be ohferved, that when2Jpxx 
in X)\t given Equation is negative, x muft be greater than n ot^^^-^ 
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that fb ^ ap-h a i/f*4-»— «r the Value of x may not include a G)n- 
tradidlion, whence c miift be taken greater than v. 

When r is afHrmative in the given Equation, then it may happen 
that all the four Roots are imaginary, in which Cafe we fhall certainly 
fall into fbme Contradidion in the G)nftrudion of the Series : For the 
Demonftration of the converging of the Series depends upon the Sup- 
pofition of the given Equation s having one affirmative Root. Finally^ 
the Conftruction of the laft Series is fouiething different from the Con- 
ftru&ionof the others, but becaufe it is not more difficult, I Ihall omit 
the fame. 

This Method becomes troublefome when extet;ded to compleat & 
quations, exceeding the fourth Degree ^ for which reafon I fhall con* 
tent my felf with applying the fame toan Equation of thefifth Degree^ 
having only two Terms, from whence may be known how to extend 
the fame to others more compound that have likewife but two Terms. 

Let x^ — a^b be = o, then multiplying by x, and tranfpofing, and 
there will arife x^ =^a^b x, and extrafting the fquare Root, we have 
x* = aa^ bxj or x'^zz: aa x ^ bx^ and continually extrading the 

Iquare Root twice more, x will be = y' a ^ t^h « , firom whence we 

get the following converging Series c, ^ a^c^\n^ v' * ^TT^f- 

V'«v7V7*f> *c. whole geometrical dRftruaion is tiius^ 

Draw two indefinite ftrait Lines B D, C?y catting one another at ] 
right Angles in the Point A, and in one of them afltiAie ^ J} = «, 
and in the other ^C=*, ><? = <:, on both Sides the Point ^. Thi« 
being done, upon the Diameter PCdefcribe a Semicircle, catting fy^ 
in /), and in^C take AF=AD, and then upon the Diameter 
FF defcribe another Semicircle cutting AD in E. Laftly, on the 
Diameter 5 £ defcribe a Semicircle cutting ^ Pin ^j then itisplain 

that A^hzn^ a ^TJTc. Now calling ^ ^ /j and repeating 
the fame Operation, ofing ^^inflead oiAfy^^ you will fnd 

AR = ^^a ^/f^bf^ and alfb A 5= JT^/f^. And the right 
Lines u4P, ^^, AR^ &c. do come nearer and nearer totheeiad 

Va lue of the unknown Quantity {x) of the given Equation x^ d^bz=zo. 

This may be provM after the fame manner as before, for the Equations 
of the third Degree. 

M. Bernovilli invented thefe Series^ as may be feen in iWc 47 J. of 
the ASa Uruditorum^ for the Year 1689. 
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PROpasiTroiJ xiw. 

Problem. 

424. Afortion of a Comck Se9ion beitfg giv$nj to fni the Roots of g 
/I .pv0n Eqnatim of the third md fourth Degree b} means thereof. 
r It appears in the preceding Ptohiein, that m Eooation of the fourth 
Degree being siven, we can hf means thereof find always one of the 
third, fcoin whence knowing one Root, we have all the four cf the 
propofed Equation, by ftraight Lines and Circles only. Alfo it is 
well known, that any Equation of the third Degree may be brought 
to this Form x^4l2apx — aaq=::<^ whereof one of the Roots is affirma- 
tive, and the two others negative or imaginary. This being laid 
down •, let x^+^apx — aaq:=io be an Equation of third Degree, whofc 
Fig. 239. Roots are required to be found by means of the given Portion (B D) 
of a Parabola, having the Line CH for the Axis, and the Point C 
the Origin thereof. From the Points i, D, the Extremities of the 
given Portion, draw the Perpendiculars JJ G, D H, to the Axis 5 then 
it is manifefl:, that if the affirmative Root was greater than BG» and 
lefs than D 17, the Circle defcrib'd about the Centre £, ( found as di- 
refted at the End o^Art. 387. for Equations wanting the fecond Term) 
with the Radius E C, woidd certainly cut the Portion B D in fowc 
Point M, from whence drawing the Perpendicular iW ^ to the Axis, 
this Line iff ^ would be the affirmative Root thereof Now when 6c 
faid Circle does not cut the Portion B P, the Equation muft be traiif- 
Fonn'd into another, whereof the Root may be contained between tl\t 
Limits £G, DH. In Order for this, call the given Lines BG,f, 
D H,g }, and fuppofe we have two Limits lUy «, (where ?n is left thau 
w, and / than^ between which the true Root x is contain'd. Then 
X will DC greater than ?;;, and Icfs than ;;, and multiplying every 

f X 

Term by f^ and dividing by ;;/, and there comes out _ greater than 
f, and lels than — , Noiv if z be made =•'— , and inftead of x rcu 
put its Value y in the Equation x^1\L2ai)x — aaq=:o^ this Equation will 



be traiibformM into this here z.' 4- —^ — '^7- = ^> whofc Root z =:: 

mm m ' 

--fiiall be greater than/, and Icfs than--. Therefore, if the Li- 

TJl 771 

mits M and ;/ beliich, that - be equal to, or Icfs than ^, tl:en ycj 
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need but conftrud this laft Equation by means o£ Art. -^Sj, for ha- 
ving the affirmative Root M^ (z) thereof, by means of the given 
Portion BC From hence may be gathered the following Con- 
ftruftion. 

By the laft Problem make two converging Series approaching to the 
true Root x, of the given Equation x^:^2avx — aagzzo, the firit Term 
of one of them being lefs than x, and of the other greater. Chufe 

two correfpondent Terms «i, w, in thofe Series being fuch that — may 

tn 

be equal to or left than g : Which may be done always, becaufey is lels 
than g^ and the Difference between m and n does leflen continually. 
This being done, transform the given Equation into another, asx' + 

^^ X — ^^ =05 the unknown Quantity of which fhall be x z= — • 

mm m' iw > 

aad cooftruding this by tjie Diredions at the End of Article 387. the. 
Circle will cut always the given Portion BC in Ibme Point, as 
M^ from wbiiA drawing the Lioe ili j^ perpendicular to the AxiSi^ 
this Line (hall be the anvrmative Root x ol the lafl: mention'd £<|ja« 

tion . and afterwards making xz^-j-^ that Line x ^(hall be the affir- 
mative Root of the Equation x^^2ttpx — Mq:no. 

If yon want the two other Roots of this Equation, when they are 
not imaginary i the Eqoatioa need only be divided by the ttn]uK>wn 
Qaantity x vimrs, that Quantity ("which we have found) liiat will 
briilg down ^ Equation to the :tecond Degree, the two Roots of which 
ixiay be found by means of a Circle, acconling to Article 380. 

All this is fb plain, that there need be no more faid about it ^ only 
obferve-, that if the given Portion B D were an Ellipfo or Hyperbola, 
the ?9Bth or M^d Articles xtmSi have beennied^ and then all th^ 
Difficulty would be in transforming the given Equation intp another^ 
wherein the affirmative Root ftiould have g^ven Limits 5 and this 
might be done as above in the Parabola«^ 
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BOOK X. 

Of Determinate Pro blems. 

A General Propojitien. 

4? 5. J Determinate Geometrical Problem being propos^d^ to find tbeSolM' 

•" tion thereof. 
r The propofed Problem muft be efteem'd firft as if £t was rcfblv'd, 
and fuch Lines as is judg'd moft convenient for the Solution thereof 
muft be drawn. Then name all thcfe Lines, (which commoidy do 
form right-angrd, or fimilar Triangles) with Letters of the Alphabet, 
vix. the known Lines with the initial Letters, and the unknown ones 
with the ultimate ones 5 and go thro' all the Conditions of the Ptobka, 
comparing thole Lines to one another in the moft fimple and natoitl 
Order polTible •, that thereby the fame Number of Equations may it 
form'd, as there are unknown Quantities. Laftly, By common Alge- 
bra reduce thefe different Equations to one only, wherein there is but 
one unknown Quantity, and, if poflible, bring it down to a Icm'er 
Degree ^ and folve the fame by the Direftions in the laft Book, and then 
the Problem will be anfwered. All this will appear by the following 
Examples. 

Example I. 

.426. npH E right Line A B being given, to find the Point Q out of 

-■■ that Line, fuch that the right Lines AC, CB being drawn ^ 

(I.) The Sum of their Squares may be to the Triangle ABC in the 

given Ratio of / to g, (2.) And the Angle ACB contained under thofc 

Lines may be -equal to the given Angle G DK. 

Suppofe the Point C to be that foi^ht, and draw CH perpendicular 
to A iv, which bifeft in the Point £. Now call the given Line A E 
or E B, a •, and the unknown ones BH, x-, HC,y\ and then AHk^ 
a-^x, and£H=^^+^. Then becaufe AHC, BHC, are right- 
angrd Triangles 'aC Ihall be =aa — lax-^-xx^jy, and Wc=aa-^ 

:jx 
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^x+xx+ji \ and confequently AC + BC=: 2flrtf + 2xx+ ajgp. But 

fince the Triangle ACB=:AE y^CH(ay) -^ therefore by the firft 

Condition of the Problem it follows that 2tftf+2xx4-2jy :ay: :fig\ 

Irom whence multiplying the Extremes and Means, and dividing by 

iff 
a.'gj we get this Equation aa ^xxS-yj = — ji = 2«ijf, in taking a Line 

w =— that fo the Equation may be cleared of Fraftions. 

The next thing is to accomplifh the fecond Q)ndition, rns. That 
the Angle ACBht equal to the given Angle GDQ. To do which, 
from the Point Q taken at pleafure in the right Line G A draw the 
right Line G F ijerpendicular to the Side DK^ produced, if neceflary, 
and from the Point A the Perpendicular ^ L to the Side B C ("allb 
produced, if neceflary) that (b we may have two right-angl'd fimilar 
Triangles ACL^ QDFy whereof G D F is given. This being done, 
call the given Lines D P, ^ ^ FO, c 5 and make BC = w, for Brevity's 
Sake-, then becaule the right-angl'd Triangles BCH^ BAl^ are fimi- 
lar, thereforeJ5C(w):CH(jf): :JB^(2a):^L=^. JindBC(ft) 

It 

: S H (a -^ x) : : B A (2 a) : B L :=: — — ^. And confequently CL 



or B L — B C = ' . Whence becaufe the Angle ACL muft 

be equal to the Angle GDf, therefore the following Quantities muS 
be Proportionals, viz. CL Q ^''^*~^^ : AL (J^) : iDF (b)i 

, FO (c)\ and fb multiplying the Means and Extremes, and then 
' 7aac^2acx — cnn = 2aby that is ((ubftituting tffl-|r aayc+xx+w for 
nn) aac — cxx — cyy=2aby, which includes the fecond Condition of 
the Problem. Now becaufe we have fcund the feme Number of Equa- 
; tions as ther^ are unknown Quantities, and fince all the Conditions of 
the Problem are taken in ^ the next thins to be done muft be to re- 
duce thefe Eanations by the common Rmes of Algebra to one Equa- 
tbn only, wherein there may be but one of the unknown Quantities 
X or jf. This may be done thus : One of the Equations is At+xx+jy 

=2iwjf, and the other «ic — cxx — cyy=2aby^ or aa — xx-^yy^si ^^^^ 5 
'which being added together, and we get 2^^=^ + 2«jf, and Qy y 

;is == ^^ taking / == y* And fubftituting this Value fory, and its 

.Square for yy in the feid Equations, and then xx will be = 

O o ^ aamm 



a8a T^^^ Tenth Book. 



l^^^^nA^^'-^^—, fbm whence it appews, if 

mmhe\e& than «+/, the Probkm ihall be impoflible. Now the 
Ccviftruk^on of the Problem is after the foUowii^ manner. 
Re. 241. Through E the Middle of AB draw the indefinite right Line ON 
' papendicuWir to A By and through the Point A draw the Line AM 
making with AB the Angle HAM equal to the Angle DGF^ which 
is given. About the Point ^, wherein AM meets the Perpendictdar OiV^ 
as a Centre, with the Radius MAj defcribe the Arc of a Ciicle A CB. 
Then in EM produced towards -Adf, affiime MN=: m-^ and join 
NAj and draw A perpendicular thereto, meeting NO in the Point 
O, through which draw a right Line parallel to ^ £• I lay, this Pa- 
rallel fhall meet the Arc of the Circle AC Bin the fought Point C 
For drawing CH perpendicular to A B, then will CH = £0 be = 



-7-. becanfe the right-angl'd Triangles NEA^ AEOy being fimibr, 
we nave this Proportion, viz. NE (m +fj :AE (a) : : AE(a) :E0^ 
~, And (by the Nature of the Qrcle) Cl^I = AM = «« +/i 



aa 



»BdlblmceiM0i8=/+^jj-j^ and the Triangle iJf C O is light- 
angl'd, therefore cu' ofEU (xx) ii = a a +/ — J— ^ 

—■^7-^^'-^^^-^. Therefore, 6fc. 

Scholium. 

4^7- T^ ^^^^^ ^^^ ^^^ Conditions of a Problem be taken in, there a» 
^ fes two Equations, in each of which are contained both the un- 
known Quantities ^ there is no Necellity of reducing both theft Equa- 
tions to one, wherein is only one unknown Quantity, as is prefciib'd 
in the general Propofition^ but the Problem may be refblv'd by cod- 
ftruding feparately the Loci of thefe two Equations, for by means of 
the Interfections of the two Loci fhall the Values of the two unknown 
Quantities be found. Tliis appears evident in this Example, wherein 
the right Lines £ H fx), H cYj^; forming the right Angle EHC, arc 
taken for the unknown Quantities •, and by the Conditions of the 
Problem are gotten thefe two Equations, aa-\'XX'\-yy=z2my, and«M— 
XX — yy=2fy'^ tor the InterfeiSions of the Circles which are the Loci 
thereof, will be the Points fought* Now thefe Circles may be it- 
fcrib'd thus. 

Tbr 



< 
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The circular Arc A CB being dcfoiW as in the former CbnftwAi- 
on, about the Centte A with a Radius AP=^mj defcribe an Arc, 
cutting the Perpendicular EM in P. In this I^^rpendicular aAufl^e 
£0 = m from E towards the Afc AC B, and about the Centre ^ 
witK the Radius ^C=s E P, defcribe a Circle which ftaH cut the Arc 
ACB in Points (C)j which wiUbethofe required. 

For from the Nature of this laft Circle ^C or MP (m^ — tf «) is 

— ^0 {mm — 2 my + yj^ ) '\'0 C{xx) that is, the firft Equation 
atf4-xx+ji^=2wjf ^ and from the Nature of the other Circle AC B^ 

wegetWc^vMA'Cf+aa) =^(/+2/>+j7) -^'OCCxxX 
that is, the fecond Equation a a — xx — yy=i2fy. Therefore the fought 
Point C will be in both thefe two Arcs, that is, it will coincide with 
the Point of Interfedion of them. 

Hence it appears that there are two different Points (C) that will 
anfwer the Problem, when the two Circles cut one another, as in the 
Square : When they touch one another there will be but one^ and 
when they neither cut or touch, then the Problem will be impofli- 
ble. 

In fblving a Problem by two Loci, care muft be taken that one 
does not fall into a more compound Conflxudion, than that of one E* 

Station having only one unknown Quantity x therein. As in thii 
xample, fbppofe it be requir'd to folve a Problem, (which is the 
tiufd £)llowing J whofe Conditions are contained in the& two Equa- 

tions,^ =: —r— J ^d -^ jf > = tf tf -^ « X : If the Loci of thefe two 

Equations be ufed for determining the Problem, then, it is plain that 
a ftrait Line muft be drawn ^ for the Look of the firft Equation, and ^jin.^o^. 
an Hyperbola "^ for the Locus of the fecond, that fo the V alues of the ^Art.'^^o^ 
unknown Quantities x and j^ may bedetennin'dby their Interfeaions. atid^ii. 
But becaufe in bringing thefe two Equations mto one, this Equation 

of the fecond Degree will be had, vix. xx jc + — '^^=: o^ 

which may be conftrudted by ftiaight Lines and Circles only ^ theie- 
fore it will be a conflderable Fault to ufe an Hyperbola. 

£ X A Af P I. £ II. 

428,TpHE Squared BCD being given J it is remiir'd to draw the Fig ^±i 

^ right Line A Eftom the Angle A theieol, fb that F E the ' 
Part of this Line contain'd between the Sde B C, and the Side D C 
(coxitim^d oat} be e^ual to a given Liiie b. 

O 2 Lef 
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Lrt m fuppoR: the Point £ taken upoa the Side DC ( produced ) be 
iiich that F B the Pait of the Line ^4 £ be equal to a given Line b, 
that is, let os luppofe the Qjieftion to be folved, and call the given 
Lines AB, <x ADy or D C, or C B, a ; and the unknown Line DE,x. 
This being done, becaufe the Triangles EDA, ECP, are (imilar, 
therefore ED(x):DA(a) :: E C (x—a) iCF^ '^ , and fiuce 
£CF is a right angl'd Triangle, therefore FE^EC-h C F= jc x— 
2 « X + a «-•- *" ~ -^ . But becaufe (by the Conditions of 

XX 

the Problem ) E F, mull be equal to b, therefwe x *— a « x -t- a a + 

^ . '* ~ — ■=:bb,otx* — 2 j'x -y 2 aax X — bbxx — 2a^x-\^(t*=tt, 

Vhence if this Equation be Iblved, the Value of D E (x) fhall be 
fuch, that if the right Line ^£bedrawi!, the Part (f£) thereof com- 
prehended between the Side of the Square C5, and the Side C D con- 
tinued out, will be equal to a given Line b. 

Becaufe ,ths Equation here found is one of the fourth Degree, a Co- 
nick Scilion muit be ufed in the Conftruflion thereof. Therefore it 
will be firft necellary to try whether the Equation cannot be brought 
down to a lower Degree, by tlie Rules of Algebra ■, for this End we 
find that if c c be taken :^a a + hb, the fame fhall be the Produft of 
thetetwo Equations of the fecond Degiee xx ^aa — ax — ex=^, and 
xx+aa — ax+cx=Oi fo that the four Roots of the Equation of thfr 
fourth Degree x* — 2ax\ &c. may be had by finding the Roots of each 
of thefe two Equations, I Qiall not here mew how to find the Roott 
of the Equation xx-{-aa — ax-^rcx^o -, becaufe c being greater than a, 
the Difpofition of the Signs fhews that the Roots areljoth negative i 
But the Roots of the other Equation **■•+ a a — ax — e xz=o being both 
affirmative, may be deterinin'd thus. 

In the Side A B produced, afTume SG:=Cy and upon the Dia- 
meter AG defcribe a Semicircle cutting the Side D C (produced) in E. 
I fay this Point fliall be that fought. 

For calling D £, * ^ and drawing the Perpendicular £ H, then W£ 
fliall have BG~a+c — x, and by the Property of the Circle 
AHxHG (ax + cx — xxj ='EH^aa. 

SCHOLITTM I. 

429. T F after having brought a Problem to an Equation, the fame is 
*■ a compound one having feveral real Roots, then it is plain that 
there is but one of thofe Roots that eipreffes the Value of the un- 
known Quantity fought : But it moft be well otlervM, that ^I the 
other Roots may (erve in iomewife likewife to fblve the Problem ^ 
. , neither 
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aeither will they bedififerent from the Root fuppoied, but only in fbme 
mrticular Circumftances. So in this Example the little affirmative 
Root DL (x) of the Equation xx — ax — cx+aa=Oy gives the PointL, 
upon the Side D Q fuch that the right Line A L being diawn, meet- 
ing the Side BCinK, the Part A L thereof is equal to the given Line 
h. Moreover, if you take Bg:=sc in the Side B A produced to- 
wards Ay then if a Semicircle be defcrib'd upon the Diameter Agy, 
this will cut the Side C D produced towardsZ) in the Points ^, /, fo 
that J) By Dly fhall be the two negative Roots of the Equation 
xx+cx — ax+aa=:o : And if the right Lines Ae, A /, be drawn meet- 
ing the Side CB produced in the Points^i Jt, then each of the right 
Lines ef^lk, (hall be yet equal to the given Line b. From whence it 
appears, that notwithftanding the Value d DE only was what we 
required in the Problem, yet we have found an Equation whofe Roots* 
have fumilh'd us with other Values D JL, D e, Z) /, all of which wiUh 
in fome wife anfwer the Problem. 

Scholium IL . 

430. TF there be a Sufpicion that an Equation taking in theConditions^ 
-■^ of a Problem may be brought down to a lower Degree, it will 
be proper to try other ways different from thele we have followed,- 
even when they appear left natural 5 becaufe it may^ often happen, 
that they lead us to more fimple Equations ; and otherwife, lince it is 
difficult to bring down Compound Equations- to lower Degrees. We 
ihall now proceed to folve the aforefaid Problem two other ways, that- 
lb what we have here laid may be nnderftood. 

Suppofe the Problem to be refblved, and draw E O perpendicular Fio... 142. 
to A E meeting the Side A B produced in Q, and let ^ F=:jf and 
£ G = X, be the unknown Quantities. This being done, becaufe the 
right-angl'd Triangles ABFj AEGy are fimilar, therefore vrf B (a) : - 



AF {y)\\ AElj^b ) \AG ( * + x ). And therefore jpjf +.*j= 

01 a -fax. And lince tliere are two unknown Quantities, and the 
Problem is determinate, there muft be another Ecmation fought. To^ 
find which, we muft confider that EG is z=z A f (j^ ) 5 for drawing, 
E H perpendicular to A G, the right-angl'd Triangle E HG is fimilar . 
and equal to the right-angl'd Triangle A B Fy becaufe the Homolo-^ 
gous Sides A By EHy are equal to one another Therefore ( becaufe 
A EG is a right-angl'd Triangle) aa+.2«t+z» is —jy'\'7bj+yy=7yy^ 
iby+bb, in which Equation fubftituting, for 2jfjf + 2 byy its Value 

2 a tf -t- 2 tf X, found by- means^ of the iirft Equation, and there will > 
unihaa+ 2tfx4-x»==2 a «+.2 ax+^^^which may be reduced to 
this very fimple EquatioqC vfe % = y^/w+^fc, which firft furnilhes the. 
fame G)nftrtt6lion as above, 

^ s ^»^- 





^ • 
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liCt m (uppoTe the thing done, and upon the Diameter D E defcribe 

emicircle palling through'the Point O, hecaufe the Angle DOEis 

ijght Angle 5 and upon I) £, as a Chord, defcribe the Segment of a 

rae containing an Angle equal to the given Ai^e, whole Arc &all 

ccflarily pafs through the Point C From the Point Hj the Centre 

a Circle, whereof this S^ment is a Part, as likewiie from the 

jints 0, C, draw the right Lines HKj A^ CB, perpendicular to 

£9 and call the given Lines ^, « s CB^b^ AByC\ and the un« 

nown ones ^JC, x 5 KH^y. Now by the Elements of Geometry it 

I tnanifeft, i. That the Point K is the Middle of the Line D £, and 

^nlequentlf is the Centre of the Semidide DOE. 2. That if the 

ine P^ be drawn from P, the Centre of the given Aa^e TPS per- 

Bendicular to one of the Sides PTy the Angle ^i^S fimi'd by that 
BttPendiailar and the other Side PS, fhall be equal Co tlie Angle KEH. 
.Andhecaufe the Triangles KAO, HKE are right-angl'd, therefore 



:he Square KO or iC £ is =a a + x ^, and H£ = « a + x* + j^ji : 

'^ It producing HK until it meets the right Line CR drawn parallel to 

E in the Point U, then bccaufe Clt ff is a rigfht-angl'd Trian^, 

-rtie Square CH will be = i*+ 2*7 +y;+cc+ 2rx+xx. Therefore, finoe 
the Lines HE, HC, are Radii of the fime Circle, by making an E- 
qnality between their Values, and we fliall hare this Equation, 
«i+xx+^j|y=ti+2i/+jy+^^+ 2W+XX, then flriking out jjr+xx froitt 

loth Sides, and making. = J, (for Brevity's Sake),aiidy will 






If Regard be had to the Way we have tafceji for getting the afore-- 
ikid Equation, it will ajppear that the Circles deC^ib d about the Cen- 
tres X, H, with the Radii KOjHQ do meet each other upon the Line 
VE in the fame Points D, £5 fo that what remains to be done, is on- 
ly to order it fo, that the Angle X £H be equal to the Angle ^PS. 
Whence 

In the Line P^ aflbme P^ equal to CJB, and draw ^S paral- 
lel to the Side PT, and boundedby the other Side PS 5 theft it is evi- 
dent that the risht-an^l'd Trianjgle EKH ought to be iimilar 
to the ridit-angl'd Triangle P^S, and fo call ing t he given 
Line ^S, j, and we fliall get this Proportion, EK (-v/STTx) : KH(j) 

:--^it(*J:^5(/), thereforejfi8=:^^;S4:Sf = ^^, Nowfqna- 

ring both Sides to get out the Surds, and ordering the Equation, and 

then we IbaU have this Equation, xx— —^xJ^ '—^— , the 

ccS (^ — S 

Value of one Root of which will determine AK(xJyio that if a 

Circle 
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Circle be defcriVd about the Centre X, with the Radius KC, it will 
cut the Line D£ in the two Points fought D, E. 

The Roots of the faid Equation may be found by the j8oth or ?82d 
Articles : But though the Methods laid down in them are very iimple^ 
confidering their being general, yet there may be very often more 
ea(y Conftrudions found by a due Conlideration of the Nature of a 
Problem. Tor Example: It may be here obferv'd, i. That if throifEh 
Fj the Middle of the Line C joining the two given Poin^ there be 
drawn the Perpendicular FG, meeting the Line DE given in Pofitioa 
lin the Point G, then will AQhez=:d\ for calling AG^x^ the right* 

angl'd Triangles QAO, QBQ will give GO=%z+aa^ and WC 
=:%z4^2cz + ci:A-bbj and making an Equality between theie two 
Values, becaule they are equal, iince the Point G is in the Perpendi- 
cular FQf which does biled the line O C, therefore xz + a« is = xt 

+ 2cx+cc+i*, and fo ^ G (x) is = — — •— = d. 2. That the E- 

quation/y/^iu-u^ ^cd^cx taking in the Conditions of the Problem, 
may be reduced to this Proportion, G K Cd-—x) : K O f y^STJSiJ : : 
SS(f) :AB(c): So that if the Locus of all the Points iC be de- 
^.^^5o.wrib'd'^fuch, that the right Lines XG, iCO, being drawn to the 
given Points G, 0, may be always to one another in the given Ratio 
o{SS to ABi then fliiall this Loais cut the Line D £ in the Point K 
fouffit. From whence may be gotten the following very eafy Con- 
ftruftion. 

Through F the Middle of the Line C, which joins the two given 
Points, draw the Perpendicular F G, meeting the Line D E given in 
Pofition in the Point M, fo that G M: MO : : ^S : AB. And pro- 
duce GM to the Point JV, fo that G N : NO :: ^S:AB. This be- 
ing done, with iWiVas a Diameter defcribe a Circte, which (hall cut 
the Line D E in the Point if , abou^ which (as a Centre) if a Circle 
be defcrib'd , this Circle will meet the Line D E in the fought Points 
D, £• 

Becaufe the Circle, whofe Diameter is M iV, dees cut the Line D E 
not only in the Point iC, but likewife in the Point L-, therefore the 
fame Ufe may be made of the Point L, as of iC, for finding two 
other Points upon the Line D E, which will anfwer the Problem : 
Whence it appears, that the Problem may have two Solutions. 

If the Angle DC£ be a right Angle as well as DOE^ then it is 
manife ft that ^S (f) will become equal to nothing, and fo the Equa- 
tion f^aa-[^xx^=^cd — ex will bc chang'd into this here, c d — cat = (?, 
and fo ;r is = d, that is, the Centre K falls then in the Point G. 
And if the Point B be fuppos'd to fall in tJie Point Aj the Equation 
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f^doJCS ^=:cd — « will become this f^aaA-xx = ^ by fubfki- 



tuting for c d its Valuer and afterwards ftriking out all the 

Terms afFefted with c ( which in this Cafe become equal to nothing ) 
and fo in this Cafe, if an Arc of a Circle be defcrib'd about the Point 

0, as a Centre, with the Radius X = z, — , it ftiall cut the 

2/ 

Line D£ in the fought Point K. This agrees exaftly with the 66th, 
67th, and 68th Articles, and the general Conftruftion may (erve with- 
out any more to do in an Elliplis, two of whole Conjugate Diame- 
ters are given, to find two other Conjug;ate Diameters that may make 
a given Angle with each other ^ and this is what was referra in the 
6;th Article to this Place. 

Example IV. 

432.TpHREE Points ^,B,C, being given^ to find fome fourth Fic. 245. 

•■• Point M ^ from which, if the three right Lines MA^MBy 
M C, be drawn to thofe three Points, the Differences between one of 
tiiem and each of the two others (hall be given. 

This Problem is capable of three Cafes. For either all the three 
Lines MA, MB^ MQ are equal between themfelves, or only two of 
them are equal ^ or elfe th^ are all three unequal. 

CMfe I. When the three Lines MA, MB^MC^ are all equal to one 
another ^ or, which is all one, when the two Difierencesare nothing ^ 
then it is manifeft, that the Point M fought fhall be the Centre ot a 
Circle palfine through the given Points Aj B, C. 

Cafe 2. When two of the given Lines MA, MB^MQ as MA^Vig. 1^4. 
MBj muft be equal to one another^ or (which is the fame thing) 
when one of the Differences is nothing, then through the given Point 
C draw the right Line CO perpendicular to the Lme AB joining the 
two other given Points A, B ; and from the Point M (fuppos'd to be 
that fought) draw the right Lines MP, M^ parallel to CP, OB 5 
then it is plain that ^Pmall be equal to JrS, oecaufe AM muft be^ 
equal to MB. Now calling the given Quantities AP ot PB, a^ 
OP,b\ Oc, c\ AM — AfC, A and the unknown Quantities AM^ 
PM,%,y\ then the right-angVd Triangles >rfP;if, iH^C, will give 
thefe two Equations, z»=Af+;jy, andzz — 2/z+#=cc — 2irjf+jiy4-^^. 
and orderly lubfbrading each Side of the latter Equation from each 
Side of the former, and then will 2/z— /=aa — cc-^-icy — W, and 

firom hence we get this Proportion, z : j 4 — : : c :/} and 

fi> the following Confiru&ioa 

P p Thro* 
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Through P the Middle of the Line ^B draw the Perpoidicular PD 

z=z ^^ — ^JS^ Divide the Hypothenufe AD, produced towards that 

Part as is neceflary, in the Points £, F 5 fo that AE :ED : icif, 
mdAF:FD::c :/. Then if a Circle be dtfcrib'd with EF for a 
Diameter, the fame ftiall cut the Line PD in the Point M (ought. 
♦ufr/.35o. For drawing the right Line MA^ then it is plain * (by the Nature 

of the Circle EMF) that AM (z) : MD (y + ?^^^l±f : : c :f^ 

and %%is:^aa + yyy fince P M is perpendicular to A B. And be- 
caufe thefe two Equatiojis take in the Conditions of the PrcAleni; 
therefore, &c. 

If through the other Point J^^, whertin the Line DP meets the Cir- 
cumference, there be drawn the right Linc« NA, NS, NC\ then 
ftiall NAy NBy be equal to one another, and the Difference between 
each of thele Lines and the third' Line i\TC, (hall be equal to the given 
Quantity / 5 fo that the Point A'lhall alio anfwer the Problem, bw with 
this Difference, that NC is the greateft of the three right Lines NAy 
JVJJ, JVC, whereas iM C is the leaft of the three Lines MA,MB,MC 
Eic. 347. This ftcond Cafe may be refoLv'd yet without any Cakuhn, thas. 
Suppofe (as before) that M be the Point fought, and draw the right 
Lines MA, iW fi> M C^ and about the Centre C, with the Radius CD 
— MA—MC, defcribe a Circle DEKFH. From the Point D, 
wherein the Line M C n:eets this Circle , draw the right Lir,es 
DA, DB, to the two given Points A, B, meeting the Circle in the 
Points £,i*', through which Points draw the Radii EC, CF, and the 
Chord E F. This being done, becaufe MCj^^C D, or MDis= MA, 
and fince the Lines CD, CE, are Radii of the fame Circle ^ therefore 
the Triangles D M A, D CE, Ihall be Ifofcelles -, and confequently /i- 
niilar, lince the Angle at I) is common 5 therefore the Lines CE, MA, 
jhall be parallel. After the fame manner v/e prove, that the Liiics 
CFy MB, fhall be alfo parallel •, and fo D A : DE : : DM :DC: : 
DB :D K Hence it appears, that the whole Difficulty is brought to 
this, viz, to find the Point D in the Circumference of the Circle 
DEKFH being fuch, that if the right Lines DA, D B be drawn 
meeting the Circumference in the Points £, F -, the Chord £ i^'may be 
parallel to the Line A B. And this may be done thus.. 

From the Point C defcribe a Circle, having a Line CD z=r AM-^MC 
for a Radius, and draw A C meeting this Circle in the Point K, H ;. 
in the Line A B afliime AG a fourth proportional to ^ B, A H, 
AK ', and from the Point G draw the Tangent G E to the Circle 
ED HFK. Then if the right Line AE be drawn through the Point 
of Contad E, meeting the Circle in the Point D, and the Line 1) C 

be 
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l)e drawn^ and if the Point M be fo taken upon DCy that DM: DC: : 
JDAiDE. I fiy the Point M will be that fou^t. . . 

For by the Nature of the Circle DEK FH, the Reflangle HA^Ati 
h=D A^A E : And .confequently B A:AD:: AEiAG : there'i 
fore the Triangles D AB^ Q A Et having the Angle A eoininou, and 
the Sides about this Angle reciprocally proportional, . IhaU be finiiten 
And fo the Angle AEG fhall be equ^l to the Angle ABD \ but this ., . , : 
Angle AEG being form'd by the Tangent EG, and the Chord D M 
produced, is meafur'd by half the Axe D E. Whence, drawing the 
Chord E F through the Point F wherein the Line B D meets thej 
Circumference, that Angle (hall be equal to DFE-^ and confequently 
thp Lines FEy A B, fhall be parallel to one another. But by Con- 
ftruaion D C :D M :: D E : EA : : DF: F B. Therefore the Trian- 
gles D MA, D M 5, ftiall be Kofcelles 5 bef»uft the Triangles DCE, 
DC Fy being fimilar to them, are Ifofcelles, Whence the Lines AM, 
Ji 5, (hall be each equal to D M, and fo etjual to one another •, and 
belides A M, or DMihaW be greater than iUCby'the given Length 
C D. And this is what was propofed. 

Cafe 3. Wh^n thethree Lines MA, MB, MC^ are unequal. From Fig. 24S. 
the given Point Cdraw the Line CO perpendicular to the Line AB^ 
which does join the two other given Points 5 and from the Point M, 
which fuppofe to be that required, draw the right Lines MP, M^ per- 
pendicular to the Lines ^B, CO. This being done, call the given 
Quantities AO, a ^ OB, b -, CO,c, AM—^MB, d 5 A M— MC, f\ 
and the unknown Quantities OP, xyP M, y, AM, %\ then wiU 
^Pbe =if + x,BP=^b—x, C^ = c— y, BM=^—d, CM=^^f. 
ItiQW by means of the right-angrdTriangles APM, B P AI, C^/iS; 
we get the three following Equations, i.zz = aa + 2tfx + ;rx-f\yy, 
5. zx — 2(!z+ddz=zbb — 2bx'\^xx+yj. 5. xz — "^fz+f^cc — icy-^yy-^xx^ 
and orderly fubftrading each Side of the two latter Equations from 
each Side of the firft Equation, and we (hall get a fourth and fifth 
Equation 2dz — dd = a a — bb + 2 aicA- 2bx, and 2/2: — jfzzzaa-^ 
cc'\'2ax+2cj. Now inftead of ^ ^ in the firft Equation, fubftitute 
the Square of the Value of y found by m^ans of the ififth Equation ; 
and then inftead of x and x x their Values found by means of the 
fourth Equation : By doing thus we (hall get an Equation, having only 
the unknown Quantity z therein arifing no higher than a Square. And 
fo the fame may be refolved by ftraight Lines and Circles, according 
to the Direftions in the 380th or 3 8 2d Articles. But wnen the Value 
of z is found, it will be' afterwards very eafyto find the (ought Point 
jW 5 for the feme will be the Interfedioa of two circular Arcs, whereof 
t)ne (hall have the Point A for the Centre, and the Line A ^ (^J ^^^ * 
Radius •, and the other the Point B for the Centre, and the Line 
©iH («-tri) for a Radius 
f ^^ P 2 ^^ - Becau(e 
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M R always in the given Ratio of ^ to -^ . This being done, draw 

><£ perpendicular to HM, and having produced the lame to G, fo 
that £G be equal to AEy by the fecond Cafe, find the Point M being 
iRich, that if the right Lines Mj4, M Q, MQ be drawn •, M Ay 
M G, may be equal to one another, and the Difference between MAy 
MQ may be equal to the given Quantity id. I fay the Point M 
will be that Ibught. 
^ For by the Property of the right Line H Af, weTiave always this. 

(df \ df 

jf-f 7-J-:*- X and 

conftquently the Point M muft needs be in the Line H M. It will be 
equally diftant fisom the Points Ay Q j. but belides the Difference be^ 
twcen. AM^ M C, muft be the given Difference 2 d. Therefore, &c». 

Scholium. 

4J3, T F the two Snms^ made by adding one of the three right 
•* Lines ilf^^ M Bj MQ to each of the other twoj had been 
given, inftead of the two Differences, or elfe if the Sum of two of 
them, together with the Difierence between one of them, and the 
third had been given : Then the Point M might have been found by 
the lame Methods as ea(y as when the Difierences are given. But I 
(hall leave this to die IndufbT^ of the Learner. 

G O R O L. L A R Y L 

4'34, XJE N C E arifes the manner of defcribing a Circle, that (hall 
*^ touch three other given Circles. 
For let the Points Ay By C, be the Centres of the three given Cir- Fic-250- 
cles, and the Point M the Centre of the fought Circle, which touches 
the given Circles in the Points D, £, F, as per Figure. Let the Ra- 
dii of the given Circles ^ D be =a, BE =i, CF — c\ and the 
Radius of the Circle fought MDorM By or MF =7^. Then will 
y< iM be =z + a, MBz=:% -{- b, MC =z — c •, and therefore A M 
— Mi =:a— *,-MB~iMC=* + CyAM—^MC—a^ c. Whence 
k appears that the Queftion is brought to this, vix. to find a Point ikf, 
from which if the three right Lmes M Ay MB; M'Q are drawn 
to the three given Points Aiy 5, C, they may have given Differences. 

C O R: O L L. A R Y 11^ 

43 5» IJ E N C E we have a way of defcribing a Conick Sedion ( ha- P»c. zyi^, 

^^ ving. the given Point. F for |a Focus ) through two given *5** 
joints B, Q which fhaU touch a jigjit Line D £given in Poiition. 

This. 
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(after the fame manner as the Point A was) by means of thefe two 
Lines, from which if two right Lines be drawn to terminate in the 
Focus fought, they may be equal to one another ^ and moreover, the 
Difference between either of them, and the Line drawn from the 
Point thro' which the Scflion muft nafs to the fought Focus, or elfe 
the Sum of either of them, and this laft mentioned Line, Ihall be al- 
ways given : So that the Problem may be folv'd always by the prece- 
dent Example, and the Scholium belonging thereto. Laftly, If it be 
required to defcribe a Conick Seftion that (hall touch three right Lines 
given in Pofition, and have a given Point for the Focus thereof j 
then you muft find three Points by means of thefe three Lines, as the 
Point >< in the laft two Cafes was determined by help of the Line. 
DEy and the Centre of the Circle pajfing thro' tliefe three Points 
fhall be the other Focus of the Sedion, whofe firft Axis will be a Line 
equal in Length to the Radius of this Circle, In all the aforefaid 
Cafes it muft be obferv'd, that if the fopght Point M be infinitely, 
diftant from the Point F% then the Section Jhall be a Parabola, whofe- 
Diameters fhall be parallel to Lines, which being infinitely continued 
do terminate in the Point fi>ught. 

E X A M P L E V. 

43^6. A Parabola NCS being given, together with the Arc iMjyF^c. 253; 

-^ thereof J to find another Arc KS of the fame, which Ihall 
be, to the Arc M iV, in the given Ratio of Number te Number. 
• Produce the Axis of the Parabola beyond ( C) its Origin,' fb that 
CA be equal to i the Parameter, and defcribe an equilateral Hyper- 
bola E A F, with the Point C as a Centre, and the Line CA as a Se- 
mi-firft Axis ^ then draw the right Lined M 5, NE, R D^ S F, paral- 
lei to the Axis CA^ meeting the fecond Axis in the Points H/L,K,Oy 
and the Hyperbola in the Points B, £, D, jF, from which draw the 
right Lines ^P, E^, DO, FI, perpendicular to the Afymptotes. ir^^. ^ .^^ 
This being done, it is manifeft * that the Reftangle AC^^ MN, ot"^ 
the Hyperbolick TrapeJsium HBEL is ecpial to the Hyperbolick 
Seftor CBE plus the Triangle CLE mhms the Triangle CHB 5 and 
«lfo^ C^RS — CDF -^CO F—CK D. And fiippofing the given : 
Ratio of the ^rc MN to the Arc RS be as m is to 71 (where the Let- 
ters m and w denote any whole Numbers at pleafure) ^ then, by the 
Conditions of the Problem, we fhall have this Proportion AC»MNy 
ovCBE+CLE — CHBiAC^RS, or CDF-V COF—CKD : : 
^ rw, and confequently nC B E -^ nCLE — ^CHB—mCDF-^- 
mCOF-^mCKD, Now .if yon make the given Quantities C P=b , 

^^s='^^ fheunknown Quantity CQ=;x, and takejC/=;c !/ ■p,then . 
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Ihall the Arc {R S) of the Parabola intercepted between the Parallels 
(D Ry FS) to the Axis, be to the Arc MN in the given Ratio of n 
to m. 

Here it is neceflary to obferve, (i.) That the fecond Terra of the 
laft Equation is always negative, becaufe C^(c) is greater than CP 
{b) \ and fo both the Roots thereof will be amrmative or imaginary, 
according as the known Qjiantity in the fecond Term is greater, equal 

to, or left than a a ^ — the fquare Roof of the laft Term. (2.)That 

when 'CG (x x) is one Root of the Equation, then will IF be the 
Other, becaufe CI being = x y^ — , therefore * JF = ^ v^ — . But *Art. loi. 
the laft Terra of an Equation, is the Produft of its Roots. Therefore 
if a^ ^ — the laft Term of the preceding Equation be divided by 



CG (xx), which is fuppos'd to be one of its Roots, then will the other 

Root be — v'T.i which is the Square of Ff. Whence if CG,CT be 

taken in the Afymptotes equal to the Roots of the Equation \ and if 
the Parallels QI)^ TFbe drawn to the Afymptotes, as alfo the right 
Lines BR, ESy through the Points A JP, f wherein G A TF,meet 
the Hyperbola) parallel to the Axis, then fhall thefe latter Parallels 
intercept the Arc (RSJ of the Parabola fought. 
If m be = If, then the general Equation fhall become this x^ — 

XX + ^ — =0, whofe two Roots will give us CQ (x) znb 



cc cc 

a a 

€ 



r=CP, and CT (x) —— z=z &E 5 whence it follows, that the Arc 

RS is found by means of them, fimilarly fituate on the other Side the 
Axis with regard to the Arc M N. And fince it otherwife appears, ^*Aruu. 
that the two Arcs RSjMN^ being alike fituate on each Side the Axis, 
are equal to one another \ therefore that ferves to confirm the Reafbn- 
ingg here laid down. Hence, if an Arc (M N) of a Parabola be given, 
it may be eafily concluded, that no other Arc (R S) thereof oeing 
nearer, or farther from C the Origin of the Axis, and equal to M iV, 
can be found, without fuppofing the Quadrature of fome Hyperbolick 
Sedor, or (which amounts to the fame thing ) the Redification c£ 
fome Parabolick Arc. 

If fw be = I and w = 2, then will x^ — ^ . ,^ — xx + —r^^^ox 

and if m be = 2 and ;i 3? ^, or, which is the lame thing, if the Arc 

aq . . RS 
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^^ fctnultiplylngby »— ;y,& traiifpofipg theTerm-^ then will wx— 

^ mxx ^^gnuf.~ffx4^mtm mx»^mmx^^4iimJ^uum ^. «. 

+ 2/x = ~^^ ~ (tecatrfe 



the Triangle D£^ being rkht-angrd,/is =bb+gg^7gm'i^mm=:mt^ 
7gm'\-fmn) : that is, bccaufe the two Parts of the Equation maybe 
exadtly divided by m — x, wx — xx f 2fzJ=> — mx^nn^ or 2/x r= x x — 
2jwx'+w;;. Laftly, Squaring both Sides, and fubftituting xx + aa for 
% Zj and this Equation of tlie fourth Degree will be had, 

x^ — /^mx^ + ^m mx X — ^mnytx-k-n^ zmo 

whofc Roots,wbidiniay be found by means of a Circle and a given Pa- 
rabola, or other Conick Sedion, will give us the Values of AP (x) being 
fuch, that if P iW be drawn perpendicular to A P, and P D joinM, and 
if the Angle P D Af be made equal to the Angle D PMy the Point M 
wherein D M, P M, the Sides of the Ifofcclles Triangle D PM do 
cut one another, will be the Centre of the Circle Ibugnt, the Radios 
thereof being M P o x MP. Or eWe if yiP= at be taken in the Side 
><J5) and ^ ^= ^xxA^a in the other Side yfC, and the Lines PM^ 
^Nj be drawn T)eq:)endicular to the faid Sides •, the Point ilf wherein 
thcfe Perpendiculars meet, fliall be the Centre of the Circle re- 
iquired. 

Becaufe nothing is more proper to clear the Underftanding, than 
ihcwing the different ways by which the Knowledge of the feme Truth 
may be acquired : I therefore fliall here refblve this Problem after 
another way, which in my Opinion is more natural than the for- 
mer. 

Let us fuppofe the Point M to be die Centre of the Circle fought. 
Draw the Lines MPj M ^ perpendicular, and the Lines ikf P, MG^ 
i^rallelto the Sides of the given Angle BAC^ and from the given 
Point D, draw the right Lines D J5, DP, D K^ parallel to M P, 
MF, AB. Now call the given Qpantities D P, i 5 PP, c 5 D P,/s 
A Pj gh ^Ej w J ^ D, jf 5 and the unknown Quantities AP, x^ 
PM or MD, y, then will PP or DK=:g^x, MK^y^b: 
Whence ( becaufe MKD is a right-augrd Triangle ) yy m =: ^^ — > 

Z^x + x;v + y y -— 2 3y + i ^, and confequently y c= ••^SS^^^^55fzZ!Z2lf 
__«^g4o« gjjjfiituting « n for it Value, bb^^i. And becaufe 
the Triangles DBE, MPF^zte fimilar, therefore DB(b):S E(c) :: 
.P M{j):?F=^ -|-, and ioAFoxMQ^ i~2 , and becaufe the 

0.9 2 * » Trian- 



300 The Tenth Bo o k. 

Triangles DB£^ ^ ^G, are fimilar, we Ihall have this proportion 
D E (f):BD (b):: MQ (^) :M^=z^ . whence becaofc 

the Conditions of the Problem require that ^C the half of the inter- 
€epted Part C be equal to the given Line a, and that the right Lines 

M C and M P be Radii of the Circle fought 5 therefore ITC = 
-^^^^=^— ^^-+ aa=^litP(yyj7 now multiplying by/, and we 

Ihall have bbxx—i2bcxy^ccyy'\'aaf=ffjyz=:,bbjj + ccyj^ 
by putting ii + cfe for its Value /, that is, fxx + a af= ccxx 
'^2bcxy + bbyy, by ftriking out c c ji ^ from both Sides, and fub- 
ftituting ffxx-^ccxxforbbxx'^ whence, by the Extra aion of the 

fquare Root, /^xTFIi i$=cx'\'by = ^^^^^^^^-^'^^ ^ by fubfti- 

tutmg — ^ for Its Value jf, and laftly, putting m for^ — c, and 

then will if^xx^aa = x x — tmx J^nn. Which is the fkme E- 
quation as above. 

Now we can (blve this Problem after a new wajr which firft gives a 
very eafy Conflxuction, but it requires the Defcription of two Para- 
bola's. I. I feek the Locus of Points as iW, bemg ftich, that if a 
right Line itf D be drawn from every of them to tlie given Point A 
and the right Line itf P peq:)endicular to the Line A B given in Pch 
lition^ thele two Lines MD^ Ml\ may be always equal to one ano- 
* Art^ I. then But this Locus is ^ a Parabola, the Point D being the Focus, 
and the Line A B the Directrix. 2. I find i\\e, Locus of Points as /J, 
being fiich, that if a Circle be defcribed about every of them as Cen- 
tres, and pafling through the given Point /)-, this Circle fhall intercept 
the Part O C, of the Line ^L given in polition, equal to a given 
Line 2 a. For this End, draw the right Line D L from the ^iven 
Point D perpendicular to A L, and the right Lines M R^ M ^^^fi-om 
one of the (ought Points AT, ( fuppofed to be given) perpendTojlar to 
D L, A L: Then if the unknown and indeterminate Quantities 
D'R, R M (forming a right Angle D KM) be called x > • the 

Square M D is =xx -^-yy, and MC==M^(bb—ibx -^xxj -1- ^ C 
(a a) becaufe MR Dy M ^Q are right -angl'd Triangles. But^t^hc 
Lines M D, M C, being Radii of the fame Circle, arc equal to one 
another, ^ndconik^uently xx+yy is =: bb—2bxA'Xx^aj, or vv=f/^- 
a a — 2 b X. Therefore if the Parabola being tJ-e Locus of this l.qu::- 
tion be drawn, it is plain that this Parabola ihall pafs through /»/ the 
.Centre of the Circle fought. But the Parabola whole Focus is />, aiii 
the Line. A B alfo does pafs through this Centre 5 whcnv\* 
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be Cdlitre of the Circle forght Ihall be 111 the Interfedion of the two 
lurabola's. 

Example YII. 

.38. A Circle having the Point A for the Centre, and the right Line Fxc. ayji 

-"• yi ilf for a Radius, being given, together with two Points 
?, F, in the Plane of that Circle j to find the Point iM in the Cir- 
umference within the Angle E AFj being fuch, that if the right 
JiticsAMj EMj FMj be drawn 3 the Angles >4 iH £, AMFm2iY 
oe equal to one another. 

If the Lines >41j, AF^ (hould be equal, then it ismanifeft that 
rhat Line which (hould bifed the Angle E A -F, would cut the Cir- 
nimference in the Point required. Therefore we fuppofe thofe two 
Lines to be unequal, and alfo ( for avoiding Confulion) that the Line 
^ £ is lefi than A F. And this being premifed, we Ihall folve the 
Pkoblem two different ways. 

Suppofe the Point iW to be that rcquir'd, and draw the right Lines. 
MB, MD, making the Angles MBA, MDA, with A F, AE, 
squal to .'the Angles ArMF^ AME^ and confequently equal to one 
another 5 then fince the Triangles AFM, AMB^2iX\A A EM, AMD; 
are fimilar, therefore AFiA M::AM : A B. And AE: A M \: 
A Ml AD* Whence becaufe the Lines AF, AE, are given, trge- 
ther with the Radius A M \tht Parts {A B, AD) of the right 
Lkies AF, AE, ftiall be given likewife. Now if the right Line^ 
MF, M ^ be drawn parallel to A E, AF, the Triangles BPM^ 
D ^M fhall be (imilar, becaufe the Angles A P M, A^M, are 
cguaT -, and alfo the Angles P B M, ^D M, flncc thefe are tKe Com- 
plements of the equal Angles MBA, M D A, to two right Angles •, 
and therefore calling the given Quantities AB, a\ AD^ b-, and the 
unknown ones A Pox @M, x:,P Met A^y, then will B P (x — a) : 
FM (yj:: D^ ( J—^) :^M (x ): And fo ( by multiplying the 
Means and Extremes ) we Ihall get this Equation x x — a x:=yy — b y, 
otyy — by — xx+a x==k7, whofe Locus being ^ an Hyperbola may be *jrf,y6, 
thus conftrufted. 

In the Lines A F^ A E, affume A B, AD; third Proportionals to 
AF, AM, and to A E, A M, and through (^ C j the middle of £ D 
draw the indefinite right Line C H parallel to A jB, in which take 
CK^s/ "^bb—^iaa ( the Line A D Q> ) fliall be greater then B A 
(a) becaufe A E isfiippofed to belcfs than AF) and then defcribean 
equilateral Hyperbola, having the Point C as a Centre, and the right 
Line CiC for a Semi-fecond Diameter, whofe Ordinates (HM) are 
parallel to A D. I fay this Hyperbola fhall meet the Circumference 
oC the givcji Circle in the fought Point M^ 

^4 s For 



•gcr* 



CX, bifea the right Lines ^ A ^B, in the PointsO, t-, h 
thePointCdoesbifed the LineBD, and foCHpr^^F— ^Lis ^ 
HMorPM—AO^j—ib. Bae by *e Nature of the equilate^ 



which bek^tumtdinto^aPildponiQ^^ AP (^c^^) .PiM (j) r. 

J^^Cy-^ • 5.^Ps)- Whence becaufetbfe Angles B PM^ D^M^ 
afe eqoal, aiid the Sides Qbout dicfe Ai^gles^^are proportional ^ the 
Triangles B PM, D^M^ ihall be fimilar, and confequently the An- 



S\e MBP ihaU be equal to ^e Aogle.ilf O^ aod their Comple- 

Imk be 



inents to two right Angles AB M^ ADM^ fliali be equal. But be* 
caufe AB.AMi\AM\AF^ mA, AH i A M*i A M lA E^ the 
Triansks^ BiMi AMF, mAABMx ^ JUEflaUbeiimilar* Theie* 
tore theAtigle ^JBidfhaU be equal to the Atete AMF^ and the 
Angle AD M to the Angle AME\ and confeqoently the Angles 
AMF^AM EiStmUl be equal to>one asodier^ faeomfe we have prov'd 
.tbeAn^^B Al^w^DiM, tobeequaL 

After the fameJ^boner we prove that the Hvperbola oppofteto 
this, ihall cut the Cir€dmforelioe<wi^n the Angle, vertical to EAF^ 
^ the Point M beingiuch, that if ihe sight Lines AM, ME, M¥^ 
bedrawn, the Angles^^£,^ilf F, ihall beeqoal to one another: 
As likewiie that thefe two oppofite Hyperbola's ihall cut the Circum- 
ference C within the Angles adjoining to thofe vertical Angles ) cact 
in one Point M being fuch, that if the right Lines M A,M E^M Fy 
be drawn 5 the Angle AM E (hall be equal to the Goinplement ot' 
the Angle A MFj to two right Angles. 

* Def. \6. If CG be taken in C L equal to CX, then CG Ihall be ^ equal to 
in. i of the firft Diameter, being the conjugate to CJC, and fo * one of 

* Art. 11/^. ^hg Afymptotes of the H)rpeibola's ihall be parallel to K G. But in 

the Ifofceles Triangle G C If, the external Angle GCO( or BAD 
equal to it) is equal to the two internal and oppofite Angles, that is, 
equal to twice the Angle CG K. Therefore, becaufe the Lines C O, 
A A are parallel, the Line KG, and confequently one of the Afymp- 
totes fliall be parallel to the lines bifefiting the Angle D AE. More- 
over, it is evident that the Line >4 D is a double Ordinate to the 

fecond Diameter C K, becaufe OD or CTa (jbb) ^'CO ( joa) + CX 
(-rhb — ia^)'^ and fb one of the oppofite equilateral Hyperbola's 
does pals through the Point D, and the other through the Point A 
Now thefe two Obfervations do open the way to the following Con- 
dBtni£tion, which is more eafy than the precedent one. 

In the Lines AF, AE, take AB, AD, third Proportionals to A f. 
"iiandto^iV^iMjandthroughCthe Middle of the Line BD 

^ draw 
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.iiidefimte LinttCH,CJC,the one paiallel^ md the otiier pcrpen- 

to the Line AB, which does bifeft the given Angle EAF. Then 

n thefe two Lines, as Afy mptotes, defcribe two oppofitc Hy- 

a*s through the Points D, Ay which fhall cut the Circumference 

=• given Circle in Points^ as JIf , being fuch that if tlie right Lines 

^ME,MF^\>t drawn ^ the two Angles A ME, AMF, fhall be 

o one another, when the Point ofc Interfedion M does fall in 

gle EAFf or in the oppofite Angle to it ^ and the Angle AME 

so the Complement of the Angle A AI F to two right Angles, 

^he Point M does fall in either of the Angles adjoining to EAF 

*«3ppoiite Angle. 

Ls latter Con^rudion may be eafily and fpeedily demonftrated 

Property of the Equilateral Hyperbola, to be found in the 561ft 

-e, which Property may be otnerwife eafily prov'd. For if 

"^he Point My wherein the Equilateral Hyperbola D M does meet 

iiarcumferenoe of the given Circle, there be drawn the right Lines 

DMtorB andD, the Extremities of the firft Diamerer BD 

i- :ng the Afymptote CH in the Points 0, L, and the Line AFj pa- 

- to it in the Points S, R 5 then by that Article it is evident, that 

:i.« equal to MLj and £b the Angle MOL or MS Rot BS A \n 

^ to the Angle MLO or DRA. But the Angle B AS is equal to 

^ byConftruftion, becauiethe Line ilP does biie£t the Angle 

J^. Therefore the remaining Angles ABM, AD M, in the two 

tx^es ABSj ADR9 fliall be equal to one another ^ whence the An- 

AlMF, AMEy fliall be equal ^ which was to be prov'd. 

y means ^ the latter Coniirudion, we can eafily find a very fim- 

Equation having but one unknown Quantity therein, which Equa- 

^ being conftruded by any Conick Sedtion at pkafure, according to 

Rules prefirrib'd in Book VIIL the Value of the unknown Quan- 

r will determine the Solution of the Problem. For Example : From 

J Point M draw the Line MP parallel to the Afymptote CK, and 

^etinjg the other Afymptote CH in the Point H\ then call the given 

pantities AM.a^^AK^h^CKjC*, and the unknown ones Al\ x\ 

W, jf. This b«ng done, by the Nature of the Circle, we fhall have 

is Equation xx+yj^aa, and by "^ the Nature of the oppofite Hyper- ^Artioo^. 

i^'sCH^HM{xy^cx^byJ^bc) =CK^KA {be):, whence 

f-H^xr—by is = (?, and fo j is = j^. Now if the Square of this Va- 

B of y be put for y J in the Equation xx-^-yyzzzaOj by due working ^ 
9. Jihgll have this Equation of the fourth Degree, 

x^'^2bx[j^bbxx'{'2aabx'^;^mbb^. 

.And i 
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Attd if from (C) the Centre of the Hypeitola's, (here be drawn the 
Line CO perpendicular to AC, meeting the Grcumference in the 
Point G ; the right-angl'd Triangles ACQ, AKC, will give thefe E- 

(]ualitiesra'=y?G— ^'^^ZiW {aa) — AK\b I) -~'CK (cc). 
Whence if the given Quantity CG be called m, the preceding Equation 
may be chang'd into this a* — 7hx* — mrnxx-^-iauhx — aaih:=u), wherein 
(he given Quantities are the Radius A M (a), the Lines A K, (b), CK 
(c), CG Cm), andthe unknown Quantity ^eiprefles the Values of^P 
being fuch that dra^'iiig the Perpendiculars PM, thefe fcall meet the 
Circumference in the Points fought. 

In order to know which ot the two Points, wherein each Peqiendicu- 
lar PjW cuts the Circumference of the Circle, is that required in the 
Problem j you muft draw PM on the fame Side the Line A P, as the 
Point M was fuppos'd to fall in performing the Procefs. When 

-^ the Value thereof, which we have found above, is pofitive, that is, 

when X is affirmative, and greater than h ; and contrariwife, PM muft 
be drawn on the other Side A P when its Value is negative, that is, 
when X is affirmative, but lefs than b. 

Another Way. 

ftc. aj7' Through the fought Point AT, (efteem'd as given; draw the right 
Line M. D perpendicular to the Radius A M, and through the Point 
/?, wherein it meets ^f, draw the right Line Gi/parallel toA^, 
meeting the Line M Fin H, and the Line EM (produced) in G ; then 
becaufe the Triangles FA M, FDH are fimilar, therefore aM:DH:: 
AF-.FD. And becaufe the Triangles CAM, CdG, are fimilar, 
therefore a M: DQ: : AC -.CD. But the Line DGis equal to DH, 
becaufe, according to the Conditions of the Problem, the Angles AMEt 
^ AM F, muft be equal to one another, and fo tiie Angles DmH, DmG 
are equal. Therefore >^ i?: fl) ; -.aC-.CD and ^F + FZ) :/iF:; 
AC -\- CDoT/l D: aC. This being premifed, draw E B, mP, per- 
pendicular to A F, and M ^to E B, and call the given Qpantities 
.1 M, a; AB,b iBE,c ; A F, d; and the unknown ones AP,xi PM,j. 
Now becaufe the right-angl'd Triangles aP M^AMDf^Tt fimilu, 

therefore AP{x) : A M (a):: AM{a) :AD=^. Andfof D is = 
J — —. Again, becaufe the Triangles £^ AT, MFC, are ntnilar, 
therefore £ ^or EB~MP (c—y) :^Mor A P— A B (x~b) : ; 
illPO): PC— ^5^. Whence y4Cor^P+PC^ '-^^^^iand 

putting 
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iptftting the litera! Expreffidns of this pmpdrtion AF + PD : Afw 
AD :ACy multiplTing the Means and Extremes, and then we (hall 
have this Equatioii 24: d x ;c»— « ac x — 7i dxj '^ aabj -f- aady^=^ 
aadcy which divided by 2 dx^ and making * + i =/ for brevities 

fake, will become this, jc* — — y x ""• ^*+ '^J' — ^^.^ = ^ 

■ » ■ • • 
the Locus whereof which is an Hyperbola between the Afymptotes 

being confi:ni£ted bytfae 3;(9th Amde, iball cot the Circumference of 

the Circk in the fought Point M. 

If an Equation be reguir'd that has only the unknown Qpntity x 

therein, then this Equation xx -\-jj appertaining to the Circle mnfl 

be ufed, in which if the Square of tnc value of j fband by means of 

the preceeding Equation be fut)ftitut«d for j^. We ihall get an Equa* 

tion of the fourth Degree, containing but one'imknown QifSintity x> 

and one of the Roots thereof (hall exprcfi the Valtie of A P foagnt. 

Example YIIL 

4^9- A Qrde whofe Cettitt i^A, together with the Points £, F,Fig. 151 

-^ being given : To find the Point M in the Circumference, be- 
ing fuch, that if the right Line! AMt MF^ MB, be drawn ; the 
right Sine of the Ai^le A MF^ may be to the riglk Sine of the An- 
Z^AMEy in the given Ration of m tovr. 
I ihall refolve this Problem three difiere&t wayi 

. In the given Lines AFj A £, afiiime A1^AJ>^ third Proper** 
tionals to A jP, A M^ and to ^ £^ AM^ and from the fought Point 
M (funpofed to be given) draw the r^t lines AIJI, NID^ an4 
draw tne Perpendiculars Af G, MH^ to ^ F, A £, and the Parallels 
MF, M ^, to AB, A F. Then i* B M take BK equal to D Mi 
^nd ftcHn the Point K draw the right Lines J(0, K JL, parallel M 
MQy MPj and from the ig^ven Point D the right LiAe DCperpendi*^ 
cular to A F. Now the Triangles BMGy B KOy arc fimilar, there- 
fore BM: BKorD M: :MQ :KO. And by the Nature 6f the Pr«^ 
hkxnmm: : K-O : MH^ becaufe if D M be taken for the Radius or 
^hole Sine, the right Lines JCO, Jlfff, fhall be theright Sines of the 
Jim^edMBFj MD^Ey 09 of their ComplemoMs ^^ Vj, ilfD ^ 
to two right Angles, oqual by Conftmaion to the Angles AM F. 
A ME. Therefore if the Antecedents and Confeguents of the faid 
two ftoitortions be orderly multiplyed into one anotner, we »fhail get 
m^BMm^MDiiMGy^KO :K0 y^ MrfiiMG :MH:: MP: 
M^y bfecanfe the Triangles MPQy M^ff, are fiihibifc This 
^ing laid down. 

Kt , . Let 
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I/rtm call the given Quantities ^D,"; AC.b-, CD.c ; AS,d^ 

IA M,r-^ and the unknown Quautitis APot M^k\ FMoi A&^j. 
Then becaufe the Tiiangles ADC, PMO, g_ MB, are liinilar, P O 



GBo! AB—Aa=d — x — ^, nfftxA3_+ ^H—AD 
=jr + — — » And (ince the Triangles SOM, DHM,m right 
«ngrd,thoefotei^orlG'+0^ Ihall be = i » + —x, + 

— ji + J i, by fublHtutJDg « a for if i -f c c the "Value thereof, 6e- 
oaulir AC I> is a right'angl'd Triangle j and moreover, D ./W = j( j -h 

— jf > +- * X — a <rjp — 2b X + a-a. Kow by the Nature of the 

Circle ZTM (r r) ii = :#^'( x* ■*- ^* Jf y + ^) -hG^'(-^) 



= ** + — x^ +-;>, by putting J « for its Value i 6 -fee. Whenca 
if rr be fiibftituted for_yj> + — x y + x. * in the Values o{ B M and; 
"JOM , and if f for brevititt ftlce ) you mate r r -^^ d^i=f^ sod 
rr -^aa^gg, then will £Af be = y'/-_ 2dx — —/, and'Z) iW- 

= v'^y— wr-»**- I-aftly' ftbftituting thefeV^alues for B M and Z> JIf 
in the Proportion m« £ M:» « jD M-: •.ME{y).;M^{iC), found a- 
bove, and multiplying the-Meansand Extremes^ and uiea.we Oiall 

get this Equation m-x ^.§ — 2 ix—' — y-^=^ny v'j'i— =«r-ai« , and. 
fquaring both Sides .thereof, and getting put the unknown Qpantity j 
^ bynieans-of the Equation *jir + — *jr+ji/ — rr, we fhallcome' 
to an Equation of the Cith Degree, having but one unknown Quan- 
tity* therein, which being. conftruiSed according to the Freicriptions. 
in Bock 9.- gives. us the Value of ^ Pf.jrJ being fuch, that drawing 
P M parallel to A E, the Point M wherein that Line mecta.the Gr- 
taunferenccortheCircle, fliallbe.thatftught.. 
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IF yx>a fuppofe w = «, then it is plain that the Angles MS P^ 
MDE, ftiall be equal 5 and fo likewife Ihall the Angles ABM, 
ADM, otAMFj AME\ whence it appears that the preceding 
Problem is only a particular Cafe of this Problem* 

Eeconi Way. 

Join the two given Points £, F^ by a ftrait Line, and from the Fio. x^r 
^iy^n Centre A draw the right L»nes A D^ AP^ the one perpendica- 
iar, and the other parallel to £ F; al{b through the fought Point M 
( fuppofed to be given) draw P ^parallel to AD, and from the Point 
iW draw the Radius A M meeting EF in 0, and the Lines EM, F M^ 
iipon which let fall the Perpendiculars O Qy O HyZni JFC, £5, from 
the Points 0, F, jR This being done, the Triangles £ G, EFC, 
scQiSiFEByFOHy aiefunilar, therefore£0:£J?::OG:f C And 
EFiFOiiEB :0H, and confequeotly £0 x£F:£ jFx FO, or 
£ O : F :: G K Jl £: C F X H, that is, in the Ratio, compounded 
•of OG toOHyOtoS mtqp^ (fince M O being the Radius, the right 
.Lines OG, OH are the right Sines of the Angle £itfO, FMO, the 
Complements of the Angles A ME, AMF, to two right Angles ) 
and of £ £ to CF, or of £ iM to Af F, becaufe the right angl'd Trian- 
gles B iM £, CM F, are funilar. Therefore £0 rFO : : » « £ Af 4 
n K M F. This being laid down. 

Call the civen Quantities ^D or P^ a^ EDyhi^DFyCi AM^r^ 
and the unki^own Quantities A?y xy PM^y., Now the Triangles 
\APMy ADOy are fimilar, therefore MP (» iAPC^')^ iAD(a)i 

BO^-. Andfo£Ois = ^±^, F0=^5^. But fince the 

y 3 1 ^ 

.Triangles EM^ F^^ «e fimilar, therefore £Af is = £^ 

.(bb'\'2bx'{-xx) + M^(aa — 2ajF+^) =:ff+2bxr^2ay (by writing rr 
ibrxx+j!)', becaufe APM ii h right*^n^'d Triangle, and making 

aaJ^bb'^rr=f) and F^ = F^(^c— 2cx+xx) + M^(aa-^2ay^yy) 
■ ==% — ^^^ — ^^' ]^7 writing r rfor xx -{-yy^ and makmg a tf + crc + 
rrz^gg. Then if the Analytick Values now found be put in the 
precedent Proportion £ : FO zimyEMin^MFy and afterwards 
^Tie Mea n s and Ertremcs be mu lt iply'd,- we flwlll get this Equation, 
hif >^anx^g^'^2cx-^2ay=^mcy'^max^ff4^il^^^, both oides- cif which be- 
ing fquared, and the unknown Quantity j gotten out by means of this 
Equation xx+)fy=:rr, and we Ihall get an Equation of the fixth De- 
.'gree, which being conftrufted, will give us the Value of AP(x)hc- 
4ng fuch,. that drawing^ the Perpendicular PAf, the fame, ihall xnit the 
Circumference in the lought Point M. 

K r 3 M. Pe/l 
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The TENTHBoaR 

M. Vcfcartes has refolv'd this Problem much after ti« fime manner 
in his 65th Letter, Ttm. ? It was propos'd to him by M. Robervat 
in a manner appearing difFerent from that we have propos'd, but in 
the inain it comes to tlw lame thing. 

The Third Way, 

3. With AB, ^F, as two Diameters, defcribe two Arcs ART, AST 
in which lay off any two Chords A R, AS, from the Point A, t eing 
always to each other in the given Ratio of m to k, and dra^v ihc 
right Lines ER, FS, interfering one another in the Point M. I fay 
the Curve ^iW, being the Locus of all the Points(AJ) this found, ftali 
cut the given Circle (whole Centre is A) in the fought Point /if 

For it A M be^drawn, and the fame be fuppos-d to be the Radius 
then it is plain, that the Chord AR is the right Sine of (he Angle 
^ME, and the Chord A S the right Line of the Angle aMK 

Here it is proprto obferve, i. That this Conftruaion is attended 
with thw particular Property, viz. that it fuccecds when the Point M 
it to be foujid in any Curve at pleafiire. as well as in the Circumfe- 
rence of a Circle, 2. That when two Points of the (aid Locus are 
foiHid as directed, as "ear to the given Curve as pc^ible, we need but 
draw that Poitioii of the Locus that joins thefo two Points j which 
makes the Pradlice of the Conftruiaion very eafy. 5. That the Lo- 
cus of all the Points, as M, thus found, is one of the fourth Degree 
as does eadly appear by the Procefs in ti^e fecondWay of folvii^ 
tbe Problem, becauft if rr be not fubftituted fw Kx-\-yy in the 
Values of £ M, FM^ then the Eyiation of tbe Locus will be 



tiby-\-vaK^c — * +a — / =:mcy—rmax^b-\-x-\-a — y , wherein the un^ 
fcnown Ciuantities x and y do ariJe to the fourth Degree, when the 
feme is freed from Surds. 4. That accwding to M, D^feartes, it is a 
Fault in Geometry to ufe a Garve too much compounded in tJie Solu- 
tion of a Problem ^ fo that according to him, the two former 'Ways of 
iblving this Problem are to be preforr'd before the latter, becaule the 
Problem is determio'd acoirdin^ to' diofe two Ways by tvm Loci of 
;ri>e third Degree (, yet, in my Opinion, the Facility and Simplicity of 
« Coi^rufJioii will in Ibme inewure recoQ^ence Uus Deie^l, as willi 
iivther appear in the following Examplci 

E X A MP L E ly. 

. i<i.*44o-'T^O divide a given Scalene Triangle ^5 C into foot emA- 
J- Parts by two right Lines DE, FG, iiUierl«aiiigaii&aDDtiiec 

atright Angles in the Point a 



y.ffo^ 3^^ 
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If -Regaid be had to the Nature of this Problem, it: will appear, 
I. That the two Ends D, F, of the right Lines DE.FQ, muft be both 
neceflarily in the Side AC cS the given Triangle, and the two other 
Extremities f?, G, in the two other Sides BC^BA^ 2. That the 
two (ought Points^Dv Fj muft have thefe two G)nditions) viz. that the. 
\Lines D if, FG, which do both of them divide the Trian^e A EC in^ 
'to two equal Farts, do cut each jother at right Angles m the Point 
JBT; and that they form the Quadrilateral Figure BQHE, with the- 
two other Sides of the given Triangle,, being die fourth Part of the^ 
Triangle ABC. This being * fuppos d^ 

\ Draw the right Lines G7, BK^ ELj perpendicular on the Side AC^, 
and call the given Quantities ACj 2aiB Kjb\ AKjC^ KCj i\ and 
;tiie miknown Quantities AFi x j CDjy: Becanfe the Triangle AGF^ 
orGI^ T^JFis to be equal to T of the Triangle ABC(ah)y there- 

fiire QI i^= ^ ^and by the £uneReaibn EL =— . And the fi- 

St ^ '^ y 

mxlar Triangles C£ JC CEL, and ^tf BX, AQI, do give tiiele Pro^ 
BortioDs, BlQf) lEL (^j-: :CX (i) : CL = -. And BK (b) :: 

^l(-y.:AK(c):AI=^-. Ajid therefore D £ or C J) - 

U=y-^^,FrmAF—AT=x-^^ But the right-angrdv 

Triangles DEL^ FQIs are fimilar to one another i becaofe each of 
tiiem 23 iimilar to the Triangle F DH, whidi is right-angl'd at H, aiS- 
fiording tothe Import of the Problem requiring the two right Lines- 
D£, FG, to be at right Angles to each other* Whence EL 

(-) ;XD (^^: :FI (~^) :IQ(^) i theidbre zmiltiplr. 

ug the Means and Extremes, and we fhall get thi»£quat^n xxyy-'-aqy 

..^^xxJHuicJt==aabh^ or m»—ac y^l/^—aiisMih^ which/«kesin the firft. 
Cooditioaof the Problem ^ but now to fulfil the fiAond, viz. which 
mqukes the Tiapeaium B GHE to beeqpial to 7 of th^ given Triangle 
ABC 

From Hthe Point wteein the two right Lines D By FO^ interie^l:: 
oneanother, dcawthe rightLine^H^, HC, HB, to the three Angle8^ 
of the given Triangle 5 then will FD {xJ^y^ia) : AF(x) : : FHD^ 

(itfi^tJH^^/jj;—^. And thecefixe the Triangle^HG or 

AH 

4 
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Vgh5 ^^-^5i^^^Z±^ j4, the feme Way of 
Keaforiing, you will findr^-that the^ Triangle H E B is = 
fc^^^i^^^ Now if the Triangles HQ B, HE B, te 

added together, the Qpadrilateral Figure HG B E will be formed, 
wTiich muft be egual to ^ a ^^ the fourth Part of the Triangle ABC: 
Whence we&allhave this fecoad Equation xxJ^yy-^-^ — Sax — 8^; 

If the unknown Quantity j^ be gotten out, then we fiiall have an 
Equation of the eiehth Degree, whidi takes in all the Conditions of 
the Problem, and has but one unknown Qjiantity x therein ^ and fo 
•the whole Difficulty is brought to this, wl. to find the Roots of this 
Equation, which may be done by means of. two Loci of the third De- 
gree eadh, according to the Direflions in the 41 7th and 418th Articles. 
£ut becaufe the Conftru&ion of thefe JLod is very long and tedious, 
upon account of the great Number of Terms in their refpe&ive 
Equations, it will be much more natural to conftruA the Loci of the 
Awo Equations before found, though one of them be a Locos of the 
fourth JDegree, and conieouently more compound $ for the other being 
tut a Locus di the lecond Degree, will, together with the Facility of 
the Conftruaion, make amends for this Inconveniency. Now the 
Gonftruftion of thefe Loci is thus. 
JFic 1^1* Draw two indefinite right Lines AB^AC, forming the right Angle 
BAC^ and produce B Ato Ej fo that AEhc = ^ ac^ and CA to 
y, fo that AFhc— ^ad. In AC aflume the Tart AP of any 
Length, and about the Centre £, with the Diftance A l\ defcribe an 
Arc of a Circle, and take A H fuch that the Redangle H ^ x ^ G be 
equal to the given Triangle BACy and 'm AB afliime A^=FH. 
Again, draw the right Lines PM, ^M, parallel to A By A C, inter- 
ceding one another in the Point M-^ and an infinite Number of other 
Points, as M, being found after the fame manner, draw the Curve 
KML through them. This being done, in AD the Diagonal of the 
ifquare ABDC (having the Side j4 C equal to the Side (A C) of the 
given Triangle ABC) afliime A T= t A D, mid DS==: i A D, and 
with TSj as a firft Axis, being to its Parameter as i to 3, defcribe the 
Hyperbola OSR. Now, if from the Point M, wherein the Hyperbo- 
la IS fuppos'd to meet the Curve K ML in the Square A B DCy the 
Perpendicular MP he drawn on AC, and if in AC, the Side of the 
Triangle >45C you t^keAFz=AP, and CD = PMi then, I fay, 
the Points F, D, ftiall be fUch, that two right Lines /G, D £, being 

drawn 
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drawn, fb as each of them do divide the Triangle ABC Into two 
c|^l Parts (which \a eafy to do) ; thefe Lines {hall cut one another at 
right Angles^ and divide the Triangle into four equal Parts. 
• For iiA P be called x i and P Af, y •, then fince the Trianglet^ 

EAO^ FAHj are right^ngPd at ^, the Square 3^Q will be = £» 

(xx)—^E(ac) , and the ScpzTfTH=YH(yy) --l€F( ai)^ 
And becaufe ( by Cbnffiruaion) the Rcftangle Hj%AGi3 equal ta 

the given Triangle B AC (ab): Therefore 53i * AQ ( yy^^ad% 

XX — ac) =.aabk. Whence the Curve ^l^ML fliatt be the Locus^ 
of the fiift Equation found above ^ and ' confequentiy the Property 
thereof fhall be fuch*, that if from any Point ( Af ) thereof, taken 
within the Square aB DC, there be drawn the Line M P perpendiai- 
lar to A C and if in: ^ C the Side of the given Triangle ABC, yoir 
taker AF^AP, and CD = PM 5 the right Lines F G, DEy each< 
of which do divide the Triangle A iCinto two equal Parts, Ihallin^ 
teried one another at right Angles inthe Point H.- 

Moreover, if from any Point Tilf) of the Hyperbola S R\, ih^ 
right Line MJThe drawn pei|)cnaicular to thefirft Axis TiS, and if 
PM be produced, meeting. the Diagonal y^ I) in the Point X^ the 
right-angrd Ifofceles Triangles A PJT, MVX, fliall give thefe Pro- 
portions; r ;V ^ r lAPot PX(x) : AtXz=:x ^ 2, and ^2r r :r 

jjl X C*— y>:iJf ror rX=^ 5 and therefore^-Tor ^ Z— Xr 

= ^ . ButbyCooftruaion AD is = 2 n 4/ 2 becajife AC\% = u 

and confequentiy TtSorDT— DiS= ? »^2. Therefore T T or' 
^r-^T^-^^±?^=^, andr5orTr-T5 = ii±?^-=^,and.' 

By theNatureofthe Hyperbola ^y^ysJ^^^'-^^'^^V-^^''-'^'^^^^^^^^ 

\'Kr(J^^*^^'^'.x 1:3, that isj as the firft Aais T5 totha. 

Parameter thereof: Whence by multiplying the Means and Extremes, 
we fliall get thir Equation x x + 1 j + 4 xj> — 8 a ^ — 8 a v + loaaznoi^ 
whofe Locus flialM)e the Hyperbola OSK^^ being attended with thia 
Propert}^, vix. That if from any Point ( M) thereof ( taken within 
the Square AB CD) you draw M P perpendicular to A *C, and if in . 
AC the Sideof the given Triangle ABC^ ^ you take AFzz: A P, and 
CJD = P^5the right Lines FG, jD£, which do each divide th«* 
Triangle ABC into two equal Parts, fliall alio divide the ferae Tri* 
aodeintoibur equal Parts» 

a: * Mow 
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Now becaure tlie Point M is both in the Curve XM L and in 
the Hyperbola O^jR-, therefore the Points D, F, taken in ACH^ 
£ide of the given Triangle^ Ihall have the two Conditions refoir'd ia 
the Problem. 

If the Curves OSA^ KML, fliould not meet (Hie anc*her within 
*he Square ABDC\ then we may be fure that we have made a fal& 
^uppofition, viz. In conceivingthe two Extremities D^ F, to meet 
one another in the Side A C Therefore they muft be fupposM to be 
in one of the other Sides, and the Procefi begun again, (by reafomng 
after the fame manner as before j in order to have a Conftmdion rela- 
ting to this laft mention'd Side. But if Regard be had to the three 
Remarks following, you will find it eafy to take that Side of the given 
Triangle, wherein the two fxtremities D, F, mofi: faU, chat fo yoi 
may have no need of begimiiiigthe Procefi again. 

The firft Remark is, that CL is = "-===- + « i, aftd Fx = 



aahb 



+^C5 which appcan to be fo,by fubftituting^Cf2fl)foriu 



E^tianj^jf:= 



ieoQod 



irork conlitts in this, vrt. that C K is =: ^iZ = BO ^ which will be 

found fo by firft fubftituting AC (2a) for its Ysilue A P(x) in the 
t)ther Equation, xx-\'yy']r^xy—8axSay'^loaa=o, whofe Locus is the 
Hvperbola OSRj and afterwards AB (2 a J fox its Value jl3Cy).Tht 
third Remark is taken from hence, viz. if AK (c) be fuppos'dlefs than 

CK (d) as it is here, then will bk'(—— + ^ O be lefs than 

\ 4^aa — ad ^ 

^^ \^^d + * ^-'' ^^^ *^^ ^^^"g premise-, if you reqmre Jr 
■;^_^^ + « c) to be kfi than BO {2^1 a), then bf fubftituting 

" "in'^^^^l ^** ^*^"^ ''' *"** ^"^7 working ycu will find that bbA-a 
muft be lefs than ^aa, that is, the Side {aB) of the given Triangle 

ABC muft be lefs than the Side A C5 and if you require ~C'i 

(aabb » ^ i *• 

^-^ + «'') to "^e greater than CR (laa), then by fubftituting 

cj—d for its Value c, and duly working you will find that the SiJ< 
XCC^bi^-i-cJ) mud be greater than the Side ^C (2 a^ But bf 
T./^^ '' left than ^0, and CL greater thanCR 5 it 'is evident, 
that the CurmyC.Iil, OMK, will nece/Tarily interfeft each other 

with- 
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#ithb ^ Sqoiire ABDC Hence, if all the three Angles of the 
giiren Triangle ABC he acute, andVou take for the Side AQ in 
Whidi the two Points F, D, are fiippos d to meet t»e another, that tif 
the three having a mean Bignels between the two other s, and die 
fhorteft Side for A jB, the Problem fhall always necedaril/ hav« « 
Solution •, tccaufe then the Point K ( Fig- 2^1. J will always fall be- 
tween the Points A^ C; and AKislers than AQ as is ftfppoftd in per- 
forming the Calculus upon which all this realbning is founded. After 
the &me manner if the ^ven Triangle be right or obtufe-angrd, and 
you take the mean Side lot the Side A C, in which the two Extremi- 
ties P, F, man: fall, the Problem will always have « Solution^ fbthat 
this 18 a general Remark for all Sorts of Triangles. 

It appears in the 16 2d Figure, that the Hyperbdia OSR^ and ^ 
Cnnre KML do cut one another not dhly in the ^int M within 
die Sniare ABDC^ as the Problem requires \ but moreover, in anp- 
^ther Point M without the Square. And by means of this latter 
JPoim we can (blye the following Problem, whereof this here is but a <» 

particular Cafe. 

: To fmd two Pbints F, D, in theSide -^Cof a given Triangle AB C, Fic. 263, 
being fuch, that drawing the right Lines FG, D Ej forming the Tri- 
anglesFQvrf, DEC^ with the two other Sides ABj B C, each equal 
to i of die Triangle ABC^ the faid Lines FQ, DE, fhall interTeCt 
each other at right Angles in the Point H^ and the C^aaikilateral Fi- 
gure jB G H£ equal to i Part of the Triangle^ iJ C. 

For when the Point of Literledion (M) does fell within the Square Pi<^- 2^2. 
^ £ D C, it is manifeft that each of the Lines AP, PM, will be lefs ^^^ 
than the Side ^ C, and lb the Pwats F^ A determined by them, (hall 
both feu between the Points Aj C\ and will folve tte Problem as 
propofed at firft. But when the Point Afdoes&U without the Square, 
becaufe one of the Lines >tf P, PM, is lefs than the Side ^ C ai»ithe 
other greater i therefore one o£ the Points F, D, does fall in the Side 
AC ^ the given Triangle, and the otiier in the laid Side continued 
out-, mi br this Qeans we (hall get a Solution of the Problem as 
propo(cd jutt now, 

£ X A M P L £ X. 

441. A Conidc Sedion M A iMT being given, tojgether with a Point' S 
-^ without the Plane thereof, for the Vertex of Ae Cone 6f 
which it is theSeftion: It is required to find the Pofition of theCirde 
iir» A^ which is the Bafe of the Cone. 

Thisl^ohlem majr be diftinguilhed into two GafeMfae fitft Where6F 
is, when the j^ven Sedioki is a Parabola^ an^ ^e i^cond. when the 
fame is an EUiplis or Hyperbola, 

Sf. ^ -^ Cafe I. 
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Fjc. 2^4. Gi/i i; The Problem amounts to this, viz. to find the Point Aim- 
Parabola, being fuch, that drawing the Diameter A P from that Point, 
together with the Line AS-^ the Line S D from the Point S parallel to 
A P 5 an Ordinate PM from any Point P to the Diameter A Pj in the 
Plane of the Parabola, and a. Perpendicular aD' to thatOrdinate in 
the Plane of the Triangle D S A, meeting the Sides SAj SD^ in the 
Points a, D:.The Square of P^ may be equal to the Redangle 
aP^P D. For if a Circle be defcribed in the Plane a PM^ having 
A D for a Diameter, then it is plain that this Circle (hall pafs through 

the Point- M^^ becaufe the Angle -/^P At- is a right Angle, and PM 
is :=a^PnPDf which is an eflential Property of the Circle ; therc^ 
fcre if the Diameter PA he drawn, and if from D the Extremity of 
the Diameter Da^ the Line £) iS be dra\vn parallel to Py^, meeting 
« A drawn from the other Extremity a, throHgh ^ the^ Ch^igin of tHb 
Diameter AP, in the Point S •, the Sedion of the Cone, having S for 
its Vertex, and the Circle M AN for the Bafe, made by the Plane 
*:Hrti69rA^P Mj will be "^ the given Parabola JM AN. Now the Point ^ maf 
be determined thus. 

Gait the unknown Parameter of the Diameter*^ P, vy their bpth^ 

Nature of the Parabola PM zzzAP^v: But the Problem requires 

that PMhe zziaPnP D.^ Whence aPy^P D = A P xv: sind & 
AP iPa^.iP D :vj and drawing w4 parallel to D a, then will S 0.: 

AO ::PD or AO: V, and therefore 5 x i;= AO. 

Now to find the analytick Values of thoie-Lines, from- the given 
Point S, draw the Line 5 jF' perpendicular to the Plane^crf'the Parabola, 
and from the Point F wherein it meets this Plane, draw the Line FG 
perpendicular to the Axis 5 O, and meeting the Diameter >^ Pin H. 
From the Pointy draw the Ordinate yi /C to the Axis, and the Line 
A ^ perpendicular to the Tangent ^ L, which meet the Line F^ 
drawn through the Point F parallel to the Axis, in the Pdints E and 
^ Laftly, from the Point ^raife ^ i>erpei^icnlar to the Plane of 
the Parabofe, which will meet S D in the fame Point 0, as the Line 
A (parallel to A D) meets it in. For the Tangent A L being pa- 
rallel to the Ordinate PM which is perpendicular to a D, the Angle 
L AO fhall be a right Angle, as well as the Angle L A ^, and fo 
the Plane ^AO fhall be l^erpendicula^ to A L, and to the Plane of 
the Parabola palling through A L ^ whence theLine ^O being per- 
pendicular to this Plane will be in the Plane .^ y4 0, andconfequentl/ 
fhall meet the Line 5 D in the fame Point 0, as the Plane ^,A0 
does,- that- is, in the ^me. Point as the Line A parallel to a I) meets 
it Here obferve that all thefe Lines except FSy ^ 0, are in the Plaac 
of the Parabola. This being premifed^ 

2. all 
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Call the given Quantities SF or ^0, a-, FQ or KE, h •, G ^, cj 
flie Parameter of the Axis, p ; and the unknown Quantities B K, k\. 
KAotGHjV. Now becaufe the Triangles A KT, AE^ are fi- 
raUar, therefore AK (y) :KT(rp) i.AE (b-\-y) :£^ = 

-^ + T p : And fo iince the Triangles A E :^, A ^0, are right-an- 

gYd zt E ini ^~A0 otTE + '~E^-\-~^b = ^ + "^ + 

rjp -^^ b b + 2 by 4.y y +.« «. -And the Parameter oF the Diame- 

ter A P, viz. x;is = "^p + 4^ =P + — t/ fubftituting — for x j it^^^ ^^ 

and 5 O'OT jP^or<? iB + B£ ^E^z=z c + x + ^'+^p = c + 

— + —%^P 5 novir if there literal Values be fubftitnted for the 

lines tliey exp^^ in the Equation.jti = 5 k v, then will -"^^+ 

?-y - - • ^y ' 

45Z 4- — ^ 2hy 4-'27j5 and flxiking out the lame Qjiantities 

from both Si^es^ fulAituting p x for jf jr, and aftenvards duly ordering 
tl^e Equation, weihaUget 

-andthe Talije c>F *wWc& may be Found ^ by means of the given Pa- *^frf.3»7 
rabola, will give us JBiC, by which we* can find the Point A re- 
^^uired. . '* 

Cafe 2. Here the Problem may be exprefled thus :* To find the Point Fi c, 1*5 
A in the given Hyperbda MAN being inch, thatif tiie Diameter 
AB^ as alio the rightLines S^n, JBiS^ be drawn 5 and if thro' any Point 
P or the Diameter AB an Ordinate P M inthe Plane of. the Hyper-' 

bola, and a Perpendicular a & to this Ordinate in tiie Plane ofthe 

— .. _• . ' •■ - * * 

Triangle aSb: The Square PiM may be equal to the Redangle 
aP^P b. This is proved like as in the Parabola, und we mtrft pro- 
ceed thus for finding-the Point A. 

^' Let V be the Copjugate Diameter to AB., arid in the Plane of the 
Triangle 4. ,S3 draw the Line»^0,:0 Z, ^parallel :to ah^ AB^ miittmg, 
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*^*^. ■ ■ ■ • ; .Whence 



D18 : : BJF" :\Bif. •• JP5 : ^Os and fince the Triangle A^Q 



h right-angl'd , therefor e AO ox A ^ + ^0 === 
iff>4.^\ • X Mhc-\-J^'rj*\ 4. »'S tor-*-»^fir{ * Moreover, SO -.SB:' 

Now if the(e< litenl Values be put fix the X4ne» e^l to them in 

HmTtOfovtiaaSO'.SSi lAO: vv, aad the Means and Extremes 
be multiplied^ then \9>9 fl»U get tjiis Equaticm iifxj^2tfy\ * >• 



» 4 X X + ^ ~. 4 <; <2.lj in which all the Terms afibaed with ^ do 

^ootj andif^— /bepntfor;^, then will bbd^x^ ■^-ibbddfx'^ 
+ bbf*x*'-bbd*xx^ccd*xx-^bbfd*xx—0€fi' XX ^ 

•— fflSTT^' ^^^^^ 7o« "^akc (for Bttvity*s Sake) <^ i +^/= 
i»«i, l^4'C(r = ir9fi aa + <ii + rc = rr,thc Equatio n may be 
faouglit to thi a bbm^x^ — mm n n d"^ x x -t c"< m m d^ isz'^SISSSi^SX^ 

• ~jTs*-'^x9\ andlafiljr, making x x ?= <2 x, we fhaUhitye thefot* 
lowing Eqiatioo of die third Degree, 







one of the Root& whereof ^ vk. that which is greater than d, being 
fwh that if a mekn Propcntional be taken between that Root and d^ 
the half of the firft Axis ^ this mean Proportional does cicprefs the Value 
of CKf by means of which the fought Point A is determined. Note^ 
tbc Roots of this Equation may be found by means of (even) thQ 

s ^ given 
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ofldpTex than his : Neither does he give the Analyfii of the* 
^(e in which the Section is an EUipfis^or Hyperbola $ and he thought 
\ enough toaflur^ himfel^ that the EqUatien, including the Condi-* 
Ions of the Problenv nmft Kot exceed the fourth Degree. 

L.E M M i^ I. 

4.2. J F from B the Ettd of the Diameter A B [ 0/ tf Grrcfe] there he Fic. i6&j 
-* dr^nm ai^yCbordB D terminating the Arc A D Ufs than the Semi-^ ^^h *^** 
rcumference % and if any j two contiguous Arcs E F, F G, fe taken any . 
here at pleafure, each equal to the Arc A D, and the-C-hords BE, B F, 
i G, be drawn. I fay the middle Chord B F, is to the Sum or Differerxe 
f the two Chords B E, B G, next to it, as the Radius C B is to the Chord 
\ D : viz. to the Sum when ^-the common Origin of the Chords B D, B E, 
t F, B G, fMsin neither of the Arcs^ E F> F G 5 and to the Difference 
'ben the fame is in one of thefe Arcs. 

For about J* as a Centre, with the Radius^l^ 5, defcribe the Arc of 
•^ Circle cutting the Chord B Q produced ( if neceflary ) to H, that • 
b we may have an Ifofceles Triangle SFH which (hall be fimilar 
O the Ifofceles- Triangle DC5 5 becaufe theMeafiure of the Angle 
FB H is half of the F G equal to the Arc A A the half of which 
s alio the Meafore of the AngleCB D. Therefore FB : B H t: CB : 
B D, and fo it only remains to prove that the Line B His the Sum of 
:be Chords BE^BOy in the former. Cafe, and their Difference, in the 
totter. To do this,- 

Draw the Chords E F^ FQ, then welhallhave twt) fimilar and Fic, 266* 
•qnal Triangles JJ£F, FHG. For in the former Cafe the Angle 
FHS or FHO, is tam\ to F B H = FB E, lince th6 Arc8\F6, 
FEj are equal •, lilcewi(e the Angle B EP is^ equal to the Angle FGHj 
becaufe the Half of the fame Arc JJ f is the Meafure of them both j 
and therefore the Angle Q FHis equal to the Angle EFB. But- 
the Sides FE; FGy and FB, FH, are equal to one another. There- 
fore the Side G H fhall be equal to the Side B E.' Whence, &p. Fig. 2«^ 

In the latter Cafe we prove almofl after the f2me Manner'that the ^69. 
Triangles F HG, F B E, are fimilarand equal •, and fir the Line £H 
if^the Difference between the Chords BGy B J2i 

L E MTtf A IK*" 

443. tF ihere^ he uTdble ofExpreKons whereinthe Number 2 being tbefitfi 
* Term in the fir fi HorixontalRowy and x tbefecond 5 the jd Horizontal 
BJow XX — 2 15 tbeProdu3 of the ficoftdy by x mhtus thefirfi 5 the ^h x*— jx, 
ifo ProduS of the third by x minus thefecond % thetftb^ x*— 4 x x + ^2, 
tbe ProduS of the fourth by x minus the third^ and Jo on infinitely. More- Fic afipi 
omr^ ifjbere be any Ara A R ©/ a^Grdef izxidU into a»y^ Number of ^i^- 

equal *^ 

i # 

' e 
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tqutil'firti'at pkiifur$ m thtFointt'DtE,tV,^t9ecIJkf, if 'tht jiflkrm 
tvftbtHerintmUl R004m4UTabte4iiu ttfptffthtSumettrBA^jtid^ 
feconi X, the fri Owi BO.} sii ttiri |{tv k «— i fiM^xfrtft tlm ntm 
of the fecovd Cbtrd B £ } tbefctra liov s>— f z «b r4dtie tf tkf Oiri 
Chord B F, aitdfo on to the lafihKi where it mnft be obfervei that theft 
Chords do become vegativey when tbey $r*iir»94on the other Side the Poiirt B. 

Ill A TMefmr i^wtdtug the Arts of m 

\x Qirds irif tqiutl ^i^ru. 



2 

3 
4 
5 



\xx — 2 
ijc' — %x 
1**— '4Xjr4-« 



6 \ ix' — t**H-5« 



7 
8 

9 

lo 

II 

12 



IX * — < X*4-9 X9C'-*1l 

ix" — 7x*+i4*f' — 7<r 



IX*— 9*^+2 71c*— 301: •4'9Jr 
w'*— ipx*H-3 y X*— SoiP ^H- tjifx *^t 
ix" — ifx*4-44«'— 77Jr *•♦• I^J*"— iix 



14 1 ix'*-— I3x'" + 65;x'— iJ&ir'-lrlSjJr^— ^ix'+ijx 

Big, a«9- For (i.J tUThcn the Arc ^ jR is lefi than the Semi-circamferciice 
AD B '^\i any Chord, as 5 f, be multiplv'd by x, and the Chord 
B E next before it be taken from the Produfl:, the Remainder will be 
the Chord B G next after B F, becaufe by the aforegoing Lemma CB 
(i) : B D (x) : B F: B E + B G ^x B Fy 2ind therefore jB G is = 
xBF—BE. Whence, &c. 

^. When the Arc AR is greater than the Semi*circumference ADB^ 
^70- ^|^g„ j^ jg piajn that 5 the common Origin of all the Chords will nc- 
ceflarily fall in one of the equal Parts ^ as G H ) wherein the Arc 
^ Jt is divided : And it may be proved as in (^ Cafe i, ) that the 
third Row in the Table does expreis the Value o£ B E, tiie fourdi tiie 
Value of B is and fo on to 5 G : But it remains to demoafiiate that 
the Row next after that exprefling the Chord JB G, will not eiprefs 
the Value o£ + BH hut — BH^ and moreover, that the Row next 
after this laft does expreis the Value of — B I, and & on to -« 
BR. 

According to the Formation of the Tabk, the Row next after that 
exprdling £G isx J? G — JSF. But by the Lemma C£ (^i):JJD 
(xj ::BG \BF--BH, and therefore — B His = x 25 G— BF-, 
Sat is, — JJ ff is eiprefled by the parallel Row of the Table next 
ti»t exprtfiiug the Value of B G. But according to tiie For- 
ma tioa 
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TOation of the fame Table, the Row next after that exprefllng — BH 
is —X B H — BG the Value of B /, becaufe by the Lemma xB H 
z^ B I — BG : And moreover, the Row next after that cxprelllng 
— B I according to the Formation of the Table, is — x B I-V B H 
the Value of the negative Chord — B Ly becaufe according to the 
Lemma xJB/iszfijBL+JSH And the fame may be faid of all 
the Chords from BL to BR\ and this is what remained to be de- . 
raonftrated, 

Corollary L 

444. TT E N C E if the Arc ARh^ divided into five equal Parts, Fig, li^ 
" the fixth Row x^ — 5 a^ + 5 x (hall exprefs the Value of the 170- 

Chord B JR, fubtending the Arc B R the Difference between the Arc 
AB and the Semi-circumference A B D ^^ if the Arc A R was divided 
into feven equal Parts, the eighth Row would exprefs the Value of 
B R •, and generally the Number of equal Parts muft be augmented by 
Unity, in order to get that Row of the Table exprefling JB R : Sup- 
pofing the Radius C B = i, the firft Chord B D =*, and that the 
laft Chord B R is negative, when the Arc ^ U is greater than the 
Semi'Circumference. 

C O R O L L A R Y 11. 

445. T^ R O M the Compofition of the Table, it appears, i. Thatthe 
^ Number 2 is the firft Term of every perpendicular or upright 

Row. 2. That the Coefficients of all the other Terms of the firft perpen- 
dicular Row are equal to Unity. 3. That the Coefficient of any Term 
of whatfoever perpendicular Row, is always equal to the Coefficient of 
a like Term in the perpendicular Row, to the left thereof p/w the 
Coefficient of thatTerm which is above it : For example, the Coefficient 
14 of the fourth Term i^x' of the third perpendicular Row, is equal 
to the Coefficient ? of the fourthTerm ^x^ of thefecond Perpendicular 
which is on the leli, plus the Coefficient (9) of the Term ^ x x which 
is above the Term i^x\ 

Scholium. 

446. T F you ftiould continue on dividing the Circumference into Parts |?ig. l^6. 
^ equal to the Arcs AD^ D £, &c. l^eyond the Point R ^ then 

it is manifeft that thofe Horizontal Rows of the Table following that 
which does exprefs — BR, would ftill orderly exprefs all the negative 
Chords that would Follow B Rj until you got a^in beyond the Point 
B, when the Chords would again become negative : And fo on alter*- 
nately pofitive and negative, as often as you fhould pafi the Point B 
•ad injimtum. 

T t Exam- 

i ^ 

s 
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others the whole Circumference plus the Arc A B R, twice the Qrcum- 
fcrencep/tfi the Arc ABR^ three times the Circumference p/w the Arc 
A B R^ Sec. The Reafbn of which is, bccaufe the Circamference of 
a Circk does return into it felf, therefore it may be coirfider'd as a 
Curve making an Infinity of Revolutions about it (elf ^ therefore if 
the Arc ARhe called i, the whole Circumference c, the Arc ABR 
Ihall be c— J, and we ihall have the two following Series : 

1. dyC ^ d^ 2r + i, ^c + d, 4c + if, $ c ^ d, 6 c + ij T c +d, 
Sc +dj 8cc. 

2. c — d, 2c — dj 3r — d, 4 c — i, 5^— i, 6c^^^ ic — J, fir-r-i, 9cC. 
orderly exprefllng all the Pbrtions of the Circumference terminated 
by the two Points Aj R. This being premised, 

If the Arc AD be any aliquot Part cf the Arc A X, which is left 
than the Semi-drcumferej^ce 5 and a Pdygon DEFQ\Hy &c. (begin- 
ning at the Point D) being infcribed in the Circle, having the fame 
Kumber of Sides as the Number of Times the Arc AR contains the 
Arc A D •, and if from J5, the End of the Diameter A By you draw 
the Chords J D, BF^ BO, BH^ &c. to the Angles of tbe Polygon: 
I fay, thefe Chords do determine like aiiquot Vwts of all the Teroft 
of the two SerkS) wheoeof the iiz'd Origin is idways at the Point A. 

For Example : Let ADrzz-^ d\ then it is evident, that the Arc p,Q^ ^^j, 

ADEisz^'^, tbeArCirfDEi? = ^ the Arc ><iDJBFG = 

5 5 ' 

^—, the Arc ABEFGH^"^^^, which are die fifth Parts, or 

the like aliquot Parts of the five firft Terms of the firft Series. And 
if any other Term thereof be divided by 5, then it is evident, that the 
Quotient will contain exaftly the whole Circtmiference fome Kuiriber 
of times ji/ttf one of the precedent five Fractions. Whence fince the 
Chord terminating an Arc, whofe Origin is in A^ is the fame as the 
Chord that terminates that Arc plus the Circumference taken any 
Number of times at pleafiire •, therefore the Chords BD, BE, BF^ 
BO,BH, do determine fifth Parts of all the Terms of the firft Series. 
Aft-er the fame manner we prove, that the Arcs AH, A H<3, AHQF, 
AHGFE, AHGFED, are fifth Parts of the five firfl Terms of 
the fecond Series, and fo the Cliords 5 H, JB G, jB F, J3 £, BD, do ter- 
minate fifth Parts of all the Terms cf the fecond Series. But it is 
plain, that this Demonftration may be apply'd to any other aliquot 
Part whatfoever of the Arc A R. Whence, &c. 

Hence, jf the jwo preceding Series be brought to one only, vh. Fi«. 273, 
i, <:4:d, 2c^dy 'ic4-dy fSc. the two Chords next on each Side the great- 274. 
eft (BD) bounding the Arc A A an aHqut^ Part of the Arc A R lefs 
than the Semi-circumference, ihall bound Arcs being Kke <Aiquot Parti 

T t 2 of 
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For Example: Let the Arc AD ht z=z{ ARs I la}", the odd Fig. ayi,- 
Chords BDyBFjBGy are the aflRrmative Roots of this Equation x'— ^73- 
T^^ + 5 ^ = «, and the even Chords BE^ B H, are the affirmative Fig. aya,. 
Roots of this other Equation x^ — ^ x^ + $ x =^ — a. If the Arc 274* 
ylD he='!rAR', then the Squares of the odd Chords BD,BF,BH, 
fhall be the affirmative Roots of this Equation x^ — 6 x^ + 9xx — ^ 
=: a, and the Squares of the even Chords B £, BK^BQ^ Ihall be the 
Rioots of this otiier Equaticn x\ — 6 x^ + 9 x x — 2 = — a. 

For if it be propos d to divide the whole Circumference repeated 
Ibme Number of times plus or nilrtus the Arc j R. into equal Parts,, 
fo that the firft may be lefs than the Semi-circumference 5 then, hy 
the 444th Article it is plain, that the fame Table muft be formed, as^ 
was for the Divifion of the Arc AR y but here the Chords muft ne- 
celTarily change their Signs once (before the laft JB U be had ) when 
the Circumference is but once repeated, becaufe B the common Ori- 
gin cf them all does fall in one of the equal Parts 5 twice, when the 
Circumference is repeated twice, becaufe the Origin B will necefiarily 
be found in two of the equal Parts 5 three times, when the Gircumfe- 
rence is repeated thrice, becaufe the Origin B is found in three equal 
Parts, and fo on. Therefore the Chord BR will be pofitive, when 
the Arc ARj and the Circumference repeated fome even Number of 
times plus or lefs the Arc A Rj is to be divided into equal Parts 5 and 
negative, when the Circumference is- repeated an odd Number of times*^ 
that is, in the former Cafe, the parallel Row of the Table muft be 
made equal to +^*> and confeqaently the odd Chords, or their Squares, 
fhall be the affirmative Roots of the other Equation, whereof one of 
the Members is — a; JT. W. D. 

SCHO'LFTJM Ulv 

450. 'T* H E fame Things being premised, if the Arc AD Be Tin odB Fic. 071, 

-■" aUqnct Part of the Arc AR^ then by the bare Inlpedion ofa73- 
the Table it appears, that all the even Terms, that is, the fecond, 
fourth, fixth, &c. except the laft Term ^r, are always wanting in tWe 
two Equations found according to the preceding Scbolhm. But it is 
fliewn m Algebra, that if the Signs of^the even Terms of an Equa- 
tion be changed, alt that is done by this, is only changing the affirma- 
tive Roots into negative ones, and the negative ones^ into affirmative 
ones. Whence the even Chords being the affirmative Roots of the E- 
quation, having — a for one Side tiiereof, will become the negative- 
Roots of the other Equation, having -{- a for one Side of it. For Ex- 
ample-, if the ArcADhe^rARh then the odd Chords BD,BF, 
BGy fhall be the affirmative Roots of the Equation x^ — ? x^'\'fx=aj 
and the even Chords BE^BH^ the negative. Roots thereof.- 

Eromi 
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B H, &c. tUt is, the Jhortejl Chord BF — BE + BD — BH+DG 
&c, = 0. 

For draw the Diameter B A, and take the Arc A R containing the 
Arc A D the fame Number of times as the Polygon has Sides 5 then it 
is evident, as we have ftiewn already, if the Chord B Rhe call'd a •, 
^nd the Radius C y4 or CBj i •, that the odd Chords £ /), JS JF, J!G, 
Sec. (hall be the affirmative Roots, and the even Chords BE, B H, 
Sec. the negative Roots of the Ei^atiort, whereof one Side is -f a. 
And fince the fecond Term, which is equal to the Sum of the Roots, 
as is prov'd in Algebra, is always wanting in that Equation -, there- 
fore, Sec. 

2. If the Diameter "B Abe drawn, and the Arc AK be takev, conkai' 
jmig the Arc A D the fame Number of times as the Polygon has Sides, md 
the Chord BR be drawn : The Prodva BDjiBExBPkBGi.BH, 
&c. of all the Chords B D, B E, B F, B G, B H, &c. into one another, 
Jkall always be equal to the ProduS of the Chord B R into the Radius C A, 
raifed to a Power lefs by Unity than the Nnmber of Chords. 

For thislaft PrcJdu^ is equal to the Member ^i^ fince B R=^a^ and 
the Radius CA is taken for Unity in the Table. And becaufe tlie 
Term a is always the laft Term of the Equation, whofe Roots arc the 
Chords 2 1), BE, BF, BO, BH. &c and the kft Term of an E- 
quation, as is proved in Algebra, is always equal to the Product of alt 
its Roots J therefore, &c. 

Theorem II 

453, JF am Semi-circumference AEB be dividedinto an odd Number o/Pic. 273. 

-L eqnal Parts, whereof the two firfi is the Arc A E \ the four p-JL 
the Arc A E F, and fo on by Pairs to the lajf j and if tfje Chords B E, 
B F, &c. be drawn : Ifay, 

1. That B E the firfl of thofe Chords, minus the fecond B F, flus the^ 
third, minus the fourth, and fo on to the laft inchifvely, is always equal ta 
the Radius. 

2. That the ProduS [ B E x B F, &c. ] of all the Chords into one ono- 
iher, is equal to ananfwerable Povrer of the Radius. So in this Example 
wherein the Number of Divifons is 5, and confequently there are hut two 
Chords^E, BF, weftjallhave i, BE — BF=;CA. 2. BE xBF = 

ca! 

For in the whole Circle infcribe the regular Polygon EFGH, ha- 
ving the fame Number of Sides as there are Divilions, beginging 
from the Point A •, and from the other End {B) of the Diameter A B 
draw the Chords BD, BE, BH, B F, B G, Sec. to all the Angles df 
the Polygons -, and then it is manifeft, 1. That B D the largeft csf 
thefe Chords is equal to the Diameter B A, and fo the Arc A D being 



^S The Tenth Book. 

rr^o, the Arc AR ftall be fo alfo •, and confcqucntly the Clwrd B R 




Iroin it. W'heiKe, Gfr. 

Theorem III. 

4^4. jFayij ngvhr Fohgon DEFGHK, &a be ivfcriFd In a Circle^ of 
u ^ C.Z , 2. 2 ^^ ^^.^„ Number of Sides \ artd if from any Point B in the Circnm- 
ference, there be drawn the Chords BD, BE, BF, BG, B H, BK, &c. 
to- mil the Avgles of the Polygon. Ifay, 

1. The Sim of the Squares of the odd Chords B D, B F, B H, or elfe 
of the even Chords BE, BG, BK, is equal to the Square of the Ra^us 
CB, taken the fame Number of times as the Pdlygon has Sides. 

Dravf the Diameter B A, and take the Arc A R containing the 
Arc AD the fame Number of times as the Polygon has Sides ^ then if 
the Chord B J? be called a, and the Radius CA or CB, i •, the Squares 
'^Urt.u9* cf the-odd Chords BD,BF,BHy &c. fliall * be the affirmative Rorts 
of the Equation having one Side equal to + « \ and the Squares c^the 
even Chords B£, B K, BQ, Sec the affirmative Roots of the other 
Equation having one Side equal to — a. But the Coefficient of the fc* 
cond Term of both tlie aforefaid Equations being equal to the Sum of 
their Roots, is always equal to the Square of the Radius taken the 
fame Number of times as the Polygon has Sides, as appears in the 
Table. Therefore, &c. 

2. If the iJiaiJieter B A be drawn, cl^^^ the Arc AR ta^en as mjrj 
times contairivg the Arc A D aj the Pchgon has Sides^ aiid tl>€ Chord BR 

})e drawn •, the Prcdu^l [RD x BT'x BH &c.] 0/ aU the Squares of tU 
odd Chords, is cqvalto the Prodncl ofB A 4I BR ivto an ajifwerahle Vonr 
of the Radius, viz. BA + BR, wheu the Number of the Sides <f the P^ 
hgov is barely even^ and B A — BR when it is evenly eve 7:^ that ff, dh:- 

file ly 4 -, and lie Pradul BE x BG >< B K, &c. cf the eien Chords, it 
equal to the Vrodu-} r/ B A + B R hto the fame Power cf the RadinSy viz, 
B A — BR /;/ the former, and B A -J- BR in the latter Cafe. 

For call BR^a -^ and the Radius CA, T-, then it is plain, that the 
Squares of the odd ChoiJs B J\ B h\ B H, &c. are the Roo^ of an 
Equation, whofe laft Term vrill always be 2 Ijl j, that is, B A Jl BR\ 
Hiicl that the Squares of the even Chords BE, BGy B Ky &c. are r; 
Roots ot an Equation, who(c laft Term will be alv/aj-^s 2 4-^, that is, 
B A-j- B R. And becaufe the lail Term of an EquationTs equal al- 
Tways to the Product of all its Roots, therelbre, tf'c; 

C o R L- 
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Corollary. 

4^5;. XT EN CE it is evident, i. That the Sum of (he Squares of all 

-^ the Chords, as well even as odd, is equal to the Square of the 

Radius drawn into double the Number of Sides of the Polygon, that 

is, JF\Bli + JD'¥TK+ Th +Xq = I2C2! 2. Thut 
the Difference between the Squares of the even Chords and the odd 

ones, is always equal to nothing •, that is, B^ — 'BE + B1) — 5JC 

+ WH — Wq =0. 3. That the Produdi of the Squares of the odd 
Chords plus the ProduA of the Sqtiares of the even Chords, is equal 
to the Quadruple of an anfwerable Power of the Radius, that is, 

FF K Td\ Bfl V Be\ Fk k ¥g = 4 (Ta. 4. That the DifFe- 
rence between the two Produfts, is equal to the Double of the Chord 
BR multiply'd by an anfwerable Power of the Radius •, taking notice 
at the fame time, that the Produ£t of the Squares of the odd Chords 
is greater than that of the Squares of the even Chords, when the 
Number of the Sides of the Polygon is barely even, and lefs when 

the Number is evenly even J that is, Wf * Wd ^'BH -^B^ ^ Tk 

ic BO = 2 BR ^CA . y. That the Produd of the Squares of all 
the Chords, both even and odd, (hall be always equal to the Produft 

o{JA — BR = BAA:BRnBA±SR^AR\ (bccaufe ^JiB 
is a right Angle ) by an anfwerable Power of the Radius } that is, by 
extracting the fquare Root of both Sides, the Produd of aU die Chor^ 
is equal to the ProduA of the Chord AR by a Power of die Radius 
lefs by Unity than the Number of Chords i that is, BFnBE^ BD 

*BKnBHnBGz=:AR^CA\ 

T H E O R £ M ly. 

4^6. TF the SemMrcumferevci ADB be divided ivito any even Number ^ "Big. 275. 

^ eqvalParts^thefirftiPbereof let be the Arc AD y the frjl three J the 
Arc ADE 5 the firfl Jive, the ADEF, andfonnbj two's to the laft 5 and 
if the Chords B D, B t; B F, &c. be drmn ^ I fay, 

\. The Snm of the Sqvares of thefe Chords ireqml to the Sqnare of the 
Radius. taken as mattj times as there are Divifans in the Sem-^rcumference i 

that is, the Number of BhnKons being here ^, B D +^S^ -^IbTF mU 

be :zi 6 C A* . / ' .■; 

2. That the PrtoduB of the Sqvares of the Chords by one another^ is equsA 

to twice an anfwerable Power of the Radius. So BD n BE* s BF'ss 2 CA^. 
And confejuentlyhD ^^E kBP ^G A'. ^^2. ' / 

U u For 
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Maike a Table, wherein the firft horizontal Kow being r, 
and the ftcond as — 1 5 let the third % % — % — i be equal 
to the Produft of the fecond by % left the flrftj the fourth 
5t» — aj jc -^ 2» + I, equal to the Produft of the third bjr «, lefi the 
fecond, and fb on. Then form an Equation, one Side of^ which being 
nothing, let the other be that horizontal Row of Quantities in the 
Table, whole Exponent is half the Number of Sides cf the Polygon 
pint I : I fay, the grcateft Root % of this Equation (hall termi- 
nate an Arc, whofe Chord fhall be the Side (ought of the Polygon. 



I A Tabk for the Infcnption of 

% —I refftlar fbhgont tn a Ctrcie. 

za>— z —I 

%^— «—» +1 

X* — x^ — g[rc4"2x +1 

»•— as*— yx^'44x'+^«c — 3x —I 
z ' — jt* — 6z^4 Tx*+ lox* — 6xx — ^4«. + 1 
z'^-ar' — yz^+^x^+ryt*— Joz* — iozx+4at +r 
»»^— z^ — 8z* 4 7z*+ 21Z*— ryx^— 20Z* + lOzzHr- 5^%— t 



I 

2 

3 

4 
5 

7 
8 

9 

For E!xampie^ Rr is required to infoibe an Heptagon ina CirdeJ 
Take the 4thHorizontal Row of Qjiantities in theTable, becanfe fbiir 
& greater than*half (even by i, and making it equal to nothing, wtf 
Harez*'— zn— 2z + r =0, and the grcateft Root z of fliiaEquatiofl 
ihall exprefi the Value of the Chord BB^ terminatinx the Arc aU 
^fivendi Part cf the whole Circumference, which ma]^ oe proved thnti 

Let ^ K bean Arc of a Circle lefi than the Semi-circumference di- Fig« 275^ 
vided into any odd Number of equal Partirin the Pdnttf D^ E, Fj G, 
ftc. and from B the Extremity ct the Diameter B A^ draw the Chords 
JB A BEy BFy BG^ fcc Mbreaver, take the Arc ^ 5equal to the 
Arc ADy draw the Chord BS, and call the firft Chord Bl\ oiBS^ 
n ; and the ftcond B E. z. Then bytheXcmma, CB(i) :B E (z) : : 

BDC^JrBF^BS. And conftquently^^i ^' 

»E(s)/. tBP: BD + BB: And' confluent- 

maimerClE CV- ^B (z)::BH:BF + BR^ aai therefore BR = 
xBH-^-BF: That is, the fifth Chord BfTiiequal to the Prodtid of 
thethird BFW zmrifai the firft £ D ; theftventh BR i$e^to 
the^ Phjdnft ofthe fifHr Bffbyz mitnaihe third jrjT, and lb on. 
"^ence it* mpears^ that if a Table be made wherein die &vtt Hcni- 
2»iila(R0W*[i^ Q^Bmtitie$]isx,. and the^ ftcond zx—x ^ the third, ig 
ocvL—x%—x equal' to-thenrodufl^ of the ftccmd: by % iHhv's the firft^ 
the fourth xx'— x z z — 2xx+ 1 equal to the Produd of the third by z 
mn»^ ftoondi and €0 oa : Thm ihall the Rows of Quantities of 

Vu 2 this 



Of D^erminate PRbBLEMS. 333 

• » ■ 

L £ M M A I. 

4.J9. T F A D, E F, i^ fFo ^/jtrirl >frc5 of the Semt-circU A E B, one^^io* 277. 
' 4 tirtw, « A D being takevfrofn A, r6^ riri of the Diameter A B, 
ard the other any where at pleafure j and if tbe^ Chords B D, B £, B F^ 
ojid AU, AE, AF, bedravn: I fay, 1. ABxBF = BD kBE — 
ADkAE. 2. ABk AF = BDkAE + ad kBE. 

For the three right-aiigrd Triangles ADG < the Pbint O beings 
here the Interfeaioii of the Chords BD, AF) AEB, BFG, ^tg 
fimilar to each other, becaufe the Angle AGDoxBQ P, having 
half of the tiro Arcs B F, AD^ for the Mcaftire thereof, is equal to 
the Angle B AE, having likewife the half of the twa Arcs B F, FE, 
oiAIX, foe the Medfint thereof. Whence if the Diameter ^ JB be 
called I 5 the (fiords JJ D, xj ^ A j 5 J? £> t;^ ASy m \ then will 

B E (v) :EA h) v- AD (}):DQ= ^ ^ and therefore 3 G or 

AD— D.q =* r- •^. 2. And ^B (I) :B E(v) : :30 ^x— ^ V 

BF=;*x — jf«, tJiat is ( becaufe >f S = 1 ) ABvBF=BDn: 
BE — ADxAR, WHch: vau.ia, the fiift place to be demoi^ 
(bated. 

; -Now B E(v) :Sjl(i):vAD (y} :AQ = -^. And ^ B(i) : 
'AE («) : :B G C*"— ^} '^ F=*« — ^ j,andthercfoie>rfO 

• • • • • . • 

+ GFor^J'=x* — ^+^ = x-a + vf, becaofc the Triangle 

AEB being right-angl'd^ i — x; x; = v v^ that is, AB^AF^ 
£D^ AE^ AD^^BE. Which wa& what remained to be de- 
monftrated. 

L e M: ir A IE 

4<o. T ET third be formed a TuAU, the firfl HoHzontat Rovr 'whereof 
*-' confffing of two Parts xandJs let all tht others be fo Bkemfr 
according to this Law, viz. That the irfi Part of any Horizontal Row ber 
forn^dby multif lying the frfi Part of that Horizontal Row immedfateh^ 
before it by x minus tbefecond Part of the fame muKplfd by y 5 and t» 
fecond Part formed by multiplying the faii frjt one byj, rfos thatfecond 
Part multiply dbyx. Moreover, let there be any Arc (AK) cfa Grcle, ^g^ a 7!^ 
lefs than half the Circumference^ which fuppofi to be divided into any Num- 
ber of equal Parts at pleafure, in the Points D, E, F, G, &c. I fay, if the 
Diameter AB=;t, amdjthe two firfi Chords BD=ix,A'D=y\thenallthe 
other CbordsiE^ByfiG,&c.Jhallbeexprefs'dby the frfi Parts of the fecond, 

^ tbixd^ 

i . J 



iu 



I 



tk TtKTB Bo»K. 

iBnI. f^ri^ te- O ' jma l I»^ Termt^ m^ tit Mir mrtffniat 









t-9"«'— ?/« 



J 
7P'— !5jV+Jl^« 



«*«-TFt 



- _ it B^hintlivthe Itadija of inr 

•rW*>a*CBri«D(«Xain<*ut>[odaaof the cor. 

■fecTAeaf AeCkcd BG, btiagliiuiicR a&a if, aodgths 

C»BOKbtAltT. 

■ c£ adi homcotxl Roir of Tenm io the afcce- 
' fm^taiK\ctiliiiUBahs, and all the Tenm be oiaei'd 
Knu^HBtBllrdSBlBKni^siaf z. t^efblloxing new Table mil 
ikectT W&RK^ aderi^eaatanng'all the Pcnreis of the BiteoiiiV 
X -t> 1 ; v-^se tbe £ift and fecaod Tenna ma& be affinnatiTe, the 
l"!!!! Mlfawl^ ■liWili. maib cf emy twoal>ciii«el}>ta thelaft 
■naastbe liiidbMiEOlalRowof Tenm is x' + Jjjcx — ijjxr~f; 
t^t ts. t^Ctateet t*vBiDania}jr+^, the tvo fit^Teiui; whereof 
vc-a^nar.Te. tsA the two oiheis negatire. in Vikt mumer, the 5th 
bTi£?ntal Ro» "iU be x' 4- ?jx* — 'oMx' — lot' xx +S3* x+y', 
«Hu>^^ i$ the tiithPtwercf the.BiaDanal»+;» wMieof the jirfland 
(■c>ivl Tenv >ie a&xMiR, the tlird aiidfiw4>aq|WiTe^ ani Aa 
1^ and loth aSniadK. 



J XX-t-iCT — ,^ 
Sx'+JfJOt-Sipx — j' 

v' +5^*— lojv'— io>'"+ 5;'« + y 

Fot 
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For if Rfgflfdbe had to the manner of the Formation of the pet- 
cedingTable, it wiUappear, that all tbeTerms of € very horizontal Row 
are form'd by thofe of that horizontal Rqw next before it, multiply'd 
by X and jf, and (b conne^led together by the Signs + and — , fp that 
the Ternos of the two Parts ccmpofing everjr hori£or>tal Row^ being 
put in order, accarxiing to the different Powers of the unknown Quan- 
tity x, there is an alternate imccelEon of two affirmative, and then 
two negative Signs. 

Scholium. 

462. JN this latter T^bk it is manifeft, that thi Cueflide n ts of every 
^ Terai of .tiie &ft perpendiicukr or u^r^ht Row, is Unity ^ 

of the Cpefiicieots of the fecorid Row, (he riitucal Niiriibers i, 2,^3, 4, 
&€. being ibrni'd by the continual Addition of Unities \ the CoefB- 
cii^ti of the third Row, the trian^i^r Mtimbers, i, ?« 6, 10, &€. be- 
ing fi)rm'd by the coatinual Addidon of the uartninli Nambers \ the 
Coefficients of the fourth Row, the Piramidarl JNturibers 1,4, iq, 20, ^" 
&c. being form'd by the continual Addition of triangular Numbers \f^f^ 
and fo on from Row to Row towards the* right Hand, the Numbers p 
of a (uperior Order being formed by the continual Addition of thoftv';; . 
cf the Older immediately going betore. "^^V/ 

£ X A M P L B XII. 

463. AN Arc of a Circle AJL being given •, to divide it into any pic, ^^8, 
-^ Number of equal Parts at pleafure in the Points Dj £, JF, 0, 

&c. after a different manner from that in the loth Example. 

Call the Diameter AByi \ the given Chords AJR, AR f termina- 
ting the g[iven Axe AR) «^and^) and the unknown jChords.£I>,,g^, 
(terminatii^ thefoOght Arc^P^ xandy, and raiie the Binomial 
X + jf to luch a Power, that its Exponeilf be e^l* td the Nuniber of 
Divifions. Then form two Equalities ^ one between^ the gii'c n Quan- 
tity a, and all the odd Terms of that Power of x + y connefted by 
the Si^ + and — alternately 5 and the other, between the given 
Quantity ^, and all the remaining Terms- of ^ fa id Power of the 
Binomial x + y, connefted by the alternate Signs, This being done^ 
get out one of the unknown Quantities x or y by iiieans of the Equa- 
tions XX ::= I — yj^ oryjf = I — xx^ arifing from the right-angl'd 
Triangle ADB\ and then we fhall have an Equation, having only 
one uidcnown Quantity in it, which being refolv'd, will give us £ J) 
or AD^ ternxinating[ the Arc fought AD. ^ 

¥ot Example : It is required to divide the giyen Arc AR into feVen 
equal Parts m the Points D,EyF^O^ fl, /. Take the feventh Power 
o5theBinomialx+j>, vis, x^+7>^*+2iyyv^^3jjf'x4+2i/;cx+7/x 
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^. V<x funpafing ^c^d^^ tocmjefi, thp four firft Cells of the iecoud 
upright Row, and a,/,^, fc, the fbarfiffl Cells of the third Rbw ^ theli 
by the formation of the Gelli, we IKiU have 6=^ +^, ^ = a 
4. f, /= c + tfj Wid therefore 6=c + iJ + c + tfj which is the thing 
to oe prov'd. And it is manifel^ th^t this £)emonftratiqn extends tp 
any Number of Cells whatlbever of two adjoining upright Rows. 
Whence, jGfc:. 

Corollary. 

465. "pEcaufe all the Cells, the firft horizontal and upright Rows 
-P beuig exc^^ y^ cc«ifiofed of two Ternis, the I^er a be- 
ing in the j&ft, and b in the laft Term 5 therefore, i. The Term 
wherein is tnelJetter a, is eoual to the Term wherein is likewife found 
the ^Letter a in tlj^e nat Qell to t^ left; ^icf all the Terms wherein it 
is, in the Ceils beiiig above thisWe. 2. TheTerm whierieih Is the 
Letter b^ is eoual to the Term wh^ein is lilQB}v:ile the Letter b^ in the 
tltW to the left, fins all the Terms wfaareifi it is found ia the Cells 
abpve it. So the Term 1 5 4 of the fifth Ce)l pf the fourth upright 
Row, is equal to the Term %A of the Ccti ^ the left, fins the Ternis 
,4tf, ia,79,if^ wljich are in the Cell? atoyeiti .^ 2QbW egualtp 
.theT/earm 10 b of th^ jQsU to the lefi, |(bu the Tetm6K 3 h 1 K of s^U 
Jbe CcikftboKe it. ' 
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466. iFtheTtfin wherein is the Letter^^f iti my CeUj bemMfUediy the 
^ Snm 6f thehiex^s of its horixantMl imid upngbi^komsminvB 2, 
isttd the VrodpS be divided by the tftdexof its ferpeiidicular Ram minus t % 
I fay, the ^oHent fiatt be eqvalto that Term^ plus aitbem that b^ above it. 
For Example : If the Jerm i? tf iw the fifth Cell of the fourth «pH[fbt JSotr, 
he «!97tip/jrJ.fcp T + 4 — 2=7, attd the P/xypiff driSdidbi'^ — 1 r= 3, 
the ^wniint linjball be eqwi to the TerM i^a, plud tbeTermi loa, ^, 
^Zy i^f beiftg aboveit .. ' . . 

. This appears plain in all the C^IIb of the fecond upright Row, fince 
they all do contain the i&me Term i a. Ana I fhall dembnf^te, tibat 
fiippofing this^Prppertjr to happeain any uprieht Row urhatfbever, it 

' muft needs be* fo IHce^iie in the Cell to the right of that 5 from whence 

:it will follow, that becaufe it happens in the fecond upright Row, it 
(hall be alfo in the third ; and becaufe in the third, it fhall be in the 

j, fourth; audio on ad vtfimtvnis .And to prove this. 

Let tf, i, c, J, e, f &c. be any Number ^of the Terms wherein is the 

= Letter a, in any upright Row 5 and n,^, *,*,/, &c; the ]iifQ Mumber 
of Terms of the Row to the right thereof: Alfe let m be equal to the 

'Sum of the Indexes {mimm 2.) of the ypright and horizontal R0W9 

X X where- 



'Or TsKTx Book. 
^■=» -fc^s™/"; "i'"^ » <Sb W» »-ri of the up. 

^^*~*+^'*^'=''/+' +i + £ +;^- 
i-*.S-a»^3r-*=^— ^ .»+» + ,+ ,, by^ (iMitfflu^ / 

-*-*=^t> 1 ? ■f) |ljJ H | fcia Sdabyr, diviJing byr + r, 

•«*^<f *■ ^i>«> ». wtnein is the Cell, whofe 

ifty^( AB^onsri lie tadEE rf thst wherein is 

bo*h i« 

i in eve. 

w . . w , agreeto 

neHxsinrici^q^JtffvtsdenetetheTcaC father, becaul^ 
lizBOaHlAaBaaiGrfiK, be thrHmUieief Tenu<if two a<f- 
jinnaK J^-wQ v^iK tser viiL cxnjeie i^t we bare demonibated 
vx; aevnt K> CK Ten i, wi^ be lilevilc tnje of anf Tenn in the 

V»f -" «» Sjycfc • a ei;n£ gemally the Indei of anr hori- 
-"' Ki» txxp tbt Srft, then the fiift Cell of this Row will not 




rr TsA. 



C T i Trr 1=7 Tena wbeiein is the Letter « ; the lecoi^ will always 
C TBfi-i ij i Aai if J^M nmltiply i« by — ^ z=. Jl, we fliall get 

— ^ icr tje Tenn wherein is lound the Letters in the third OH -, and 
I 

a Tc« nultiph- — < by — ^^ = — , we feall have — a « *'*"' 

for the Tenn wherein is the Letter* in the fourth Cell; fo that this 

^ . » j> .4-1 ■ „ M-i „ »+I J» ii4-l itj-i 

"t.J 



<n 
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^^ 0^ &C4 will orderly exprcfi all the Terms wherein is the Letters 

'4 

in the horizontal Row of Cells, whofe Indiei is w. So if w = ^, the • 
Series o, i «, y «, i ja, 35 <i, &c. will orderly eiprefi all the Terms, 
wherein is the Letter a in the ;th horizontal Row of Cells. 

l Lemma lit. . ' 

• '•■■•*'*■ 1 ■ . • 

467. iFtheTirm^ tpherein is the Lettirhh atiy GrM, be muUiplfd by the 
^ Sum of the Indexes of its bofixental Row^ a)id its perpendicular 

Row minns 2, and if the ProduS be divided by the Index of itsperpendu 
cvlar Rov : Ifay^ the j^o/tient fiaU he eqnal to thai Term plus, ail thofe 
being above it. For. Example \, If the Term lob of the fifth Cell in the 
third upright Rov bemvbiv/d by 5 + 3 — 2 = 6, and the ProdnS ie ii- 
vided by 3, then will 20 d betheSnm of the Term 10 b, together with 
all theierms 6 b, 3 b, i b, above itr ' 

It is manifefi) that this Property happens in the firft perpendicular 
RoWy wherein all the Cells do contain i bj except the firft, which ha< 
pot the Letter b in it. By means of whidi we can.demohftrate,'^ as in 
the laft Lemma with regard to the Terms multiplying j, that the fame 
will likewife happen in the iecond upright Row, the thiird, the fourtl^ 
and fo in all the others W tftfinitvm. From whence we ctmclnde, that 
if n ezprefles the Index of any horizontal Row, except the ^rft, the 

Senes i b, — *, — x -^ *,-^ — x — x -^ *, — x— x — x — *, 

&c. fhall orderly exprefi all the Teipis, wherein is the Letter b in the 
parallel Row of Cells whole Index is if. So if » t=: ^, the Saies i b^ 
4^, 10^, 20b, zfbf &c* fl^U orderly exprefi all the Terms wherein b 
is, in the fifth parallel Row. 

Corollary. 

468. JT follows from the two. laft I^unmata^ if all the Terms of 
^ this Series be added to the Terms of that in the laft Lemma« 

4hat thereby we ihall form this, ib^ la^ -i *, —a + — ? ^ 

n, n if4-i , f>— I V ** V **+' A " ^ *^' V '^^ »— >» « . 
— A, — K a+ ^""^"T"*>T^ ^ — **■ ^ — n 

— x^^i,efc. orbyabT)teviatingtheExpreflion,J,a+^mA a + 

.-— -*X-7«+ -7- *X — X— -, «+ "T-^X VX-7-«^^ 

gff. which Ihall oiderbr exprefi all the Cells of that bwizontal Row 
of theTablevhofelndexisir. ^ ^ " 

Xra • • Wh«ie» 
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411. 



'l^l «'j I 2^41 2.J* ^ 

by means whereof at oiice majr be fouhd fHfe Coefficient of the Table 
in Art. 443 « its upright Row» aqd the Exponent of the horizontal Row 
being given. The Rule is this. 

Take the Term in this Series a&furcting t6 the given irorigbt Row;, 
that is, the third, if it be tB<i third Row $ the feorth, if it be the 
£)utth, &c. and haviite fubftituted the Nunri)er expreifuig the parallel 
Row the Term is in, for n in that Terni, you will have the Coeffici*^ 
ent fought. For Example : If you want the G)efEcient of the ^Smrtlb 
Term 14 jc' of the third upright Row, fiibftitute the Number 4 for n 

'^— ^x — , wd 14 will be the Coefficient Ibught. 

For, the Exponent of the upright Row of Coefficients in the Table 
of Article 44;^, is the fame as the Exponent of the upri^t Row in the 
Square of Oslls of the laft Arthh \ and the Expooent oi the horizontal 
Row, is equal to the Exponent of the horiaontal Row of the Souare of 
Cells. Whence it is manifi^ that this Ride is ixAf an Applicatiom: 
of that of ArtkW 468, ta this particular Cafe wlieieiniis^ aad 



isi the third Term 



i=i. 
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471. JF I Be fnbfitutid fir \intheSqv»re^ Celts tfArtkk 4^4^, 
^ then will that be cbmg^d into tbis^ wherein I faf that the npri^ht 
Rows do orderly contain all the Numbers called Fignrate^ viz. d^ 
frfi Rawy the NMkrs of tb&^'firfiVrder^'whkbareffnits ^ the fetond 
RoWj the natural JSIumbers^ or thofe of the fecond Order \ the Mrd Rm^ 
the triangular Numbers^ or thofe of the third Order j being formed by the 
continual Addition of the natvrcd Numbirsi the fourth j the Pyramidal 
fifumbersy or thofe of the fourth Order^ being formed by. the eonthmal u^ 
dftion of the triinigular Numbers, i aridfo on to Infinity. > 

6. r. . 
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JPof B7 fhe. A64fh Ardcto-, tvtij GbU It C9»£t» AaT t» tfir:]i 
^hoeof abf. idl the othen b^ng above ib 



?4» 




to Ak even Ordc^ 

U if icbctfaeEbarth 

expnddig the Fkce 

. *KiV 4 * it be 4, s if it be i, 

r«airhri. Foe Exunple ; To find 

Ok^ fiiftinte s for s m the Kxmh 



* X ^ . ^ af ide Sess. Mi ?T viU be tbe Number 
>■ ao^ & j.—:..:^:^^ -I -:e Kile is iiitidc ^S. to tiiis pv> 



PECftLEM L 

4-^ tT= -esw-Vs^rfxje^^ irio •rJ<rlyftrtJrpJFj^alitbeTer)iii 
* w' :am'7vA ^ g .ae iy f/" j^-o w tie 44?a Anicle. 
!<auK tie rari ^car rf kt" Bfn^ Row of that Table, always 
aC^»-3 c tie ttiXcMia tix Knar to tbe d^ ; therefore if « + i 
cesexH-T g TTi ff fr^ tfae Firrcnit <i an horizaotal Kow, rou maft 
^i zxC^^aeA ^ te Tcoi, -wbak Place is ezprets'd bjr n + i 
« t3e &dt ^n^ I^^* > <^ Coeffidqit of the Term, whole Place 
is engfe i tTB-l-i — 2,(Tsi, intbe lecood Dpright Row ^ the 
Cn^3S3t cf tie Tam, wiofc H»ce is eipRfi'd b^ n — i — ?, or 
^ _ X, ia t^ thir d vsa^ Rcnr, and fb on. The ExpreflioQ of 
1^ P^ oncinBllT' kjfcmng bj 2, as tbe upright Row goes on to 
tiK ng^ Vbenczv acoocdiiig to the 47otIi .Article, you muft fob- 

UtotttfaNnbcra— iftrv, intiKfiaiidTcnn^^tbeMmnber 
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jB— 3 for n in the third Term -j- ^ — 5 the Number i»— jj: for n in 
the fourth Term ^ » ^ 5 the Number w — - 7 ibr » in the fifth 
Term ^— ^ ^ t" ^ ~T" " ^V^> ®*^- ^"^ ^^ we fhall have the follow- 
ing Series of Coeffiaents, !,»,-* — p, y * ^ >« "7^* "^ h 



^^ K ^7- H ^--, Gfr. and becaufe the Sgns of any horizontal Row 

of Terms in the Table are always alternate-, and the firft Term is al- 
ways the unknown Quantity x raiied to fiich a Power, whole Expo^ 
nent is lefs by Unity than that of the horizontal Row \ and fince all 
the other Terms do contain Powers of x, whole Exponents continu- 
ally leflen by 2, fuppoling x^ = i . Therefore x*— m y^» + 



m Iff— J _ ^ »» m^f M«*4 .^^ , fi9 m^i m^4 111—5 



jc»T», &c. Ihall be a general Expreflion for that horizontal Row in the 
Table, whole Index is m 4- 1. ^ 

When the firft Terms of thefe Series are had, you will eafily per- 
ceive the Law that they go on with, snd lb may continue them as fiir 
as you pleafe. For Example, IhppHole in this Series, that r cxpreflesthc 
Place of the Term, whole Coefficient is required, then fliall the Goe& 

.cient be expiefi'd by the general Fraaion ^xm^fy»»-H^iK»»--i^i,»r. 

Where the Numerator and Denominator fswft each have as many 
Terms, a« the Number r — i contains Units, So if r= 5, the Co^ 

Sclent of the fifth Term will be ^'^"^^^^^^^i^!!:::!^ -> and if r=:4, 

4x3x^x1 y 

then we Ihall have ~~ — ^. 

^ xa X I 

Kere k rauft be ofaterved that <the Number of Terms of the afoi^- 
laid Series is always determinate, it being equal to the half (vhs i J 
-of the Exponent oi the Horizontal Row it exprdfcs when that Ex* 
|)onent is odd, and to the half, when the fame is even. For Example^ 
rt will have but three Terms, when k espFefles the fifth or fijcth horip 
jEontal 3 four, when k expielles the leventh or eighty £f£^ 

474. rr Offii agenercd Series^ ardedy^:wefifig all 4b$ Terms pf atg U^ 

* fwnMlRow^ inthc'MUtf Jrtidc£^i^^ jorinfinbiii^ 
jldar Poligons. 






Bcatt& 




Ik Te>>x Book. 

iaalTaai rf <wy tff^ Row aofiicn to tJit firft 
»*«"^i*"*« if *■ +lbel>KElpoaentaf 
^»-— — * fc»i» *«T*I^ itcCccffiaaltsor the four firll 
■["'*■ * J. ** *'-'•''.* r:*' " — 'l t'" Coefiicient cf 
^ aa Xoa MB k^ BOipiK IMakei viiole place u otpcclled 
«. * — ^ • — ^ 1 iSat «f Ite fiztfa Rowr the triangular 

rf *i twi*T«» &>■ k Ac famni^ Nomber, whofe Place i 
■—4 «■ ^ • ^ ■ ^i flat of Ike eighth Term 
ail*^ w kdi. Ifcrr ■ cq«c6d by ■— g, tit. J^ . 



^=^«^p-4*«rf*e«*&Xtmlh»U ke a Number of the jtii 

f» i rt j Uh iii Ufffi ly— 7. aii^ ==. • i^ . :i=l 

• ^=^<sat&^ alit^dMi. Xnrif dvpraperFowenof : 

Wi»it'it»a* O l K i r i «t l rfy nipctfirt!ie^ — totielkonJ 
a^ oirf Tteaa i ie Sj: + e tSic foorth arj fifth i and fo alier- 
MBr>. :3*3iwe £il1 rst '-te f^iswi^ g«efa] Series, =• — z--i — 

»— ta — + «— rr— 5 + ^=^ •^=^ I— ._=*^i=S5,,.-, 

III 113 i 

*"' » ^- * ^^^ =*-*, 6'f. vrhich expreflcs all the Terms in that 

V'v:^~'<^ R".'*^ cf tie Table, in Art. 457. whofe Exponent is m + i ; 
Wre T::a aafte6£erTetotikethe&mcltellbeccf Tcni)«,Astfaae 
arc Vcics csnais'd is ■ -t" !• 

PtOBLEltin. 

^'^.fO fmln/mrdSaitt riai) a^rtf<ii the Ct^fdnti of tiUlhi 
i Tfrmin m ttrnMOjd Rtw oflbeTMbU of Article 460. ( or 
wikih Iblfnoe) of mty fmcr of ik Bimmalz + j. 

Let ■ in go>»«l be the Expauent cf av^ honzolttal Row of that 

T>Ue ; theo it is manifefi, that the Coeffidena of the tvo firft 

•>*««•. Terms of that Row (hall be * i, a, and becanTe the leanid Term.of 

nti/ uiaight Row Cbcginning at the lecoDdJ anfwen to the GifiTenn 



ral Series requir'd will be i, w. — x ^ — ^ « . — x 
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of the Row being to the right, therefore the Coefficient of the third 
Term of the horizontal Row fliall * be the triangular Number, whofe *Jh^u 

Place is exprefe'd by m — i, viz, * -^ x — 5 that of the fourth Term *jifi. ^^% 

ftiall be the piramidal Number, whofe Place is cxprefs'd hj m — 29 

^is. ^Sn^x^^^'x— 5 that of the fifth Term fliaU be a Number 
122 

of the fifth Order, whofe Place is exprefi'd by w — 3, viz. 
Zzl X ^^ X ^^ X — \ and fo on ad ififinitum. Whence the gene- 

m nu^\ m _iff— i m^^i m . m— i 

3 

n « -— ^, err. 

ColOLLARY. 

* *x* 

iiiV|w_iV|»_i iffX'M — iVm^2V,„ — 2 - 

y^x"-! + • ^ /X^4 4. 

my^m — iX|w— 2XW— 3X»»— 4 . « ^ cv? 

^ j^^-K&c. 

iX2X3X4>^5 •" 

Problem IV. 

477. 'T'O fni a general Equation for dhidhg a given Arc (AR) of a 
•*• Circle into any Number of equal Parts. 
Let m generally ezprefs the Number of equal Parts, and AD the p 
firft of the equal ftrts. Draw the Diameter AB, and the Chords * ^^'^ 
BDj B /J 5 and make C-4 or CB = i, the given Chord BR = a, and 
the fought Chord BDz=zx4 Then will * 4- ^ = x* — w x"»-» 4. ♦^^.•444^ 

^X>»-3 ^,^ _ mxm^5Xi»i-^4 j^^ mxi»^7>^'»-< ^^^- 5 ,^ ^- «ii473- 
2x1 3x2x1 ~ 4X1X2^; » ^^* 

( Where tf is affirmative, when the given Arc A R is lets than half the 
Circumference, and negative when it is greater^ be the general Equa- 
tion requir'd 5 wherein you muft take the Number of Terms equal to 
the Units contained in half the Number m when it is even, or equal 
to thofe in its half pins i, when odd •, becaufe what follows will be 
equal to 0. 

As fiippofe m be = y-, then will <ibe = x^ — jx' + jx^ and if 
»i = 7, thcn^.tf=;p^ — 7x' + 14X* — T X. 

Y y Another 



^ ^y 



^SRi^^^^W 



*»* 



P 



• al , ' ■ ji»other Way. 



I 



I Draw the Diameter >iS, and the Chords BR, ^K, j8D, AD, 
bouiicjipg the given Arc A R, and the fought Arc AD. Let the 
Number of equal Parts be m, the Diameter AB^^ l, the given 
Chor(fe BR=a, A R ~ h, aqd the u»)(nowa Chotd* BD^~x^ 
*Jrt.^6i, ADr:zy. Then we fhall * have thefe two general Series 4- a = 

♦75- mXffl— 1 „ . , mxm— ixm— iX-n— 5 a - ^ cj l " 

iXa IXlXJX-t I 

-' ixixj ix»X3XAXs 

IVherein fubftitutiug the Number of equal Parts, the Arc AR 
is to be divided into, for *», and we Ihall get two uaitwalar £(|aa- 
lions, which being refolved will give us the fought Value of the 
Chord BD(x) or AD {y). For Example ; If m = ^. then will ^I a 
= x' — 21 yyx' + 35A' — 7/^1 a"d * = 7^Jt' — ?S>'a* + 
1 3 >' X X — ^*j be two Equation^ whkh nu^ be psocscded with as in 
Art.^61. 

Problem V. 

Fio. iBo. 4-78, T^O fnd a general Equation, for the [nfcription of anj rctular B^ 
^ ■* iwo« A D E F G H K, tifc. ;« o Circle. 

^ Draw the Diameter A B, and the Chwd B D, terminating the firii 

Side of the Polygon, and kt the given Radius C^ or CiJ = i the un- 
known Chord B D =^z, and in general m be equal to half the Number 
of Sides of the Polygon, which I fuppofe to be odd. Then we fhall 

Mrt.457, have ^o =; £"— x"^' — M — ^!t."~^+m — 2a. ""J H — ^^- x -^^ 

"^^ z^-y-^^^ y-'— >i'^^=^ x^^z^-', &c. for the gewnl 

Equation reqiiir'd : of which you muft t^ke the lari»€ Number d 
Terms, as the Number w -V 1 contains Units ^ becaufe what follow 
will be =^ o. 

For Exaniiile, let 7 be the Numlier of Sides of the Polygon to be 
infcribed, then will m :=:; 3, andfoo=%' — z.z — 21 -t- i, and 
the gteateft Root (z.) thereof fliall exprefs the Chord B t), bouoJii^ 
the Arc A D, whofe Chord is AD the iirft Side of the Polygon. In 
like manner, if the Number of Sides be 1 1, then will m = s, and " 



1 
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gcrifefftl Eqttition will becomes = **— x**— 4»'+ ; %« + 3 *— 1, 



Problem VI. 

479. ^ ^wde o pven Avgh into my ^di Number tf equd Parts^ by 

^ inedns of an Infirument. F 81 

I. It is required to divide the given Angle ECP into three equal ^g^[ * ^ 
parts. Take a Rhombus ABCDj whofe four Sides let be moveable 
about the four Angles, and two of them as ^ D, A By let be indefi- 
nitely continued out to Xand Z : faften the Angle C of this Rhombus 
in the Vertex C of the given Angle \E''CK And oh the Sides C£, 
C F, mark the Points £, f, fuch, that CE, and C Fbe each equal to 
any one Side of the R!hoinbu& This being done, open or fliut the 
Sides (AX, AZ,) of the Angle J ^D, io that theynafs throueh 
the Points % F ^ then (hall the Angle BADht the third Part of the 
Angle JBCF. 

For the Triangles ABC, B C £1>eirig Ifofcellcs, the ettemal An- 
gle C 5 E or CjEj' B equal to it, which is egitol to the internal and op- 
pofite Angles BAC.BCA, fliall be the double of the Angle BAC^ 
and in the Triangle EC A, the eactemal Angle E CT^ ^ich is equal 
to the Angle CEAplus the Angle BAQ Ihall be the triple of the 
Angle BAC. Mttt the fame manner we prove that the Ancle FCT 
is the triple of the Angle D AC. Whence ite giTen An^e £ CF, 
is triple of the Angle J AD. V^. n D. 

2. It is required to divide the given Angle HQ K mto five equal ^l^* **J 
Parts. To the Angle C of the aforelaid Rhombus A BCD, faften *^^ 
another Rhombus CEQ Fj having the Sides e^ual tothofe of the 
other Rhombus, -and likevdie moveable abcMit their Angles. Then fix 
the Angle G of this latter Rhombus, in tiie Vertex Q, of the giveo 
Angle HGKj and having tafcen the Parts GH, GJC, in.the Sides of the 
An^le each equal to GE one Side of the Rbooibus, open or ihut the 
An^ XAZj moveable about the Point A, £), that its Sides A X, 
A Z, touch the Angle E, F, and at the fame time pafs through the 
Points H, K. I fay the Aaigle XAZ or BAD, fliall be the fifth 
Part of the given Angle HG K. For the Diagonal -^ Cbeing drawn 
in the Rhombus A B CD, and produced at pleafure to^trards T; this 
will pafs through the Point G, becaofe the Angle E CT, FCT, being 
tripple of the equal Angles BAC, DAC, fhall be equal to one ano- 
ther. But in the Triangle EG A, the external Angle HEGj which 
is equal to the internal and oppofite ones BAC, EG A, or ECT 
( becaufe C£ G is an Ifofcelles Triangle ) ihall be quadruple of the 
Angled AC And therefore in the Triangle AHG, the external 
Angle HG T, which is equal to the internal and qppofite on^s BAP, 

Y y 2 ' G HA, 
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tion being drawn, their Interfeftion will give the Value of r. 
Orclfe the Equation x^=za^y being taken as before, raife it to the 
fifth Power, and afterwards multiply it by x, and then will x* ' = a* » 
fxz=.a% and fo y^xz^a'b. Whence the Locus of the Equation 
x^^za^J being conftruded, together with the Locus of this^^x = a'b, 
ftiall lolve the propofed Equation x" =ra'^i, fo that you may take that 
cf the two Loci you judge moft fimple. The feme muft be underfto:: J 
of any other Examples. 

Here you muft obferve^ that if the Dimenfion of the unknown 
Quantity x be not a prime Number, the propofed Equation may be 
always broueht lower. For Example; If x' = x* by be an Equation 
for finding ct mean Prooortionals, then by extrafting the Cube Root 
of both Sides, you will have jc' = ^*a'b. But that the Number 
a^b maybe a Cube, you muft find a Line z, whofeCubex' =aab^ 
or, which is the fame thing, two mean Proportionals between a and 
b 5 for if z' be fubftituted for aab, we Ihall have x' = a'^z\ or x* 
= (1*21, fo that if this Equation %^=:aab^ be fir ft folv'd, and then 
this x' ^tfflz, we Ihall have the Value of x being the firft of eight 
mean Proportionals between a and b. In like manner, if x'-^a' ^b 
be an Equation for finding 1 3 mean Proportionals between a and b^ 
by extrafting the fquare Root of both Sides we Ihall have x^ = ^a' *b. 
But that ^a'^b may be a Souare, you muft find a Linez, whofe Square 
XX = tf i •, for if XX be fubliituted for ab in the propofed Equation, 
then will x'*=:a'*xx, or x'=a**Xi whence we have only thefe 
two Equations to reiblve xx =a i, and x' = a^z. 

You muft obferve farther, that thefe Equations for finding of mean 
Proportionals, when the Dimenfion of the unknown Quantity is a prime 
Number, have but one real Root 5 becaufe but one Line only can be 
the firft of the mean Proportionals fought. 

S C H O L I 17 M. 

481. T^ H E aforegoing Problem may be folv'd by means of an In- Fig. 2S5, 

-*• ftrument, whole Conftrudion is thus. Let there be two in- 
definite ftraight Lines XT, TZ, moveable about the Point T, fo that • 
they may open and (hut. Then on fome Point B in the Side TJT, 
fix the indefinite Perpendiailar BC, which, at the Point C, wherein 
it cuts the other Side TZ during the opening of the Sides JTT, Z T, 
moves the indefinite Perpendicular CD along the Side TZ 5 and the 
indefinite Peri^endicular C A at the Point D, wherein it meets the 
Side rir, moves the indefinite Perpendicular D E along the Side XT*^. 
and this laft Perpendicular, at the Point £, wherein it meets the Side 
TZj moves the mdefinite Perpendicular jBF along the Side TZ •, and 
this laft Perpendicular at the Point/*; wherein it meets the Side TX, 
moves the indefinite Perpendicular JPG along the Side TX\ and thi« 
Perpendicular FQ at the Point G, wherein it cuts the Side TZ, moves , 
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eighth Degree. After the fame manner we pro\'e, that the Curve AH 
is a Locus of the fiiteenth Degree, &c. 

Now fince according to the Example, we can find two mean Pro- 
portionals by only two Lines of the fecond Degree 5 four mean Pro- 
portionals by a Locus of the fecond Degree, and another of the third ; 
whereas here, in the &ft'C8&, there ia requir'd a Locus of the fourth 
D^ree, being the Line AV, and a Locus of the fecond Degree being 
the Circle TDE; and in the fecond Cafe, a Locus of the eighth De- 
gree, viz. the Curve AF, and a Locus of the fecond Degree, vh. the 
Circle TFG ; therefore thefe Curves AD, AF, AH, are too much 
compounded fjrfolving the Problem, yet the Facility of their Con- 
ftrudion and Demonftration will in fbme meafure make up the Defi- 
ciency. 



FINIS. 
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